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MADHU DADHWAL*! AND PANKAJ?
1,2 Department of Mathematics and Statistics, Himachal Pradesh University, Summer Hill, Shimla-171005, Himachal Pradesh, India.

Received 09 March 2022; Accepted 24 November 2022

Abstract. In this paper, the conjugation action of various classes of groups on themselves is studied to obtain their
distinguishing numbers along with a distinguishing labelling for the said action. An equivalent condition concerning the
existence of a 2-distinguishing labelling for the action of a group G on a G-set X" and a partition of X into two subsets is
established. Also, the distinguishing number for the conjugation action of a group acting on itself is completely

characterized.
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1. Introduction

The concept of distinguishing number originated from an elementary problem known as the Frank Rubin’s
Key problem [5], which states that:

Professor X has n keys on a circular key ring, but he can not see them. Now, the question arises: How many
shapes does Professor X need to use in order to keep n keys on the ring and still be able to select the proper key
by feel?

Albertson and Collins [1] popularized the aforementioned problem and took it in the realm of graphs by
connecting it with the action of symmetries of a graph on its set of vertices. They define the distinguishing
number for a graph G to be the minimum & for which the vertices of G can be labeled from 1 to % such that no
non-trivial symmetry (automorphism) of the graph G preserves all of the vertex labels.

The surprise answer to the above problem is that only two different handle shapes are required if six or more
keys are there in the key ring; but minimum three different handle shapes are required to distinguish the keys for
three, four and five keys in the key ring. This motivated us to study and understand the concept of distinguishing
labelling and distinguishing number for the conjugation action of a group on itself.

Further, in [6], Tymoczko generalized the notion of the distinguishing number for an arbitrary group action
that is, the distinguishing number for the action of an arbitrary group G on a G-set X’ which is not necessarily the
action of the automorphism group of a graph on the set of vertices of that graph.

The main objective of this paper is to compute the distinguishing number and a distinguishing labelling for
the conjugation action of some well known classes of groups such as Q4,, (dicyclic group), Vs,,, Us,, and SDg,,
(semi-dihedral group) acting on itself. It is observed that for each of these classes of groups the distinguishing
number is 2 and this concurrence of the distinguishing number for the conjugation action for all aforementioned
groups arises a natural question as follows:

Does there exist any group G with distinguishing number more than 2 for its conjugation action on itself?

This question stimulates us to completely characterize the distinguishing number for the conjugation of a
group on itself. We answer the above question in the sixth section of this paper. In order to achieve this aim,
an equivalent condition for the existence of a 2-distinguishing labelling for the action of a group on a G-set
X is established. In addition, by using this condition and some other results, we completely characterize the
distinguishing number for the group action of a group G, acting on itself by the conjugation action.

The main results proved in the present paper are:
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(1) The distinguishing numbers and a corresponding distinguishing labelling for the conjugation action of some
well known classes of groups such as ()4, (Dicyclic group), Vg, Us,, and S Dsg,, (semi-dihedral group) are
computed.

(2) A relation between a distinguishing labelling for the action of a group G on a G-set X" and a partition of the
underlying set X" has been identified.

(3) The distinguishing number for the conjugation action of a group on itself is completely characterized.

Our notations are as follows: G is a group and X is a G-set. The stabilizer of a subset A C X is Stabg(A) =
{g € G:ga=aforall a € A}. We begin this article with the following definitions:

Definition 1.1. [6] Let G be a group acting on a nonempty set X. Amap ¢ : X — {1,2,....k} is said to be
a k-distinguishing labelling of the action of G on the set X if the only group elements that preserve the labelling
are in Stabg(X). Equivalently, the map ¢ is a k-distinguishing labelling if {g : ¢ o g (x) = ¢(z) forall x €
X} = Stabg(X).

Definition 1.2. [6] The distinguishing number Dg(X) of the set X with a given group action of G on X is the
minimum k for which there is a k-distinguishing labelling.

It is also pertinent to notice that if the G-set X is equal to G, then under the conjugation action of the group
G on X, the set Stabg(X) = {g € G : ghg™! = hforall h € X} = Z(G), is the center of the group G. In this
case, amap ¢ : X — {1,2,...,k} is said to be a k-distinguishing labelling for the conjugation action of G on
the set A if the only group elements that preserve the labelling are in the center of the group G. More precisely,
{g: ¢(ghg™1) = ¢(h) forall h € G} = Z(G). Also, the minimum k for which there exists a k-distinguishing
labelling ¢ satisfying the above equality is the distinguishing number for the conjugation action of a group on
itself.

Moreover, it is not difficult to see that a non-Abelian group G, under the conjugation action, cannot act on
itself by fixing each of its elements.

The above observation, in view of Proposition 2.1 [6], leads to the following theorem.

Theorem 1.3. The distinguishing number for the conjugation action of a non-Abelian group G acting on itself,
is at least 2.

Throughout this paper, the action of a group G represents the conjugation action of the group G on itself,
unless stated otherwise.

2. Distinguishing Labelling for the Dicyclic group )4,

In group theory, a dicyclic group, G = Qu, = {(a,b : a®>* = 1,a™ = b* ab = ba~!) is a non-Abelian group
of order 4n for n > 1, which can be viewed as an extension of the cyclic group of order 2 by a cyclic group of
order 2n, described by an exact sequence as follows:

1—>ZQ—>Q4n—>Zzn—>l.

The dicyclic group is a subgroup of the unit quaternions generated by the elements a and j; where a = e isan
nt" root of unity. Further, the number of conjugacy classes in Qy4,, is 7 + 3 namely;

{1},

{a"},

{a",a7"};1<n<n-1),

{a?b:0<j<n—1},

{a?*1p:0<j<n—1}.

