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Abstract. An MV-algebra is an algebraic structure with a binary operation &, a unary operation " and the constant 0 satisfying
certain axioms. MV-algebras are the algebraic semantics of Lukasiewicz logic. This work includes a type of derivation
research on MV-algebras. Our aim is to introduce the concept of permuting tri-derivation on MV-algebras and to discuss
some results.
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1. Introduction

The concept of derivation has an important place in the research of the structure and properties of algebraic
systems. In prime rings, the notion of derivation was introduced by Posner [16]. In [17], Szasz applied the
derivation concept to lattices. Xin et al. developed derivation for a lattice and they offered some equivalent
conditions under which a derivation is isotone for lattices with a greatest element, modular lattices and distributive
lattices, in [18] and [19]. Later, different derivations and properties in lattices were examined, for example [5], [6].
In [15], Oztiirk achieved some results by introducing the idea of permuting tri-derivations in rings. After, Oztiirk
et al. studied the permuting tri-derivations in lattices [14]. Further, permuting skew 3-derivations, permuting
skew n-derivations in rings have studied and commutativity of a ring satisfying certain identities involving the
trace of permuting n-derivations (see [3], [9], [10]).

When dealing with information and uncertainty, non-classical logic is useful in terms of uncertain and fuzzy
information in computer science. MV-algebras as the algebraic counterpart of many-valued prepositional
calculus were proposed by Chang [7]. Classical two-valued logic makes it meaningful to study Boolean
algebras, and while every Boolean algebra is an MV-algebra, the reverse is not true. MV-algebras have many
applications as they are generalization of Boolean algebras. Also, MV-algebras are categorically equivalent to
some mathematical structures. For example, perfect MV-algebras categorically equivalent to abelian
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lattice-groups with strong unit and to bounded commutative BCK-algebras (see [12], [13]). In [1], Alshehri
presented the concept of derivation in MV-algebras and examined some properties of the derivation in
MV-algebras with the help of isotone derivations. Recently, several authors studied different derivations in
MV-algebras, for example [2], [11], [20].

In this paper, we introduce the notion of permuting tri-derivations in MV-algebras. This article is organized
as follows: In the next section, some results and basic concepts about MV-algebras are reminded. In section
3, permuting tri-derivation structure in MV-algebras is characterized and some results are obtained. Also, fixed
point set structure of isotone permutig tri-derivations is established.

2. Preliminaries

Definition 2.1. [7] Let us define & binary operation, ' a unary operation on the set A and 0 be a constant in A.
If the following axioms are satisfied, then we say (A, @, ,0) is MV-algebra:

(i) (A, @®,0) is a commutative monoid,

(i) (6) =3,

(i) 0’ @5 =10,

(iv) (0 ®n) @n=(n @) @dforalld,neA.

In the remainder of the article, we denote an MV-algebra (A, &,”,0) by A.

Define the operations ® and & and the constant 1 as follows: 1 =0,00n= (8 &n),66n=860n".1f
we define 6 < 7 if and only if § @ n = 1, then ”<” is a partial order which called the natural order of A. This
order determines a bounded distributive lattice structure. For the elements § and 7, the join § V 7 and the meet
S Andefinedby: 5V = (000 )@dn=(6cn) ®nanddAn=006 0 ®n) =000cn) = vy) . Also,
A is called linearly ordered, if the order relation ”<” is total.

Example 2.2. [8] Let A = [0, 1] be the real unit interval. For all §,n € A, if we define 6 ®n = min {1, + n},
§On=max{0,6+n—1}and § = 1— 6, then (A,®,,0) is an MV-algebra. For each integer n. > 2, the

n-element set A\,, = {0 L., n=2 1} is a linearly ordered MV-algebra which called MV-chain.

S m—10""Y n—1°

Proposition 2.3. [4, 8] Suppose that A is an MV-algebra and 6, 7,0 € A. Thus the followings hold:

Méad =108 =0,0@1=1,

(2) Provided that 6 @7 = 0,then § = n = 0,

(3) Provided that 6 ®n = 1,then § = n =1,

DIfs<nmthend Do <ndoandd ©®oc <neo,

S)oon<diAn<on<dVvn<didn,

(6) 0 <niffn <4,

Méen=niff§On =4,

®do(nVve)=(60nV(Eoo),

DsD(mAa)=0dn) A Do),

(10)®n=niff 6 An =0,

(ADHIfdon=0cand§dn=0®o,thenn = o.

