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1. Introduction

Partial differential equations play a crucial role in providing mathematical answers to natural phenomena and
they continue to be an indispensable tool in scientific investigations of real-world problems. The future behaviors
of many phenomenas are therefore supposed to be described by the solutions of an ordinary or partial differential
equations. These have long played important roles in the history of mathematical modeling and will undoubtedly
continue to serve as indispensable tools in future investigations. They are encountered in a variety of problems in
physics, chemistry, biology, medicine, economics, engineering, climate and disease modeling and many others.

In this work, we study the existence of mild solutions for the following partial functional differential equation
with state-dependent infinite delay

i(t) = A(t)x(t) + F(t,xp4,0,)); t€J:=10,b],
(1.1)
To =@ E B

in a Banach space (X, ||-||). Here (A(¢))¢>0 is a given family of closed linear operators in X with non necessarily
dense domain and satisfying the hyperbolic conditions (A1) through (A3) introduce by Tanaka in [45, 46] which
will be specified later. The phase space B is a linear space of functions mapping (—oo, 0] into X satisfying some
Axioms which will be described in the sequel. F : J x B is continuous and p : J x B — (—o0, b] are appropriate
functions. The history x; (¢ > 0), represents the mapping defined from (—oo, 0] into X by

x¢(0) = x(t +6) for 0 € (- 00, 0].

For the nonautonomous dynamical systems, the basic law of evolution is not static in the sense that the
environment change with time. Parameters in real-world situations and particularly in the life sciences are rarely
constant over time. The theory of nonautonomous dynamical systems is a well-developed and successful
mathematical framework to describe time-varying phenomena. Its applications in the life sciences range from
simple predator-prey models to complicated signal traduction pathways in biological cells, in physics from the
motion of a pendulum to complex climate models, and beyond that to further fields as diverse as chemistry
(reaction kinetics), economics, engineering, sociology, demography, and biosciences. =~ Nonautonomous
differential equations has received the great attention see for instance the works [22, 26, 28, 40, 42, 47, 51] and
some recent works [9, 37-39]. For some applications, we refer the reader to the handbook by Peter E. Kloeden
and Christian P6tzsche [44]. Note that when A(t) := A is independent of ¢, the theory of partial functional
differential equations was studied by several authors. Herndndez et al. [34] studied the existence of mild
solutions of Equation (1.1) by using the classical Cjy-semigroup theory. Later on, Belmekki et al. [12] obtained
the existence results of the following partial functional differential equations with state-dependent delay:

#(t) = Az(t) + F(t,z(t — 7(z(t)))) for t€ |a,b];
(1.2)
zg = ¢ € C([-7,0]; X)

where the operator A satisfies the usual Hille-Yosida condition except the density of D(A) in X. They obtained
their results by using the variation of constants formula which is given in terms of integrated semigroups. In the
autonomous case where p(t,z;) = t, we refer the reader to Adimy et al [2], K. Ezzinbi et al [23, 24], Hale and
Lunel [30], G. F. Webb. [48, 49], Wu [50], and the papers [2, 3, 13, 14, 16-18, 18, 36].

The literature related to partial nonautonomous functional differential equations with delay for which
p(t, 1) = tis very extensive and we refer the reader to the papers in [9, 13, 25, 37, 38, 40, 47] concerning this
case. Recently Kpoumié et al in [9], investigate several results on the existence of solutions of the following
nonautonomous equation :
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Nondensely nonautonomous partial functional differential equations with state-dependent infinite delay

#(t) = A (t) + F(t,z,) for >0,
(1.3)
To =€ B7

where (A(t))¢>0 is a given family of closed linear operators on a Banach space (X, || - ||) not necessarily densely
defined satisfying the hyperbolic conditions, 5 is a linear space of functions mapping (—oo, 0] to X satisfying
some Axioms and F a continuous function defined on [0, +00) x B with values in X. In this context, they have
studied the local existence of the mild solutions which may blow up at the finite time, the global existence of mild
solutions are given and under sufficient conditions, the existence of the strict solutions have been obtained.