Note that one can realize the set of elements of the group Qu, as Qu,, = {a*,a*b: k =0,1,2,...,2n — 1}
and we begin this section with the following lemma.

3

s
2

95



Madhu Dadhwal and Pankaj
Lemma 2.1. For the dicyclic group Q4y, we have
(1) ba’ = a=7b, for any integer j.
(2) Forn > 1, Z(Qu,) = {1,a"}.

As the group ()4, is non-Abelian for n > 2, while it is Abelian for n = 1, therefore in consideration of
Proposition 2.1 [6], we have

Proposition 2.2. If Q4 acts on itself by conjugation, then Dg,(Q4) = 1.
Before proceeding further, for convenience sake, we partition the set of elements of )4, for n > 2, as follows:
Qin = XTIL U &, where

! ’
X, = {a"*,a"*2 .. a®" 1 a?b,a®b} and X, = Q4 \ X, = {1,a,...,a", b, a’b, abb, ...,a*"~2b, ab, a®b, a"b,
2n—1b
ey @ 1.

Proposition 2.3. The stabilizer of the subset X,, = {a" ', a™*2, .., a®", ab, a®b} in Qu, is Staby,, (X,) =
{L,a"}.

Proof. By Lemma 2.1(2), it is enough to show that Stabg,, (X,) C {1,a"}. For this, let g € Stab,, (X,) N
Qun. Then ghg™' = h, forall h € X, and we know that an element in Qy, is of the form a’b’/, where
0<3i<2n—1,5 =0,1,s0is g. We claim that if g = a’b’ € StabQ%(X,;), then j = 0. If possible, let
j # 0, this implies that g = a’b, in this case there exists an element h = a™*! € X, satisfying ghg~! =
(a'b)a™(b~ta"?) = a "l = @™ ! #£ o™ = h,as n > 2. This forces j to be 0. Thus, an element
g € Stabg,, (X,) can be of the form a’,0 < i < 2n—1. Now, for h = a2b € X, , we have ghg~" = h if and only
if (a")a2b(a~") = a2b if and only if a®"*2b = a2b if and only if i = 0 or n. Thus Stabg,, (X,) C {1,a"}. M

The next theorem provides a 2-distinguishing labelling for the conjugation action of ()4, on itself.

Theorem 2.4. Let Q4, withn > 2, acts on itself by conjugation. Then the map ¢ : Q4,, — {1, 2} defined by

1; ifzed
o(x) = { i " is a 2-distinguishing labelling of Q 4.

2, otherwise

Proof. Define a labelling, ¢ : Qq, — {1,2} for the conjugation action of Qg4, on itself by ¢(x) = 1, for
all z € X, and ¢(x) = 2 otherwise. Now, for ¢ to be a 2-distinguishing labelling, it is sufficient to prove
that {g € Qun : ¢(ghg™') = &(h), forall h € Qu,} = {1,a"}. Further, by Proposition 2.3, it is enough to
show that if g € Qg \ {1,a"}, there exists an element h € X, such that ghg~! ¢ X, , thatis ghg™" € X,,.
For this assume that g € Qu,, \ {1,a"}, if g = a’; i € {0,1,2,...,2n — 1} \ {0,n}, choose h = a?b € X,
then ghg™! = a’a?ba™" = a**2b and clearly, for i € {0,1,2,...,2n — 1} \ {0,n}, a®***2b € X,,. On the
other hand, if ¢ = a’b; i € {0,1,2,....2n — 1} and if i # 2 or n + 2, take h = a2b € X, , then ghg™! =
(a’b)a2b(b~'a~") = a’2ba~t = a%~2b € X,. Otherwise, when i = 2 or n + 2, choose h = a3b € X,
and we have ghg~! = (a'b)a®b(b=ta™%) = a*3ba~" = a*73b = ab € X,,. Thus {g € Qu, : ¢(ghg™t)
@(h), forall h € Qq,} C {1,a™} and the result follows from Lemma 2.1.

I

By combining Theorem 1.3 and Theorem 2.4 we have

Theorem 2.5. If Qu,, (n > 1) acts on itself by conjugation, then Dq,, (Qan) = 2.
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3. Distinguishing Labelling for 15, action

The group Vg, is introduced by James and Liebeck [4], for an odd positive integer n as follows:
Van = (a,b:a* =b* =1,aba = b~ ab"a = ).

Later, Darafsheh and Poursalavati [2], observed that with the above presentation, the group Vg, can also be
defined for an arbitrary n. However, the conjugacy classes of the group Vg, differ, depending upon whether n is
an even or an odd positive integer. When n is odd, the group Vs, has 2n + 3 conjugacy classes precisely;

{1},

{v*}.

{a® 1 0= =12} (r = 0,1,...,n — 1),

{GQS’ a—QS}’

{a®b%,a=2b%}; (s = 1,2, ..., "7_1),

{a?b* : j even,k = 1 or 3} and

{a?b* : jodd, k = 1 or 3}.
While when n is even, the group Vg, has 2n + 6 conjugacy classes namely;

{1},

{v*}.

{a"},

{a"0?},

{a®> L a2} (r = 0,1,...,n — 1),

{a*, a2},

{a®b%,a=2%b%}; (s = 1,2, ..., 5 —1),

{a%b(_l)k :0<k<n-1},

{a®*pD" 0 <k <n -1},

{a%“b(_l)k :0<k<n-1}and

{(12’“C+117(71)k+1 :0<k<n-1}L

Clearly, Vi, is a non-Abelian group of order 8n and its elements are of the form a”, a"b, a"b?, a”b>; where
r=20,1,...,2n — 1.

