MALAYA JOURNAL OF MATEMATIK
Malaya J. Mat. 10(03)(2022), 257-266.
http://doi.org/10.26637/mjm1003/007

A common fixed point theorem for four weakly compatible self maps of a
S-metric space using (CLR) property

A. SRINIVAS! AND V. KIRAN?*

1.2 Department of Mathematics, Osmania University, Hyderabad—500007, India.

Received 07 February 2022; Accepted 10 May 2022

Abstract. In this paper, by employing a contractive condition of integral type, we obtain a unique common fixed point for
four weakly compatible self maps of a S-metric space which satisfy common limit range property.
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1. Introduction

Gerald Jungck [7] introduced the concept of compatibility to generalized the notion of commutative property.
Further Jungck and Rhoades [8] proposed weakly compatibility of mappings. Also they proved that for a pair of
mappings compatibility always implies weakly compatibility but not conversely.

To prove common fixed point theorems, Sintunavarat et al [15] initiated common limit range (CLR) property,
which generalized the (E.A) property proposed M. Aamri, D. El Moutawakil [1].

Several authors Dhage, Gahler, Sedghi, Mustafa [3-5, 14, 16] generalized the notion of metric space by
introducing 2-metric space, D*-metric spaces and G-metric spaces.

Shaban Sedghi et al [13] proposed S-metric space as further generalization of metric spaces. This concept of
S-metric spaces generated lot of interest among many researches.

In this paper, we prove a common fixed point theorem for four weakly compatible self maps of S-metric
space satisfying common limit range property along with an integral type contractive condition [2]. Our result
generalizes the results already proved in literature [6]. A suitable example is provided to validate our theorem.
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2. Preliminaries

Definition 2.1. [13] Let M be non empty set. A function S : M3 — [0, 00) is said to be a S-metric on M, if for
eachv,w,9, A € M

1. S(y,w,9) >0
2. 5w, ) =0 v=w="1
3. S(v,w,9) < S(v,v, ) + S(w,w, \) + S(9,9, N
then (M, S) is called a S-metric space.
Lemma 2.2. [11] In a S-metric space we have S(v,v,w) = S(w,w,v) forall v,w € M.

Definition 2.3. [12] Let (M, S) be a S- metric space. A sequence (vy,) in M is said to be convergent if there is a
v € M such that S(Vy,Vn,v) = 0asn — 0o, that is, for each € > 0 there exists an ng € N such that for all
n > ng, we have S(vy,, Vn, V) < € and we denote this by writing lim v, = v.

n—oo

Definition 2.4. [12] Let (M, S) be a S- metric space. A sequence (vy,) in M is said to be Cauchy sequence if for
each € > 0, there exists an ng € N such that S(vp, Vn, V) — 0 for each n,m > ny.

Definition 2.5. [12] A S- metric space (M, S) is said to be complete if for every Cauchy sequence converges to
some point in it.

Lemma 2.6. [12] In a S-metric space (M, S), if there exist two sequences (vy,) and (wy,) such that lim v, = v
n—oo

and lim w, = w, then hm S(Wn, Vn,wn) = SV, v,w).
n— oo

Definition 2.7. [8] The self mappings H, J of a S-metric space (M, S) are called weakly compatible if HJv =
JHv whenever Hv = Jv for any v in M.

Definition 2.8. [9] In a S-metric space (M, S), the two pairs of self mappings (H, K) and (J, L) of M are said to
satisfy common (E.A) property if there exist two sequences (vy,) and (wy,) in M such that

lim Hy, = lim Kv, = lim Jw, = hm Lw,, = ~, where v € M.

n— oo n— oo n—oo

Definition 2.9. [15] In a S-metric space (M, S), the two pairs of self mappings (H, K) and (J, L) on M are said to
satisfy common limit range property with respect to K and L, denoted by (C LR 1) if there exists two sequences
(vn) and (wy,) in M such that

lim Hy, = lim Kv, = lim Jw, = hm Lw,, =, wherey € K(M)NL(M).

n— oo n— oo n—oo

Remark 2.10. Throughout this paper f [0,00) — [0, 00) is a Lebesgue integrable function which is summable
on compact subset of [0, 00) with fo ~v)dy > 0, for any € > 0.