Functional differential equations with state-dependent delay appear frequently in applications as models of
equations and for this reason the study of this type of equation has attracted attention in recent years and more
than ten years ago we refer the reader to the handbook by Cafiada et al. [5], the book [19], the papers [6, 8, 11,
12, 20, 26, 27, 31, 32] and the references therein. In [39], we investigated the existence of mild solutions of the
following nonautonomous equation:

z(t) = A(t)x(t) + F(t,z(t — p(z(t)))) for ¢ €[0,aq]
(1.4)
To =€ C([—T,O],X),
where (A(t)):>0 is a given family of closed linear operators on a Banach space (X, || - ||) not necessarily densely

defined and satisfying the hyperbolic conditions (A;) through (A3) introduced by Tanaka in [46] which will
be specified in Section 2. F is a given function defined on [0, +00) x X with values in X, the initial data

p : [=r;0] — X is a continuous function, p is a positive bounded continuous function on X and r is the maximal
delay defined by
r = sup p(z)
reX

In this paper, we study the existence of at least one mild solutions where the family of closed linear operators
on a Banach space is not necessarily densely defined. Note that there are many examples where evolution
equations are not densely defined. One can refer to [1, 4, 21] for references and discussion on this subject.
Our work is motivated by [9, 34]. The results obtained is a continuation of work done by Hernandez et al in [34],
Belmekki et al. [12] and Kpoumié et al in [39].

In the whole of this work we employ an axiomatic definition for the phase space B due to Hale and Kato [29].
We assume that 3 is a normed linear space of functions mapping (—oo, 0] to X endowed with a normed | - |5 and
satisfying the following Axioms:

(B1) There exist a positive constant H and functions K (-); M (-) : [0, +00) — [0; +00), with K continuous and
M locally bounded, and the are independent of z, such that for any ¢ € R and a > 0, if x is a function
mapping (—oo, o +af into X, @ > 0, such that x, € B, and z(-) is continuous on [o, o + a, then for every
tin [0, 0 + af the following conditions hold :

(Z) T € B,
(i) |lz(t)llx < H||z¢|s which is equivalent to
(i) le(0)llx < H|lls for every ¢ € B.
(iii) [lzells < M(t = o)|zslls + K(t — o) sup [la(s)]lx

o<s<t
(B2) For the function z(-) in (By), t — 4 is a B—valued continuous function for ¢t € [o; 0 + af.

(B) The space B is complete.
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For examples and more details on phase space, see the book by Y. Hino, S. Murakami and T. Naito [35].

The organization of this work is as follows: in Section 2, we recall some results on nonautonomous evolution
family with nondensely domain theory that will be used to develop our main results. In Section 3, we use the
variant of Shauder’s Fixed Point Theorem and the nonlinear alternative of Leray-Schauder’s to prove the existence
of at least one mild solution. In Section 4, we propose an application to some models with state dependent delay.

2. Nonautonomous evolution family with nondense domain

In this section, we recall some notations, definitions and preliminary facts concerning our work. Throughout
this paper we used the results which are detailed in [43, 45, 46]. We assume that B(X) is the Banach space of all
bounded linear operators from X to itself. In this work, we assume the following hyperbolic assumptions:

(A1) D(A(t)) := D independent of ¢ and not necessarily densely defined.

(A2) The family (A(t));>0 is stable that means there are constants 1/ > 1 and w € R such that:
k
(w,+00) € p(A(t) and | [T ROV A@)|| < MO —w) ™
j=1

for t > 0, A > w and for very finite sequence {tj}g?zl with 0 < t; < tg < ... < t, < 400 and
k=1,2,..., where p(A(t)) is the resolvent set of A(t) and R(\, A(t)) = (A — A(t))~ L.

(A3) The mapping t — A(t)x is continuously differentiable in X for all z € D.

We recall here the classical result which gives us the existence and explicit formula of the evolution family
generated by (A(t)):>0 due to Oka and Tanaka [43] and Tanaka [46].

Theorem 2.1. (Oka and Tanaka [43]; Tanaka [46]) Assume that (A(t))>o satisfies conditions (A1) -(Ag). Then
the limit

(%]

Ut,s)o = lim  [[ (I-AA@N) "2

A—=0t
i=[{]+1

>+

o

exists for v € D and t > s > 0, where the convergence is uniform on T := {(t,s) : t > s > 0}. Moreover; the
Sfamily {U(t, s) : (t, s) € T'} satisfies the following properties:

i) U(t,s): D — D for(t,s) €T}

ii) U(t,t)r =z and U(t,s)x = U(t,r)U(r,s)x forx € Dandt >1r > s> 0;
iii) the mapping (t,s) v U(t, s)x is continuous on T for any x € D;

iv) |U(t, s)z| < Me**=9)| x| for v € D and (t,s) € T;

v) U(t,s)D(s) C D(t) forallt > s > 0 where D(t) := {x € D : A(t)z € D};

vi) forall x € D(s) andt > s > 0, the function t — U (t, s)x is continuously differentiable with:
2U(t,s)x = A()U(t, 8)z and Z-U(t, s)z = —U(t, s) A(s)z.