Lemma 3.1. Let G = Vg, = (a,b: a®>" =1 =b* aba = b=',ab~'a = b). Then we have
(1) ba? = a=7bp(=1)7,
(2) b%a? = a’b?.
(3) B3ad = a= b0,

{<an,b2>; if2 | n

@20 =Y 02 ot

Proof. (1) We will prove the result by induction on j. By hypothesis, ba = a~'b~!. Assume that the result
holds for all positive integers up to j — 1, so we have, ba?~* = a'~7b(~1’"" Further, ba! = (ba~!)a =
(@b e = oI (0 a) = aIbY Jas bla = a~'band b~ 'a~! = ab. Thus, ba! = a~ b~V
holds for every non negative integer j. Similarly, we can prove by induction that ba=7 = a/b(—1) holds for any
non negative integer j. Therefore, (1) holds for any j € Z.
(2) and (3) follow by using (1), repeatedly.
(4) Straightforward.
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Next, we partition the set of elements in the group Vg,,, n odd, as follows:
Van = X, UX,, where

! - ‘ ) /
Xn - {ailbz’aiij’ “.’a1*2nb2,a—2’a74’ "'7a17n7a72b27(l74b2, -.-,alian,bdaabs} and Xn = Vén \ Xn =
{1,@,...7a,n7b’ a4b, a6b,...,a2”—2b7ab7 a5b7a7b,.“,a2n—1b}.

Proposition 3.2. The stabilizer Staby,, (X,) of the subset X, in Vs, n odd, is the set {1,b%}.

Proof. Let g € Staby,, (XT/L) N Vin. Then, by definition ghg~' = h, forall h € X,;. Also, an element g € Vg,
will be of the form a’b’, where —n < i < nand j = 0,1,2,3. We claim that if g € Staby,, (X,), then
j # 1,3. Otherwise, g = a'b or a'b?, where —n < i < n. In this case, there exists an element h = ab® € X,;
2i-1p. :
satisfying ghg~! = {QQ, lb,’ if2] " Clearly, ghg~' = h = ab? if and only if i = 1. Furthermore, if
a8, if21i
i # 1, then ghg~' # h, for h = ab® and in the case when i = 1, replace h = ab® with b® € X,. Then
ghg™ = a2b # b3 = h. Therefore, an element g € Staby,, (X,) must be of the form a’b’, where —n < i < n
and 5 =0, 2.

Next, we shall show that if g € Staby,, (X,), then i = 0. For this, set h = ab® € X,. Then ghg™' =
a3 if 2]
a1, if 2144

Lemma 3.1(4), for any subset S of Vg, (b2) C Staby,, (S). Hence Staby, (X,) = {1,b%}. [ |

. Again, ghg~! = h = ab® if and only if i = 0. Thus, Staby, (X,) C {1,b2}. Further, by

In the forthcoming theorem, we establish a 2-distinguishing labelling for the conjugation action of Vg, n
odd, acting on itself.

Theorem 3.3. If Vg, n odd, acts on itself by conjugation, then the map ¢ : Vs, — {1,2} defined by ¢(x) =
{1 L ifr e X,

~, is a 2-distinguishing labelling.
2;  otherwise

Proof. Suppose Vg, n odd, acts on itself by conjugation. Define a labelling, ¢ : Vg, — {1,2} by ¢(z) = 1
for all x € X, and ¢(x) = 2 otherwise. Note that for ¢ to be a 2-distinguishing labelling, it is enough to show
that
{g € Van : ¢(ghg™") = &(h), forall h € Vg, } = {1,b%}.

Clearly, by Proposition 3.2, it is equivalent to prove that if g € Vg, \ {1, b}, then there exists an element h € X,,,L
such that ghg=! ¢ X, that is ghg~! € X,,. For this, assume that g € Vi, \ {1,b%}. If the element g = a’
a® 1y if 2|
a®* 1y if2¢4i
a?*1h ¢ X, for 2 1 i. Moreover, if 2 | i, then a® 1% € X, if and only if i = 0, which is not possible.

On the other hand, the element g should only be of the form g = a’b’; —n < i < n, j = 1 or 3. Take

{a2i—1b; if2i

or a’b?; —n < i < m,i # 0, then we can choose h = ab® € X,/L, then ghg™! = { . Clearly,

h = ab® € X,, then ghg™* = . Again, if 2 | i, then a®~'b ¢ X, and observe that in case

a2 if 2}
2t i, thena?~1b® € X ifand only if i = 1 ori = 1—n. Note thati = 1—n is not possible, as n is an odd positive
integer and 2 1 i. Thus, assume that i # 1, this implies that ghg—! ¢ XT/L. Otherwise, when ¢ = 1, the element g
will be either ab or ab®. In any of these cases, for h = b3, we have ghg™* = abb3b~ta~! = ab3a~' = a2b ¢ X,
This infers that, whenever g € Vi, \ {1,b?}, there always exists an element & € X, such that ghg™' € X,,.
Therefore, we conclude that {g € Vg, : ¢(ghg™!) = ¢(h), forall h € Vg, } C {1,b?} and hence the result. W

Now, we turn our attention to examine the distinguishing labelling and distinguishing number for the
conjugation action of the group V;,, when n is even. Observe that in this case
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Z(Van) = Staby,, (V) = {1,a", b, a"b*}.
Assume that n € 2Z% and we partition the set of elements in the group Vg, as follows:

Van = y;l U yna where

y; ={a '0?%,a73b%, ...,a' 72 a2 a4, 0T a 202, a4, L, a® T2, a2h, a®b, a2b?, a3} and Y, =
Van \J};L This partition will be used to define a 2-distinguishing labelling for the conjugation action of the group
Van, for even n.

Proposition 3.4. The stabilizer Staby, (), of the subset Y, is {1,a™, b2, a"b?}.