MV-algebras that do not satisfy idempotent conditions are generalizations of Boolean algebras. For any MV-
algebra A, if we define B(A) = {§ € A|d©d =0} = {0 € A|d D =6}, then (B(A),®,,0) is a largest
subalgebra of A, which is called Boolean center of A.

Theorem 2.4. [8] Let A be an MV-algebra. Then for each element § in A, the following conditions are
equivalent:
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(D)0 € B(A),
2)6ves =1,
B)sAS =0,
@ ddd=9,
5)608=0,

6)ddn=3dvnforallne A,
Mdeon=3dAnforallne A.

Theorem 2.5. [7] Assume that A is an MV-algebra. Therefore, the following expressions are equivalent:

(i <,
()ned =1,
(i) d ®n =0.

Definition 2.6. [7] Suppose A be an MV-algebra and ) # I C A. If the following situations are satisfied,

(Hoel,

(2) Provided that ,n € I, thend & n € I,

(3) Provided thatn € I, § € Aand 6 < 7, thend € [
then [ is called an ideal of A.

Proposition 2.7. [7] Assume that A is a linearly ordered MV-algebra. Then § ®n =6 ® o and § & o # 1 imply
thatn = o.

Definition 2.8. [1] Assume that A is an MV-algebra. A mapping D : A — A is called a derivation on A if it

provides
D(61 ®62) = (D(61) ©® d2) ® (61 © D(d2))

forall 61,69 € A.

3. Permuting tri-derivations on MV-algebras

We begin with the following definition.

Definition 3.1. Suppose that A is an MV-algebra. Amap T : Ax Ax A — A is called permuting if T'(§,n,0) =
r'6,0,n) =T(n,d,0) =T(n,0,0) =T(0,0,n) =T(0o,n,0) holds for all 6,n,0 € A.

A mapping v : A — A defined by v(8) = T'(6, 0, 9) is called the trace of T', where ' : A x A x A — Aisa
permuting mapping. In that follows, we often abbreviate v(¢) to 0.

Definition 3.2. Suppose that A is an MV-algebra andT' : A x A x A — A is a permuting mapping. If T satisfies
the following
L@ ©pn0)=T0,10)0p) &0 0Lp,n0))

forall 5,m,0,p € A, then T is called a permuting tri-derivation. Clearly, if T is a permuting tri-derivation on
A, then the relations hold: for all 0,m,0,p € A,

F(évn © p, U) = (F(5777’0) © P) D (77@ F(év pvg))

and

F(5’777U © p) = (F(67777U) © p) D (U © F((Sv W7P))~

Example 3.3. Let A = {0, 6,7, 1}. Consider the tables given below:
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e|0]|d|n|1
0 ]0|d|n|1 y
s [s|o1]1 - 0 . L
nn|lin|l
1 (1111111
Then (A,®,”,0) is an MV- algebra. Define a mapping ' : A x A x A — A by

6, T1,xo .%'36{1 (5}
1’\ — 9 ) ) ) .
(1,22, 73) {0, otherwise
It appears that I is a permuting tri-derivation on A.

Proposition 3.4. Suppose that A is an MV-algebra, T is a permuting tri-derivation on A and vy is the trace of T
Forall § € A, we have

(1)~0 =0,

Q)W e8 =560~ =0,

By =~® (8O TI(,06,1)),

(4 0 <0,

(5) If I is an ideal of A, then y(I) C I.