Let A\ > 0,t > s > 0and z € X. We define U, (¢, s) by:
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Nondensely nonautonomous partial functional differential equations with state-dependent infinite delay

Remark 2.1. Forxz € X, A > 0andt > r > s > 0 one can see that
Ux(t,t)x =x and Ux(t,s)x = Ux(t,r)Ux(r, s)x.
We consider the following nonautonomous linear evolution equation:

&(t) = A(t)x(t) + f(¢t) for t € [0, al,
2.1
z(0)=z9€ X

where f : [0,a] — X is a function.

Theorem 2.2. (Tanaka [46]) Assume that (A1)-(A3) hold. Let xo € D and f € L'([0,a], X). Then the limit

t
x(t) :=U(t,0)zo + Alirgu/ Ux(t,r)f(r)dr (2.2)
—0* Jo

exists uniformly for t € [0, a] and x is a continuous function on [0, al.

Definition 2.1. (Tanaka [46]) For xo € D, a continuous function x : [0,a] — X is called a mild solution of the
initial value of Equation (2.1) if x satisfies the following equation:

t
z(t) =U(t,0)xo + Allrél+/0 Ux(t,r)f(r)dr. (2.3)

Lemma 2.1. (Ezzinbi, Békollé and Kpoumié [37]) Assume f € L'([0,a], X). If z is the mild solution of Equation
(2.1), then

t
= ()] < Me™"||zoll +/0 Me“"=)||f(s)]|ds.

Definition 2.2. (Kpoumie, Ezzinbi and Békolle [38]) For ¢(0) € D, a continuous function x : (—o0o,b] — X is
a mild solution of Equation (1.3) if x satisfies the following equation

t
U(t,0)p(0) + lim Ux(t,s)F(s,xs)ds  for0 <t <b,
z(t) = A=0" Jo (2.4)

(t) for —oo <t <0.

In the whole of this work, we assume that (A1) - (A3) are true and w > 0.

3. Existence of mild solutions

In this section, we use some Fixed Point Theorems and the Kuratowski’s measure of noncompactness to
establish the existence of mild solutions of Equation (1.1). In this work, we always assume that p : J x B —
(—00, b] is continuous.

Definition 3.1. Let 0(0) € D. We say that a continuous function x : (—oo, b] — X is a mild solution of Equation
(1.1) if x satisfies the following equation

t
U(t,0)p(0) + lim+ Ux(t,s)F(s,0p(s,5,))ds  for0 <t <D,
x(t) = A= Jo (3.1)

o(t) for —oo <t <0.
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We introduce the Kuratowski’s measure of noncompactness «(-) of bounded sets K on a Banach space Y
which is defined by:

a(K) = inf {e > 0 : K has a finite cover of ball with diameter < £} .

Some basic properties of «(-) are given in the following Lemma.

Lemma 3.1. ( Akhmerov et al. in [7])

’

(i) a(Ay) < diaAy, where dia(A;) = sup, ,ea, [T —y

(ii) a(A1) = 0ifand only if Ay is relatively compact in X,

(iii) a(A; U Az) = maz(a(Ay), a(4sz)),

(iv) if Ay C Ag, then a(A1) < a(As),

(v) a4 + As) < a(Ar) + a(Az),

(vi) a(B(0,¢)) = 2¢e if dimX = +oo.

The terminology and notations employed in this work coincide with those generally used in functional

analysis. In particular, for Banach spaces (X, || - ||), (Y, || - ||), the notation L(X,Y") stands for the Banach space
of bounded linear operators from X into Y, and we abbreviate this notation to L(X) when X = Y. Moreover

B,.(z,X) denotes the open ball with center at z and radius > 0 in X and for a bounded function z : J — X
and 0 < ¢t < b we employ the notation ||z || x ¢ for ||z| x ¢+ := sup |z(0)|. We will simply write ||z||; when no

)

confusion arises.
To prove our main result we will use the following variant of Schauder’s Theorem see Radu Precup [41] and
the Nonlinear Alternative of Leray-Schauder see A. Granas [27] or W. Arendt [10].

Theorem 3.1. (Schauder) Let X be a Banach space, D C X a nonempty convex bounded closed set and let
T : D — D be a completely continuous operator. Then T has at least one fixed point.

Theorem 3.2. (Leray-Schauder) Let VW be a convex subset of a Banach space X and assume that 0 € V. Let
F : W — W be a completely continuous map. Then either

(i) F has a fixed point in W, or
(ii) the set {x e W: x=aF(z), 0<a <1} isunbounded.

Theorem 3.3 (Banach’s Fixed Point Theorem). Let (E, d) be a non empty complete metric space and a mapping
T : E — E such that TP is a strict contraction (p € N*). Then T admits a unique fixed point T in E (i.e.
T(Z) = &) and the sequence (y,)y, define by x, = T(x,_1) with xg € E, converges to T.