Proof. Let g € Staby,, (y;) N Vgn. By hypothesis ghg=! = h, for all h € y;. Also, an element g € Vg, will
be of the type a’b?, where —n < i < nand j = 0,1,2,3. We claim that if g € Staby,, (),), then j # 1,3.
Otherwise, either ¢ = a’b or a’b3, where —n < i < n and there exists an element h = a2b3 € ), satisfying
. {a2i2b3; if2 i . . U ,
ghg™ =19 L, ) . Note that ghg™* = h = a*b° if and only if 2 | ¢ and 4 = 2 or 2 — n. Thus, if
a*~*b; if2¢{i
i # 2 or 2 — n, then ghg™! % hfor h = a?b®. Now, if i = 2 or 2 — n, then replace h = a?b® with a3b3 € X;
and we have ghg~' = ab # a®b® = h. Therefore, an element g € Staby,, (),,) will be of the form a’b/, where
—n<i<nandj=0,2.
Next, we further show that if g € Staby, (:)i;), then either i = 0 or i = n. For this, set h = a2 €
, o JaPrRRs if2 ]
o then ghg ™= = {a2i+2b; if24i
an element g € Staby,, (), should be of the form a’b?; where i = 0,n and j = 0,2, so Staby,, (V) C
{1,a™,b2,a"b?}. Further, since Z(Vs,) = {1,a", b2, a™b?}, so {1,a™ b% a"b?} C Staby,, (V). Hence,
Staby,, (V) = {1,a™, b2, a™b?}. |

. Clearly, ghg™" = h = a2b3 if and only if i = 0 or n. Hence,

Theorem 3.5. Let Vg, n even, acts on itself by conjugation. Then there exists a map ¢ : Vg, —> {1, 2} defined

Ly ifredn . T .
by ¢(x) :{ oy , is a 2-distinguishing labelling.

2 otherwise
Proof. Suppose that the group Vg,,, n even, acts on itself by conjugation. Define a labelling, ¢ : Vg, — {1,2}

for this action by ¢(x) = 1 for all z € Y, and ¢(z) = 2 otherwise. On imitating the same process as in
Theorem 3.3, it suffices to show that

{g € Van : ¢(ghg™1) = ¢(h), forall h € Vg, } = {1,a™, b, a"b*}.

Moreover, by Proposition 3.4, it is equivalent to prove that if g € Vg, \ {1,a",b% a™b?}, then there exists an
element h € y; such that ghg™! ¢ y;, For this, assume that g € Vg, \ {1,a",b% a"b?} and in case the
element g = a’ or a*b?; —n < i < n, then it is trivial to see that, i can not take the values 0 and n. Thus, set
a2 23, if2 |
a®2b; if 244
if i = 0 orn. Again, if 2 | 4, then a2 2% € ) if and only if i = 0, n. Thus, ghg™! ¢ )., because i cannot take
the values 0 and n.

On the other hand, if ¢ = a’b or a’b®; —n < i < n. In this case, take h = a®b® € Y, then ghg™! =
a®=2p;  if21i
a2, 2]

n is even. Further, if 2 | i, then a2 =263 € ), if and only if i = 2 or —n + 2. Hence, if i # 2, —n + 2, then
ghg™ ¢ V.. Moreover, if we choose h = a3b3 and if i = 2 or —n + 2, then ghg™! = ab ¢ ),. Thus, we have

e
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. Note that a2i=2h € ), if and only if 2 i and i = 2 or 2 — n, which is not possible, as
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proved that if g € Vi, \ {1, a™, b2, a"b?}, then there exists an element i € ), such that ghg~"' ¢ )., . Therefore,
we conclude that {g € Vg, : ¢(ghg™') = ¢(h), forall h € Vg, } C {1,a",b? a"b*} and by using Lemma 3.1
the reverse inclusion is immediate. |

By combining Theorem 1.3, Theorem 3.3 and Theorem 3.5, we have Theorem 3.6, which provides the
distinguishing number for the conjugation action of the group Vs,, on itself, for an arbitrary n.

Theorem 3.6. [f Vg, acts on itself by conjugation action, then Dy, (Vs,) = 2.

4. Distinguishing Labelling for action of the group U,

Recall from [4] that G = U, is a non-Abelian group of order 6n and it is generated by two elements @ and b
such that a®™ = 1,b% = 1,ba = ab~ . The group Us,, can be represented as follows:

Usn = (a,b:a® =1,6° = 1,ba = ab™ ).

However, group Ug,, can be viewed as a group isomorphic to the semi direct product of a cyclic group of order 3
by a cyclic group of order 2n. Clearly, the subgroup generated by the generator b is a normal subgroup of order 3
and the subgroup generated by a is a cyclic subgroup of order 2n. In addition, the group Us, has 3n conjugacy
classes namely:

{GQT}’
{aQTb7 a2rb2}7
{a®+1 a?t1p, a? 102} (r = 0,1,2,...,n — 1).

Lemma 4.1, Let G = Ug, = (a,b: a?>" = 1,b% = 1,ba = ab™') and j be an arbitrary integer. Then we have

= {5 21
alb;  if2]j

(2) b?a) = aJ:b; 215
alb®; 2]

(3) Z(Usn) = (a?).
a’b?; if2¢4;j
alb; if2];j
by group relation ba = a~'b and suppose this holds for all positive integers up to m — 1. Now, consider
bam — (bam V) — {(am-1b2)a; %f2J(m -1 _ {af"b2; if2 fm
(@™ tb)a; if2|m—1 a™b;  if2|m
negative integers. Moreover, by imitating the same process we can similarly prove by induction that ba’ =
alb?; if214j
alb; if2|j
Results (2) and (3) are straightforward.

Proof. (1) First we shall show by induction that for any non-negative integer j, ba’ = { . Clearly,

. Hence, the result holds for all non

holds for any negative integer j and this completes the proof.