Remark 2.11. Throughout this paper g : [0,00) — [0, 00) is a nondecreasing continuous function on (0, 00)
and g(v) =0 v =0.

Remark 2.12. Throughout this paper h : [0,00) — [0, 00) is a upper semicontinuous function on (0, 00) with
h(0) = 0 and h(vy) < =, forany v > 0

Lemma 2.13. [10] Let f : [0,00) — [0, 00) is a Lebesgue integrable function which is summable on compact
subset of [0, 00) with fo v)dy > 0, for any € > 0 and {py, }n>1 be a non negative sequence with hm P =0.

Then we have

lim fdv/f

n—oo
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3. Main Result

Now we state our main theorem.

Theorem 3.1. In a S-metric space (M, S), suppose H, J, K and L are self mappings of M satisfying the following
conditions

(i) The pairs (H, K) and (J, L) satisfy (CLRk,) property

(ii) The pairs (H, K) and (J, L) are weakly compatible

(iii)
S(Hv,Hv,Jw) p(v,v,w) h(p(v,v,w))
o oy <ol [ fopan - | Ty

where

p(v,v,w) = max{S(Kv, Kv, Lw),S(Hv, Hv, Kv), S(Jw, Jw, Lw),
S(Kv,Kv, Jw) + S(Lw, Lw, Hv) S(Hv,Hv, Kv)S(Jw, Jw, Lw)
2 ’ 1+ S(Kv,Kv, Lw)
S(Hv,Hv, Lw)S(Jw, Jw, Kv)
1+ S(Kv, Ky, Lw) ’
1+ S(Kv,Kv, Jw) + S(Lw, Lw, Hv)
1+ S(Hv,Hv, Kv) + S(Lw, Lw, Jw)

)

)}

S(Hv, Hv, Kv)(

then H, J, K and L have a unique common fixed point in M.

Proof. From the (C'LRf ) property of the pairs (H, K) and (J, L), we have two sequences (v,,) and (w,,) in M
such that

lim Hy, = lim Ky, = ILm Jw, = 1Lm Lw,, =~, wherey € K(M)nN L(M). (3.1

n—oo n—roo

Also there exists a point 7 € M such that Kn = ~, from (3.1), we have

lim Hy, = lim Ky, = lim Jw, = lim Lw, =~v = Kn.

n—0o0 n—oo n— oo n—oo

We now claim that Hn = K, for if Hn # Knthen S(Hn, Hn, Kn) > 0.
Keeping v = 1 and w = w,, in condition (iii) of Theorem 3.1, we get

S(Hn,Hn,Jwy) p(1,1,Wn) h(p(n.n,wn))
o / F(n)dn) < g / F()dy) — / f)dn. (3.2)

Then

p(n,n,wn) = max{S(Kn, Kn, Lw,), S(Hn, Hn, Kn), S(Jw,, Jwy,, Lwy,),
S(Kn,Kn, Jwy,) + S(Lwy, Lw,, Hn) S(Hn, Hn, Kn)S(Jwy,, Jw,, Lw,)
2 ’ 1+ S(Kn,Kn, Lw,) '
S(Hn, Hn, Lwy,)S(Jwn, Jw,, Kn)

1+ S(Kn,Kn, Lw,)
1+ S(Kn,Kn, Jw,) + S(Lwn, Lwy,, Hn)
1+ S(Hn,Hn, Kn) + S(Lwy, Lw,, Jw,)

)

)}

S(Hn, Hn, Kn)(
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Now
Jim p(n,n,wn) = maz{S(v,7,7), S(Hn, Hn,7), S(v,7:7),
S(v,7,7) + S0y, v, Hn) S(Hn, Hn,v)S(v,7,7)

2 ’ 1+ S(v,7,7) ’
S(Hn, Hn,~v)S(v,7,7)
L+ S(v,7,7) ’
1+ S(v,7,7) + Sy, v, H
S(Hn, Hn,v)( (07,7 + 50,7, Hn) )}