Proof. (1) We can write

~0 =T(0,0,0) =T(0®0,0,0)
= (I'(0,0,0) ®0) ® (0 I(0,0,0))
=000=0.
(2) Forall § € A,

I'(6,4,0) =T(4,6,0®0)
=(I'(4,0,0) ©0) & (0©T(4,6,0))
=0®0=0.
Then, we get
0=T_(,6,00=T(5,65005)
= ([(6,5.0)©8) ® (§©T(5,0,5)).
By the property (2) of Proposition 2.3, 76 ® § =0andd® (6,0, 5/) = 0. We can see that § ® v§ = 0 for all
0 € A, similarly.
(3)Forall § € A,
~v0 =T(8,6,6) =T(0,0,0 ® 1)
=(I'(6,0,0)01)® (6 ©T(4,6,1))
=70 (OTI(4,6,1)).
(4)Forall § € A,

1=0 =(10038) =[((10) &©))] = () @
Then, by Theorem 2.5, we have v§ < § for all § € A.
(3) Ifn € v(I), then ) = v(§) for some ¢ € I. From (4), we have v(d) < 4. Since [ is an ideal of A, we get
ne€ landsovy(I) C 1. [ |
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Remark 3.5. We have § © T'(8,6,0') = 0 forall § € A. Thus, T'(5,6,6') < & and § < (I'(6,6,0"))". For all
d0,m,0 €A,
0=T(00d,n0)=T0n0)o0s)d BTG ,n0))

and hence T(8,n,0) < § and (8 ,n,0) < 6.

Proposition 3.6. Let A be an MV-algebra, T be a permuting tri-derivation on A and ~y be the trace of T'. For
0,m € A, ifd <nthen

() y(@Fen) =0,
2y < 6,,
) vdoyn =0.

Proof. (1) We assume 0 < n for §,n € A. By the property (4) of Proposition 2.3, we have § ® 77/ <ne 17, =0.
Then, § ©7 = 0 and so v(6 ®n') = 0, since 70 = 0.

(2)Wehave § ® vy < n Oy < n®n = 0since § < 5. From here we obtain that § ® v = 0 and
wm <4

(3) We have vd < 7 since § < 7. Hencevé@*yn/ < 77@777/ < 77@77/ = Oandsov(i@vn/ =0. |

Proposition 3.7. Suppoese that A is an MV-algebra, T is a permuting tri-derivation on A and ~y is the trace of
I'. Then,

()6 ®~8 =0,
(2) v6 = (y9) iff v is the identity on A.

Proof. (1) From Proposition 3.6(3), 70 ® vy = 0. Taking 1 by d, we have v ® 6 =0.
(2) Since § ® 8 = 0, we get § © (fyé)/ = 0. Then, vd < d and § < 70 i.e., v0 = 4. Thus, v is identity on
A. Conversely, if 7y is identity on A, then 75/ = (75)/, Vo € A. [ |

Definition 3.8. Suppose that A is an MV-algebra and T is a permuting tri-derivation on A. If § < p implies
I'(6,n,0) <T(p,n,0)forall§,n,0,p € A, then T is called an isotone. If -y is the trace of I and T is an isotone,
then § < 1 implies v0 < vn forall 6,n € A.

Example 3.9. Ler A = {0, 1, 62,03, d4, 1}. Consider the following tables:

@ |0 |61 |02 |03 0da]1

0 0 51 (52 53 54 1

01|01 |63 |da 03| 1 |1 y 5.5 10 [0, 1
dg | 02 | 04 | 02 | 1 |04 |1 TT5, 5. 5. 3

03 |05 |05 |1 [o5 |1 |1 =Lz

04 | 64 | 1 04 | 1 1 1

1 1 1 1 1 1 1

Then (A,®,”,0) is an MV-algebra. Let us define a map ' : A x A x A — A by

02, T1, %2, 3 € {02,04,1}

[ (x1,x9,23) = { 0. otherwise . We can see that I" is an isotone permuting tri-derivation on A.
)

Example 3.10. Consider Ay = {O,

1
R T (w1, 22,73) € {
[ (21,22, 25) {0, otherwise

% 1} as in Example 2.2 and define T' : Ay x Ay x Ay — Ay by
2
1503

Then I is a permuting tri-derivation on Ay, but I' is not isotone, because I'(%, 2, 2) £ I'(1, 2, 2)
S
Vo
MJM
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Proposition 3.11. Suppose that A is an MV-algebra, T is a permuting tri-derivation on A and y is the trace of
T. Ifw&l =6 forall 5 € A, then the followings hold:

(H~1=0,
(2)v6 © 6 =0,
(3) Provided that T" is an isotone on A, then v = 0.