Moreover, we can write Ug,, as a disjoint union of two subsets X,; and X,,, where X,; = {a"b2 11
1,2,..,2n—1}and X,, = Qun \ X,,.

Proposition 4.2. The stabilizer of the subset X, = {a'b? : i = 1,2, ...,2n — 1} is Staby,, (X,) = (a?).
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Proof. By Lemma 4.1(3), it is sufficient to show that Staby,, (X,) C (a2). For this, let g € Staby, , (X,)NUsp.
Then by hypothesis, ghg~! = h, for all h € X,. Also, an element in Ug, will be of the form a’b’, where
0<i<2n—1landj=0,1,2 andsois g. We claim that if g = a’b/ € Staby,, (X,), then j = 0. If possible,
let j # 0, then the element g will be of the form a’b or a*b?. Now, in case g = a’b and 2 { 4, then choose h = b2,
else in the other case 2 | i, choose h = ab?. Thus by using Lemma 4.1, it follows that ghg~! # h. On the other
hand, when g = a'b? and 2 11, choose h = ab? or in case 2 | 7, take h = b2. Further, by Lemma 4.1, we observe
that in either of these cases ghg’l # h. Thus, the element g must be of the form a’, where 0 < i < 2n — 1.
Further, for h = b2 € X, we have ghg~' = h if and only if 2 | i and hence, Staby,, (X,) C (a?). [ |

In the upcoming theorem we obtain a 2-distinguishing labelling for the conjugation action of Usg,, on itself.

1; ifxel,

, is a 2-distinguishing labelling
2;  otherwise

Theorem 4.3. The map ¢ : Us,, — {1,2} defined by ¢(x) = {

OfUGn.

Proof. Define a map, ¢ : Us,, — {1,2}, by ¢(x) = 1, forall x € X, and ¢(x) = 2, otherwise. In order to
prove that ¢ is a 2-distinguishing labelling, it is sufficient to show that {g € Us,, : ¢(ghg™') = ¢(h), forall h €
Usn} = (a?). Now, in light of Proposition 4.2, it is equivalent to prove that for every g € Us,, \ {a?), there
exists an element i € X, such that ghg™! € X,. Let g € U, \ (a?). Then, g will be of the form g = a’; i ¢
{0,2,...,2n — 2}. Fix h = ab? € X,/L and we have ghg~! = ab and certainly, ab € X,,. Otherwise, the element
g will be of the form g = a’bor g = a’b; 0 < i < 2n — 1. In either case, if 2 { i, set h = b®> € X, then by
using Lemma 4.1 (2), we get ghg~! = a’b?a=% = b, as 2 {i. Clearly, ghg~* = b ¢ X,,. Further, if 2 | 4, then for
g = a'b choose h = ab?, we have ghg™! = (a'b)ab®(b~ta™") = a’baba™" = a'*1b~'ba~* = a. Furthermore,
for g = a'b?, take h = ab® € X, and we get ghg™" = (a'b*)ab*(b~'a~") = a'b*a"*! = ab ¢ X,. Thus
{g € Usy, : ¢(ghg™') = ¢(h), forall h € Us, } C (a?) and the result follows by using Lemma 4.1 (3). [ |

The following theorem is a direct consequence of Theorem 1.3 and Theorem 4.3.

Theorem 4.4. [f Us,, acts on itself by conjugation, then Dy, (Us,) = 2.

5. Distinguishing Labelling for semi-dihedral group S Ds,, action

The semi-dihedral group, SDs,, [3] is a non-Abelian group of order 8n. For n > 2, this group can be
presented as follows:

SDg, = {a,b: a'™ =% =1,bab = a?n—1>.

Clearly, the elements of the semi-dihedral group are of the form a” or ba";r = 0,1, ...,4n — 1. As observed
in the case of Vs, the group S Ds,, has 2n + 3 or 2n + 6 conjugacy classes, when n is even or odd respectively.
We begin with the following definition

Definition 5.1. [3] Define C**" := Cy U C§"*™" U C§V°" and cedd .— ¢ U ngd U ngd, where Cq =
{0,2,4,...,2n},C5%" = {1,3,...,n — 1},C5"*" := {2n + 1,2n + 3,2n + 5,....3n — 1} and C :
{1,3,5,...,n},0%% = {2n + 1,2n + 3,2n + 5,...,3n}. Also, define C ,, = Cy\ {O,Qn},C'de :

Cgven U O5ven, O34t = Cg U C5% and Cevn := 0=\ {0,2n}, C2% := C°%\ {0,n,2n, 3n}.

The next proposition provides us with the conjugacy classes of S Dsg,,.
Proposition 5.2. [3] The conjugacy classes of S Dg,, n > 2, are as follows:
o Ifn is even, then there are 2n + 3 conjugacy classes. Precisely,

— 2 classes of size one being [1] = {1} and [a*"] = a*",

3

s
2

101



Madhu Dadhwal and Pankaj

— (2n — 1) classes of size two being [a"] = {a”,a®"~ 1"}, where r € C**™ and

— 2classes of size 2n being [b] = {ba*' : t = 0,1, ...,2n—1} and [ba] = {ba®' T : t =0,1,...,2n—1}.
* Ifn is odd, then there are 2n + 6 conjugacy classes. Precisely,

— 4 classes of size one being [1] = {1}, [a"] = {a"}, [a*"] = {a®"} and [a®"] = {a®"},
— (2n — 2) classes of size two being [a"] = {a”,a®"~ D"}, where r € C% and

— 4 classes of size n being [b] = {ba*" : t = 0,1,...,n—1}, [ba] = {ba**+! :t =0,1,...,n—1}, [ba®] =
{ba***2:t=0,1,....,n — 1}, and [ba®] = {ba***3 : t = 0,1,...,n — 1}.