L+ S(Hn, Hn,v) + S(v,7,7)

S(v, 7, Hn)
2

Timp(n,1,wn) = S(Hn, Hr, 7).

lim p(1,7, wn) = maz{0, S(Hn, Hn,7),0, ,0,0,S(Hn, Hn, )}

On taking the limit in (3.2), we get

S(Hn,Hn,7) . S(Hn,Hn,Jwr)
o / F()dy) = limsup g( / F()dv)
0 0

n— oo

n— oo

. p(1,m,Wn) h(p(n,m,wn))
< lim sup{g( / J(y)dy) — / f(y)dv}
0 0

. p(1,m,wWn) o h(p(n,m,wn))
<timsup(o( [ 7))~ limint [ ().
0 0

n—00 n—00

From Lemma 2.13, we get

S(Hn,Hn,v) S(Hn,Hn,Y) h(S(Hn,Hn,y))
g(/o f(v)dy) < g(/O f(y)dy) — / f(y)dy

0
S(Hn,Hn,vy)
< g( / g(y)dv).
0

Which is a contradiction and hence Hn = K.

Therefore we get

Similarly there exists a point £ € M such that L& = +, from (3.1), we have

lim Hy, = lim Ky, = lim Jw, = lim Lw, =y = L¢.
n—oo n—oo n—o00 n—oo

We now claim that J¢ = L&, for if J§ # L€ then S(JE, JE, LE) > 0.
Keeping v = v, and w = ¢ in condition (iii) of Theorem 3.1, we get

S(HVananJE) p(”nv”nvf) h(f’(”nw”nvf))
g(/o J()dy) < g(/O Jf(y)dy) — /O f(y)dy. (3.4

Then
P(Vn, Vn, &) = max{S(Kvy, Kvy, L&), S(Hvy, Hvy,, Kvy), S(JE, JE, LE),
S(Kvp, Kvy, JE) + S(LE, LE, Hyy) S(Hvy, Huy, Kvyp)S(JE, JE, LE)
2 ’ 1+ S(Kvy, Kvy, LE) ’
S(Huvn, Hun, LE)S(JE, JE, Kvy)
11 S(Kvy, Kvm, LE) ’
14+ S(Kvp, Kvy, JE) + S(LE, LE, Huy,)
1+ S(Hvy,, Hv,, Kvy,) + S(LE, LE, JE)

S(Hvp, Hup, Kvp)( )}

e
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Now

lim P(l/m Vnag) = ma?ﬂ{s(%%wa S(’Ya’%’y)v S(Jfa ng’)/)a

S(,7,JE) + 5(v,7,7) S(v, 1 1)S(IE JE )
2 1+ S(,77)
S(,7,7)8(JE, JE, )
L+ S(v,7,7)
1+ S(v,7,JE) + S(%%’Y))}

9

S
G 56,7,7) + 507, 7€)
Timp(vn, v, €) = maz{0,0, S(JE, JE,7), w 0,0,0}
nlinolop(ynv Vn, 5) = S(‘]E’ Jf, 7)

On taking the limit in (3.4), we get

S(v,y,J€) ] S(Hvyn,Hv,,JE)
o / £(7)dry) = lim sup g( / F(1)dn)
0 0

n—o0

_ D(Un, Vi ,€) h(p(Vn ,Vn,€))
< Timsup{g( / F()dy) — / F()dv}
0 0

n—oo

. P(ananf) . . h(p(vn,yn,{))
< limsup(g( / f(v)dy)) — lim inf / f(y)dy.
0 0

n—o0o n—o0

From Lemma 2.13, we get

S(v,7,J€) S(v,7,J€) h(S(v,7,J€))
d dvy) — d
of /O F(ndy) < g /O (1)) /0 F()dy

S(v,7,JE)
< g(/0 f()dv).

Which is a contradiction and hence J¢ = LE.
Therefore we get
JE=LE =. (3.5)

From (3.3) and (3.5), we get
Hn=Kn=J¢{=L{=7.