Proof. (1) Replacing ¢ by 0 in hypothesis, we have y1 = 0.
(2)Forall§ € A, 70 ©7v0 =6 © vé/ = 0, by Proposition 3.7.
(3) Suppose that I is an isotone on A. For § € A, since vd < y1 = 0, we have v6 = 0 and so v = 0. |

Proposition 3.12. Suppose that A is an MV-algebra, 1" is a permuting tri-derivation on /A and ~y is the trace of
I and § € B(A). Then the followings hold:

(HIf6 <I'(1,n,0) foralln,o € A, thenI'(4,n,0) =4,
(2) 6 AT(5,8,1) A (v8) =0,
(3)If § < I'(6,6,1), then v6 = 6.

Proof. (1) We have
I'(6,n,0)=T0©1,n,0)

= (T(6,7,0)01) @ T(1,n0)
=T(6,n,0) D5 =24.

(2) Since v8 = 76 @ (6 © T'(4,6,1)), it follows that (§ ® I'(6,8,1)) A (v6) = 0. Then, by Theorem 2.4, we
obtain & A T(6,6,1) A (v6) = 0.
(3) Let § < T°(6,0,1). Then, we get  © (v8) = 0 by (2). Thus, § < 46 < & and s0 7§ = 4. [

Theorem 3.13. Suppose that A is an MV-algebra. We define a map by T'(6,n,0) = @n®o forall §,n,0 € A.
Then T is a permuting tri-derivation on B(A).

Proof. We have
F@op,no)=00p)0noo

for all §,n, 0, p € B(A). Moreover,

T@,no)op)@@ol(pno)=((0n0c)0p)& (06 (pOn®o))
=(00p oGneo.

Thus, T" is a permuting tri-derivation on B(A). [ |

Definition 3.14. Suppose that A is an MV-algebra, T is a permuting mapping on A. If I'(6 @ p,n,0) =
L(6,n,0)®T(p,n,0) forall 6,m,0,p € A, then T is said to be tri-additive mapping.

Theorem 3.15. Suppose that A is an MV-algebra, T is a tri-additive mapping on /A and ~y is the trace of T'. Thus,
V(B(A)) € B(A).

Proof. Let 6 € v(B(A)). Then, 6 = v(n) for some n € B(A). Hence, § &6 = yn®yn =T(n & n,n,n) =
~n = . Therefore, 6 € B(A) ie., y(B(A)) C B(A). [ |

Theorem 3.16. Suppose that A is a linearly ordered MV-algebra, T is a tri-additive permuting tri-derivation on
A and 7y is the trace of T'. Then vy =0oryl = 1.
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Proof. Foralld € A,wehave §® 5 = 1land§ @ 1 = 1. Thus,
71=T(1,1,1)=T0®4§,1,1)=T(6,1,1) T ,1,1)

and
71 =T(1,1,1) =T ®1,1,1)=T(4,1,1) & ~1.

If 41 # 1, then we have v1 = 1"(6/, 1,1) by Proposition 2.7. Replacing 6 by 1, we have y1 = 0. For all § € A,

0=71=T(51,1)®y1 =T(5,1,1)

and
re,1,1)=T,1,® 1) =T(5,1,0) =T(6,8 & 1,0)
=~0 ®T(0,1,0) = ~4.
Therefore, vd = 0 for all § € A. In this case, we have v = 0. [ |

Proposition 3.17. Suppose that A is an MV-algebra, T is a tri-additive permuting tri-derivation on A. Then,

(1) I' is an isotone,
(2) If y is trace of T', then 7§ = § ©® I'(4, 6, 1) for all 6 € B(A).

Proof. (1) Let 6 < p. Then,
T(p.n,0) =T(pV8n,0)=T((p©d)&dn,0)
= F(p O 5/7 s 0) 53] F((Sa m, 0) > F(5, , U)

forall §,n,0,p € A.
(2) Since T' is an isotone, we have v§ < I'(4, 6, 1). Thus

OV <IOT(6,0,1) <y (6 ©T(4,6,1)) = ~4.
Also, § € B(A) implies that 6 ® v6 = § A yd = 4. Hence v = § © I'(4, 0, 1). [ |

Remark 3.18. Suppose that A is an MV-algebra, T is a tri-additive permuting tri-derivation on A and +y is the
trace of T. If v6 = 0 for all 6 € A, thenT'(6,0,n) = 0 for all n € A. Indeed, we have

0=~0=T(4,0,0) =70 ®T(1,6,6) =T(1,4,9)
and so
0=TI(1,6,6)=T(n®1,6,6) =T(n,0,9).