Lemma 5.3. [3] Let G = SDg, = {(a,b: a*" =1 = b bab = a®"~!). Then

(1) a*b = baZn—Dk,

(2) Z(Van) = {<“2>’ 2
(@) if2|n
For n even, we can partition the set of elements of S Dg,, as a disjoint union of two subsets X;L and X,, of
SDsgy,, where X, = {a"2""D .+ =2,4,6,...,2n—2,1,3,5,....,n—1,2n+1,2n+3, ..., 3n — 1} U {ba?, ba’}
and X,, = SDg, \ XJL. This partition will be used to define a 2-distinguishing labelling for the conjugation action
of the group S Dyg,,, for an even n.

Proposition 5.4. The stabilizer Stabsp,, (X,,) of the subset X, is {1,a*"}.

Proof. Let g € Stabsp,, (XT/L) NS Ds,,. Then by definition ghg~! = h, forall h € X,/L. Also, an element g in the
group S Dg,, will be of the form a’b7, where 0 < i < 4n — 1 and j = 0, 1. We claim that if g € Stabgp,, (X,).
then j # 1. If not, then g = a’b and we have h = a?>"~! € X, such that ghg™' = aba®"~'b~la~" =
a'(ba®*~1b)a~" = a'aa™" = a. Now, ghg~! = h = a*>"~! if and only if n = 1, which is not possible, as n > 2.
Therefore, an element g € Stabsp,,, (X,'L) should be of the form a’, for some 0 < i < 4n — 1. Next, we show
that either i = 0 or i = 2n. For this, set b = ba? € X, , then ghg™" = a’ba?a~" = a’ba?~t = ba2"—1i+2-i —
ba?("=D+2 Again, ghg~' = h = ba? if and only if 2i(n — 1) = 0(mod 4n) if and only if 2i = 0(mod 4n).
Therefore, we have i = 0 or 2n. Thus, Stabsp,, (X,) C {1,a?"}. Obviously, {1,a?"} C Stabsp,, (X,), as
the center Z(SDg,,) = {1,a?"}. Hence Stabsp,, (X,) = {1,a?"}. |

Theorem 5.5. Let SDg,, n even, acts on itself by conjugation. Then the map ¢ : SDs,, — {1,2} defined by

o(x) = { ife , Is a 2-distinguishing labelling of S Dg,.

2;  otherwise

Proof. Define a labelling, ¢ : Vg, — {1,2} of this action by ¢(z) = 1, for all z € X, and ¢(z) = 2,
otherwise. From the Definition 1.1, for ¢ to be a 2-distinguishing labelling, it suffices to show that {g € SDsg,, :
¢(ghg™t) = ¢(h), forall h € SDg,} = {1,a*"}. Now, by Proposition 5.4, it is equivalent to prove that if g €
SDg,\{1,a®"}, then there exists an element h € X, such that ghg~" ¢ X, For this, let g € SDg,,\{1, a>"} and
g=a'ie{0,1,2, .. 4n—1}\{0,2n}. Then choose h = ab® € X, sothat ghg~! = a‘baa~" = ba?("—1D+2,
Now, ba?("~D+2 ¢ X if and only if a® ("~ 1D+2 = 42 or a3 if and only if 2i(n — 1) + 2 = 2 or 3 (mod 4n).
Clearly, 2i(n — 1) 4+ 2 = 3(mod 4n), is not possible, as n is even. Also, 2i(n — 1) + 2 = 2(mod 4n) holds if
and only if 2i(n — 1) = 0(mod 4n) if and only if i = 0, 2n, which is not possible. On the other hand, if g = ba’;
0 < < 4n—1, then in this case, fix h = a2"~! € X, , which leads to ghg™! = a’ba?"~'b"'a~" = alaa™" = a
and certainly ghg™ = a ¢ X,. Thus {g € SDs, : ¢(ghg™") = ¢(h), forall h € SDg,} C {1,a*"} and the
reverse inclusion follows by using Lemma 5.3 (2). |
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Next, we shall examine the distinguishing labelling for the conjugation action of the semi-dihedral
group, when 7 is an odd positive integer.

For n odd, we can partition the group S Dsg,, as follows:
SDSn = y»;L U yna

where Y, = {a"@"V . p =2,4,6,....2n—2,1,3,5,....n—2,2n+1,2n+3, ..., 3n— 2} U{ba*, ba®, ba®, ba" }
and Y,, = SDsg,, \ y;. Also, we use this partition to define a 2-distinguishing labelling for the conjugation action
of the group S Dg,, acting on itself.

Proposition 5.6. The stabilizer Stabsp,, ().,) of the subset Y, is {1,a™, a?",a*"}.

Proof. Let g € Stabsp,, (y,;) N SDg,,. Then by definition ghg~! = h, for all h € y,’,. Also, an element g
in SDg,, will be of the form a‘b’/, where 0 < i < 4n — 1 and j = 0,1. We claim that if g € Stabsp,, ().
then j # 1. If not, then ¢ = a’b and we have h = a?"~! € y,; such that ghg™' = a'ba® " 1bla™" =
a‘(ba®"~'b)a=" = a’aa™® = a. Now, ghg~* = h if and only if @ = a?"~! if and only if n = 1, which
is not possible, as n > 2. This infers that an element ¢ € Stabsps, (XT;) will be of the form a’, for some
0 < i < 4n — 1. Next, we show that i € {0,n,2n,3n}. For this, choose h = bat € :));1 and we have
ghg™! = a'ba*a™" = a'bat~t = ba(Pn Vit = pa2i(n—D+4 - Again, ghg™! = h = ba®* if and only if
2i(n — 1) = 0(mod 4n) if and only if i = 0(mod n), as n is odd. This implies that ¢ = 0 or n or 2n or 3n.
Thus Stabsp,, (V,) C {1,a",a®",a*"}. Furthermore, {1,a™, a?",a®"} C Stabsp,, (V.,), since Z(SDg,) =
{1,a”,a2",a®"}. Hence Stabsp,, (V) = {1,a™, a®",a*"}. [ |