Now we establish 7 is a common fixed point of H, J, L and K.
Clearly HKn = KHn
from which we get

H~y =K~

and
JLE = LJE which implies
Jy = L.

Now we prove that H~y = ~, for if H~y # ~ then S(H~, H~v,v) > 0.
Substituting ¥ = v and w = £ in condition (iii) of Theorem 3.1, we get

S(H~,H~,J€) P(7,7,6) h(p(v,7,€))
9( /0 f(dy) < g( /O f(n)dy) = /0 f(y)dy. (3.6)

e
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Then

p(7,7,€) = maz{S(K~, Kv, LE), S(H~, Hv, Kv), S(JE, J€, LE),
S(K~, Kv, J§) + S(LE, LE, Hy) S(Hy, Hy, Kv)S(JE, JE, LE)
2 ’ 1+ S(Kvy,Kv,L¢§)
S(H~y, Hy, LE)S(JE, JE K)
1+ S(Kv, Kv, L§)
1+ S(K~, Kv,J¢) + S(LE, LE, Hy) 1
1+ S(Hv,Hy, Kv) + S(LE, LE, JE)

b

S(H~,Hvy, Kv)(

(v, 7, &) = maz{S(H~v, Hv,v), S(Hv, Hy, Hy), S(7, 7, 7),
S(Hv,Hv,v) + S(v,v,Hy) S(Hy, Hy, Hy)S(7,7,7)
2 ’ 1+ S(H~,Hv,7)
S(H~, Hy,7)S(v,7, HY)
1+ S(H~,Hv,7)
1+ S(Hy, Hy,7) +S(%%Hv))}
L+ S(H~, Hy, Hy) + S(7v,7,7)

b

S(H~, Hy, Hy)(

S(H~,H~,v)S(H, Hv,v)
_ S(H~, H~,7),0,0,S(H~, H~,~),0 0
p(’y”}/,ﬁ) ma:v{ ( Y, '777)7 s Uy ( ) ’777)7 ’ 1+S(H’Y7H’)/,'Y) ’ }

p(7,7,§) = S(Hv, Hy, 7).

From (3.6), we get

S(H~,H~v,7v) S(H~,H~v,7) h(S(H~,H~,7v))
o /0 F(nd) < g /0 () - / F(ndy

0
S(H~,H~v,7)
< / F()d).

Which is a contradiction and hence Hy = 7.
Therefore we get
Hy=Krvy=n. 3.7

Similarly we can prove that

From (3.7) and (3.8), we get
Hy=Ky=Jy=Ly=n.

Proving v is a fixed point of H, J, K and L.
For if (¢ # +y) is in M such that
H(=K(=J(=L(=C(.

On taking v = v and w = ( in condition (iii) of Theorem 3.1, we get

S(H~,H~,J¢) p(7,7,¢) h(p(v,7,€))
o roan <a([ san - | ().

i
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Then

p(’y,’y,() = maa:{S(K’y,K%LC),S(H’%H’Y,K’Y)aS(JQ JC’L<)7
S(K~, Ky, JC) + S(L(, L, Hy)  S(H~y, Hy, Kv)S(J¢, J¢, L)
2 ’ 1+ S(Kv, Kv, L()

S(H~, Hy, L$)S(J¢, IC, K7)

1+ 8(Kv,Kv,L¢)
14 S(Kv, Kv,J¢) + S(LC, LC, Hy)
14+ S(H~, Hy, Kv) + S(L¢, L, JC)

)

)}

S(H~, Hy, Kv)(

p(7,7,¢) = maz{S(v,7,¢),S(v,7,7),5(( ¢, ¢)s
S(v,7,¢) +S(¢,¢y) S(,7,7)5(¢, ¢, Q)
2 1+ S5(7,7,¢)
S(v,7,¢)8(¢, ¢, )
L+ S(v,7,¢)
1+ S(y,7,¢) +5(,¢,7)
00,0 18600
S(v,7,0)8(v,7,¢) 0}
S, 7.¢)

Y

b

)

(7,7, ¢) = maxz{S(v,7,¢),0,0,5(v,7,¢),0,

p(7,7,¢) = S(7,7,)-

From (3.9), we get

S(7,7,¢) S(7,7,¢) h(S(v,7,¢))
o / F(n)dn) < o / F(n)dn) - / F()dy

S(7,7,¢)
<4 /0 F()d).