Theorem 3.19. Suppose that A is an MV-algebra, T is a tri-additive permuting tri-derivation on A and -y is the
trace of I. Then,
kery =~"1(0) = {0 € A|y6 = 0}

is an ideal of A.
Proof. We have 70 = 0, by Proposition 3.4(1). This yields that 0 € v~1(0). Assume that 6,7 € y~1(0). Then,
Vd®n) =T &ndendon)
=70 @ T(6,6,n) ©L'(6,n,6) ®L(d,1,1)
®T(n,8,0) ®T(n,6,m) &T(n,n,8) & .

Using Remark 3.8, v(§ ®n) = 0 which ensures that § &7 € v~ 1(0). Suppose § € v~1(0) and < 6. Since
[ is an isotone, we get yn < 4 = 0. Thus yn = 0 and so € v~1(0). |
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Now, we discuss the structures and some properties of fixed points set of isotone permuting tri-derivations.
Let I" be an isotone permuting tri-derivation on A. We denote by F'ix.,(A) the set of all fixed points of A for .
That is,

Fiz (A) ={d € Alvd =d}.

Theorem 3.20. Suppose that A is an MV-algebra and T is a tri-additive permuting tri-derivation on A and 7y is
the trace of I'. Then,

(D)6 =1 ®d forany § € Fix,(A),
(2) ¥*(6) = (8) for any § € Fiz.,(A); where v*(8) = v(7(4)),
(3) Fizy(A) = y(Fizy(A)).

Proof. (1) We have v§ = 4. Thus, v1 ® v = y1 A vd = 6 implies that v6 = y1 ® ¢ for all § € Fiz(A).

(2) If 6 is a fixed point of ~, then y(5) = 6, so y(v(d)) = v(d) = 0.

(3)If 6 € Fizy(A), then § € y(Fizy(A)). If § € y(Fizy(A)), then for some n € Fiz,(A),d =yn =1.
Thus, we have § € Fiz~(A). Therefore, Fiz,(A) = y(Fizy(A)). [ |

Example 3.21. In Example 2.2, considering A3 = {O, %, 1} and defining T' : Az x Az x Az — Az by
1

1

59y L1 =Ty = T3 = 5 . . . . .

T (z1,29,23) = {5’ otlherw2ise 372 One can check that T is a permuting tri-derivation on Az and
)

Fiz,(As) = {0,3}. Since + & £ =1 ¢ Fiz,(As). Then, we have Fix.(A3) is not an ideal of As.

As can be seen from the example above, we encounter the following open problem:
For any ideal I of a MV-algebra A, whether there is a permuting tri-derivation I" such that Fiiz,(Ag) = I.

4. Conclusion

The concept of derivation was presented by Posner in 1957. In the following years, many mathematicians
used derivations to examine the properties of algebraic structures. In their studies, on different derivations,
the conditions for the ring to be commutative are examined. Some characterizations of algebraic structures are
determined by the trace of permuting tri-additive mappings. With the help of the trace of permuting tri-derivation,
the commutativity conditions of rings and how the elements are ordered in some structures such as lattices are
investigated. The derivation type used in this article was put forward by Oztiirk in rings. In this study, we
obtained some results by presenting permuting tri-derivations on MV-algebras. The first aim of this study is
to give the notion of permuting tri-derivation on this algebraic structure. Then some features provided by this
derivation are listed. Fixed set structure has been investigated for such derivations by defining isotone permuting
tri-derivations. After this study, permuting tri-f-derivations and permuting tri-( f, g)-derivations can be studied
on MV-algebras. Also, since MV-algebras are BL-algebras that provide double negation property, permuting
tri-derivation structure can be examined in BL-algebras.

applicable.
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