Theorem 5.7. If SDs,, n odd, acts on itself by conjugation, then the map ¢ : SDs, — {1,2} defined by

Ly ifredn . T .
o(x) = focd , is a 2-distinguishing labelling of S Dg,,.
2;  otherwise

Proof. Suppose that the group S Dsg,,, n odd acts on itself by conjugation. Define a labelling, ¢ : V,, — {1, 2}
of this action by ¢(z) = 1, for all z € ), and ¢(z) = 2, otherwise. Again, for ¢ to be a 2-distinguishing
labelling, it is required to show that {g € SDs,, : ¢(ghg™') = ¢(h), forall h € SDg,} = {1,a",a",a®"}.
Now, by the definition of ¢ and Proposition 5.6, it is equivalent to prove that for g € SDg, \ {1,a",a*",a’"},
there exists an element /1 € V., such that ghg~' ¢ .. For this, assume that g € SDg,, \ {1,a" a2” 3"} and
g=ai€{0,1,2,....,4n— 1}\{On 2n, 3n}. One can choose h = ab* € ), and we get ghg™ 1*aba =
ba?("=1+1 Now, bazz(” D+4 ¢ 3 if and only if 2i(n—1)+4 = 4 or 5 or 6 or 7 (mod 4n). Clearly, 2i(n—1)+
4 = 5,6, 7(mod 4n), is not possible, as n is an odd positive integer. Also, 2i(n—1)+4 = 4(mod 4n) holds if and
only if 2i(n—1) = 0(mod 4n) if and only if i = 0, n, 2n, 3n, which is not possible. On the other hand, if g = ba’;
0 < i < 4n — 1, then in this case, we fix h = a®*~ € ), then ghg™" = a'ba®"~'b"'a~" = a’aa™" = a and
certainly ghg™! = a ¢ Y., Thus {g € SDsg, : ¢(ghg™") = ¢(h), forall h € SDs,} C {1,a™,a®",a*"} and
by using Lemma 5.3 (2) the reverse inclusion follows immediately. |

Finally in light of Theorem 1.3, Theorem 5.5 and Theorem 5.7, we have the following theorem which provides
the distinguishing number for the conjugation action of S Dg,, on itself, for arbitrary n.

Theorem 5.8. If SDs,, acts on itself by conjugation action, then Dgp,, (SDs,) = 2.

6. Some Characterizations

Theorem 2.5 in [6], along with the conclusions from each section discussed so far, arise a natural question that
Whether there exists a non-Abelian group acting via conjugation action on itself with the distinguishing
number other than 2?
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The main purpose of this section is to find the answer of the aforementioned question and surprisingly, we
answer it in negative at the end of this section. Before reaching a conclusion, we need some characterizations for
the existence of a 2-distinguishing labelling, in general, for the action of a group G on a G-set X', not necessarily
the conjugation action of G on itself. First, we give some basic definitions:

Definition 6.1. Let G be a group acting on a set X. A subset A of the G-set X is called G-invariant, if the subset
{ga:g € G,a € A} C A, under the action of G restricted to A.

It is easy to see that the orbits of a G-set X are G-invariant subsets of X'. Moreover, if A is a G-invariant
subset of a G-set X, then it is always a union of orbits of a G-set X'.

Definition 6.2. Let G be a group acting on a set X and g € G. A subset A of the G-set X is called g-invariant, if
the subset {ga : g € G,a € A} C A, under the action of G restricted to A.

Theorem 6.3. Let G be a group acting on a set X. If the G-set X can be partitioned into a disjoint union of two
subsets (say) X1 and Xs, which are not g-invariant, for every g € Stabg(X)°, then there exists a 2-distinguishing
labelling for the action of G on the set X.

Proof. Assume that X can be partitioned as a disjoint union of two subsets X; and X5 such that for each g €
Stabg (X)°, the subsets X; and X, are not invariant under the action of g. Define a labelling ¢ : X — {1,2}
by ¢(x) = 1,if v € A} and ¢(z) = 2, otherwise. Claim that the labelling ¢ : X — {1, 2}, is a 2-distinguishing
labelling. For this, it suffices to prove that {g € G : ¢ o g (x) = ¢(x) forall z € X'} C Stabg(X). Equivalently,
we will prove that if g € G \ Stabg(X), then the element g can not be a member of the set {g € G : po g () =
¢(z), forall z € X'}. If not, then clearly by the definition of ¢ and the fact that X is a disjoint union of & and
X, we have g.x € X or X, for x € X or X, respectively, for some g € G\ Stabg(X). Therefore, for some
g € Stabg(X), the subsets X; and X, are g-invariant, which is a contradiction to the given hypothesis. Thus,
{g€G:pog(x)=¢(x)forall z € X} C Stabg(X') and hence ¢ is a 2-distinguishing labelling. [ |

The upcoming theorem provides a characterization for the existence of a 2-distinguishing labelling for a group
acting on a set. Also, it is observed that the conclusion of the above theorem still remains true if at least one of
the partitioning components is not invariant under the action of each element of the group.

Theorem 6.4. Let X be a G-set. Then the following statements are equivalent:
(1) There is a 2-distinguishing labelling for the action of the group G on the set X.

(2) The G-set X can be partitioned as a disjoint union of two subsets X1 and Xy such that for every g €
Stabg (X)¢, at least one of them is not g-invariant.