Which is a contradiction and hence v = (.
Proving that H, J, K and L have a unique common fixed point in M. ]

As an illustration we have the following example.

, where v,w, ¥ € M, then S is a S-metric

Example 3.2. Let M = (0, 1]. Define S(v,w,¥) = |v — 9| + |w — 9
on M. Now let H, J, K and L be self maps on M, defined by

1 . 1 1 . 1
§a lfl/ € (05 5]’ 57 lfl/ € (Oa 5]’
H(v) = J(v) =
. 1 1 1
-, zfue(i,l]. 3 lfl/e(i,l].
. 1 1 . 1
=, 1fu€(0,§}, 3 ifv e (0, 5],
K(v) = L(v) =
1 1 1 1
- ifve (g1 g ifve 1.

e
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Also take f(v) = 37, g(y) = % and h(~) as floor function.

1 1
Let (vy,) and (w,,) be sequences in M with v,, = and w, = Ty where n > 1, then
n n

+1

1 1

lim Hy, = lim H( )=,
. . 1

lim Kv, = lim K( )=,
. . 1 1

T = I IGEs) = 5
. . 1 1

R R

1 1
Thus lim Hy, = lim Kv, = lim Jw, = lim Lw, = Eandi € K(M)NL(M).

n—oo n— o0 n— o0 n—oo
Proving (H, K) and (J, L) satisfy (C LR ,) property.
1
Also Hv = Kv, forallv € (0, 5]

HKW)) = § = K(H()

therefore (H, K) is weakly compatible.

Similarlry (J, L) is also weakly compatible.

Now we verify the condition (iii) of Theorem 3.1 in different cases.

Case(i): Let v,w € (0, 5]

1
then Hy = Kv = Jw = Lw = 3 and p(v,v,w) = 0, S(Hv, Hv, Jw) = 0 from condition (iii) of Theorem 3.1,
we get

S(Hv,Hv,Jw
a(Jy" ' F()d

)7) = 0 also g ) fnyday) = fr ™ fy)dy = o,
Case(ii): Let v,w € ( 1]
1 s Jw

1
Hy= - Kv—-=
eyttt T e

OJM—\
Ne}

6335’9’ 315’ 335" 1005’ 35° 9
4
S(Hv,Hv, Jw) = IR then condition (iii) of Theorem 3.1, we get
4
S(Hv,Hv,Jw 8
a(Jy" ) £()dn) = g [l Bydy) = 5 and
4 4
p(v,v,w) h(p(v,v,w)) 9 h(g)
g(/ f(v)dv)—/ f(v)d7=g(/ 3vdy) —/ 3ydy
0 0 0 0
_ 8
8l
8 8
Thus — < —
" 95 81 1
Case(iii): Let v € (0, 5],w € (5, 1]
S
(V=)
MM
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Hv=Kv= E,Jw: E,szland
2 3 9
7T 45 7 7
p(l/7 V,LU) - ma‘x{§707 §7 §a07 47870} - §
1
S(Hv,Hv, Jw) = 3 then condition (iii) of Theorem 3.1, we get
1
S(Hv,Hv,Jw 3 1
a(f)" " F(dy) = g(JB 3vdy) = 1g 2nd
7 7
p(v,v,w) h(p(v,v,w)) § h(§)
g(/U f(y)dvy) — /O f(y)dy = g(/o 3ydy) — /O 3ydy
)
1627
1 49
Thus — < —.
%78 < 162

Frogn Sbczfe 5ases .
g fy I 1)) < g7 S edn) = [T )y

1 1
Similarly we can check condition (iii) of Theorem 3.1 in case if v € (5, 1], w € (0, 5]
Hence condition (iii) of Theorem 3.1 is satisfied in different cases.

1
Thus all conditions of Theorem 3.1 are satisfied and clearly 5 is the unique common fixed point of H, J, K and L.
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