(3) The G-set X can be partitioned as a disjoint union of two subsets X1 and X that are not g-invariant, for
every g € Stabg(X)°“.

Proof. (1) = (2) : Assume that there exists a 2-distinguishing labelling ¢, for the action of the group G on the
set X. Partition the G-set X’ as the disjoint union of two subsets X; and X5, where X; = {z € X : ¢(z) = i},
for i = 1,2. Next, we shall show that for every g € Stabg(X), the set X; is not g-invariant. On the contrary,
let us assume that X is Stabg (X')°-invariant. Therefore, by definition, for g ¢ Stabg(X) and z € X}, we have
gx € Xi. Then clearly, if x € X, we have gz € &5. Otherwise, for some x € X5, we have y = gx € X;. Note
that since Stabg(X) is a group, so if g ¢ Stabg(X), then g~ ¢ Stabg(X). Consequently, we have y € A7,
while g71(y) = g gz = x € X, which is not possible. Thus, there is an element g outside the set Stabg(X)
that preserves the labelling, which is a contradiction, as ¢ is a 2-distinguishing labelling.

(2) = (3) : Suppose that the G-set X can be partitioned into a disjoint union of two subsets X} and X5 of X
such that for every g € Stabg(X)°, at least one of the X; is not g-invariant. Without loss of generality, we can
assume that X is not g-invariant. Therefore, there exists an element z € X3 such that for some g ¢ Stabg(X),
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we have ¥ # y = gr ¢ X;. Thusy = gx € Xp. Note that g ¢ Stabg(X) if and only if g=! ¢ Stabg(X).
Clearly, there is y € X> and g~ ¢ Stabg(X) satisfying g~y = x € X;. Thus X is not g-invariant, for all
g € Stabg(X)°. Similarly, for all g € Stabg (X) if X» is not g-invariant, then so is X;. Hence, the G-set X can
be partitioned as a union of two disjoint subsets X} and X5 which are not g-invariant.

(3) = (1) : Follows from Theorem 6.3. [ |

An immediate consequence of the above theorem is

Corollary 6.5. Let G be a group acting on a set X and ¢ : X — {1,2} be a 2-distinguishing labelling for the
action of G on the set X. Then the subset X; = {x € X : ¢(x) =i}, i = 1,2, cannot be a union of orbits.

Also, we have

Corollary 6.6. Let X = Py L P, be a partition of a G-set X. If the partitioning subsets P, and P, are a union
of orbits of G, then the action of G on X can not be 2-distinguishable.

In the forthcoming results, we completely characterize the distinguishing number for conjugation action. In
fact, we find a connection of the distinguishing number for the above specified group action depending on the
fact whether the group is an Abelian group or not.

Theorem 6.7. If a group G acts on itself by conjugation, then Dg(G) = 1 if and only if G is an Abelian group.

Proof. Note that G is Abelian if and only if G = Z(G) = {g : ghg~! = h, forall h € G} if and only if under
the conjugation action, the group G acts on itself by fixing each of its elements. Thus, the result follows by using
Proposition 2.1 [6]. [ |

Finally, when a group G acts on itself by conjugation, we have
Theorem 6.8. A group G is non-Abelian if and only if Dg(G) = 2.

Proof. Clearly, Theorem 6.7 guarantees that if the distinguishing number for the conjugation action of a group
G on itself is 2, that is, Dg(G) = 2, then the group G is non-Abelian. This completes the sufficient part of the
present theorem.

For the necessary part, assume that a non-Abelian group G acts on itself by conjugation. Then, in view of
Theorem 1.3, it is sufficient to prove that there exists a 2-distinguishing labelling for the action of the group
G. However, using Theorem 6.4, it is enough to prove that the non-Abelian group G can be partitioned as the
disjoint union of two subsets X" and ) such that for every g ¢ Z(G), at least one of the partitioning subsets is not
g-invariant. Next, we construct such a partition of G as follows:

Let X be the set constructed by taking exactly one element from each conjugacy class and Y = G \ X.
Clearly, G = X LU Y. Note that an element of a group belongs to its center if and only if its conjugacy class
contains exactly one element. Moreover, a group is non-Abelian if and only if it has a conjugacy class containing
at least two elements. Thus, we conclude that the partitioning components X" and ) are non empty and satisfy
the property that Z(G) C X and Y # G\ Z(G), as G is non-Abelian.

We claim that the partition X’ LI Y of G satisfies the condition: for every g ¢ Z(G), at least one of the
partitioning subset X" or ) is not g-invariant. If not, then for every g ¢ Z(G), both the partitioning subsets X
and Y are g-invariant. In particular, for every g ¢ Z(G) and z € X, we have g:cg’1 € X. Now, we shall
show that X = G. For this, let ¢ € G. Clearly, if g € Z(G), then g € X. However, if g € G\ (Z(G) U X),
then by the construction of X, we can find an element x € X in the conjugacy class of g, as the set X’ has a
non-trivial intersection with each conjugacy class of G. Therefore, there exists an element k£ € G \ Z(G) such
that g = k~'zk with k # z. Since, Z(G) is a subgroup of G, so we conclude that k= ¢ Z(G). Finally, one can
choose h = k! ¢ Z(G) and z = kgk™! € X, so that hth~! = k= (kgk~')k = g € X, as the partitioning
subset X is g-invariant. Thus, we conclude that X = G, which is a contradiction, as ) # ¢. On the other hand,
if the partitioning subset ) is g-invariant for every g ¢ Z(G), then in a similar way, this assumption leads to a
contradiction that Y = G \ Z(G). Hence, for every g ¢ Z(G), at least one of the partitioning subsets X or ) is
not g-invariant. This completes the proof. |
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