Lemma 3.2. (Lemma Bellman-Gronwall) Let f, g the continuous positives fonctions from [a, b] to R .
If U is constant, then from

t
git) < +/ f(s)g(s)ds forallt € [a,b],
it follows that
t
g(t) < Wexp (/ f(s)ds) forallt € [a,b].
a
Let us consider the following assumptions:

(C1). U(t,s)>s is compact on D for ¢t > s.
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Nondensely nonautonomous partial functional differential equations with state-dependent infinite delay

(C3). The function F' : J x B — X satisfies the following properties.

(a) The function F'(-,%) : J — X is strongly measurable for every ¢ € B.
(b) The function F(t,-) : B — X is continuous for each t € J.

(c) Let L'(J,[0,+00)) be the space of integrable functions from J to [0,+00). There exist
p € L*(J,[0,+00)) and a continuous non-decreasing function V' : (0, +00) — (0, +00) such that

IE@ ) <p@V([[¢lls) forall (t,¢) e JxB.

(C3). Let ¢ € B such that xg = ¢ and t — ¢ is a B-valued well defined continuous function on p~ where
p~ = {p(s,¢): (s,¢) € J x B, p(s,9) < 0}, and there exists a continuous and bounded function 7 :
p~ — (0, 00) such that || ||g < n(t)||¢|/s forevery t € p~.

Remark 3.1. For ¢ € B such that o € B and ¢ = x¢ we can see that for allt < 0, ¢, = x4 In fact
if forall t < 0, # x4, then for all 0 € (—00,0], @:(0) # x(0) hence o(t + 0) # z(t + 0) thus for all
t € (—00,0], @(t) # x(t) which is absurd because p = xq that means for all t € (—o00;0], ¢(t) = x(t).
Therefore for all t < 0, ¢y = x4.

To continue with the next step we need the following Lemma due to E. Herndndez.

Lemma 3.3. (Herndndez et al. [33]) Let ¢ € B such that p; € B for every t € p~. Assume that there
exists a locally bounded function n : p~ — [0,00) such that ||p:|lg < n(t)|ellB for every t € p~ and ¢ =
sup{n(s):s € p~}. Ifx: (—o0,b] = X is continuous on J and xo = p, then

zslls < (M + Q) lllls + Kboigg @), sep UJ

Where Ky =sup K(t) , M, =sup M(t)
teJ ted

In the sequel, we prove the existence of mild solution of equation (1.1).

Theorem 3.4. Let ) be a nonempty open subset of B and the function F : [0,b] x B — X is Carathéodory
mapping. Assume that (C1) — (C3) and (A1) — (A3) hold. Let ¢ € Q be such that ©(0) € D. Then, Equation
(1.1) has at least one mild solution x(-, ) define on | — 00, a] — X, for some a €]0, b).

Proof. We use the classic Schauder’s Fixed Point Theorem.

Step 1. Let ¢ € Q2 be such that ¢(0) € D. Then, there exists a constants r > 0, r < b such that
Bx(p,r) = {¢ € B suchthat [ — ¢|s < r} € Qand [F(s,¥)| < |lpllr:V(|[2)]]) for all s € [0,7] and

¥ € Bx(p,r).
Define the function y : (—o0,b] — X defined by:

U(t,0)p(0) fort e J,

y(t) =
o(t) for—oco <t <0.

By virtue of Axioms (B;) — (¢) and (B2), y: € B and t — ¥, is a continuous function. Then for v € (0,r) there
exists by € (0, 7] such that ||y; — ¢||g < v forall £ € [0, by].

Set Kp := sup K(t). Let a be a constant such that:
te[0,b]

. r—
0<a< by,
@= mm{ ! MewaKprHLlV(l)}

3
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where | = (M + ¢ + Kp + KpH)| ¢l + KpHr. For u € C(]0,a]; X) such that u(0) = ¢(0), we define its
extension on (0o, a] by :

u(t) fort € [0,q],
p(t) for—oco <t <0.
Let us introduce the following space:

F, := {u :[0,a] = X continuous such that wy = @ and sup |4 — ¢l < r}
0<t<a

endowed with the uniform norm topology. ||.||r, defined by:

[ullr, == lluolls + sup [lu(s)]|
0<s<

The restriction of y to (0o, a] is an element of F,. In fact ||y; — || < 7 for all t € [0,b;] whereas v < r then
lg: — llg < rforallt € [0, a] thus y € F,. Therefore F,, is nonempty.
For all u € F,, we have

[ulle, = [[uolls + sup [[u(s)]l
< luo — ¢lls + llells + OiggaHHusll by (By) — (iid)
<ll¢lls + Hoztslga{ll(us — ) + |} since ug = ¢
<llells + H{ sup [[(us —¥)ll5 + ll¢ls}
0<s<a

<llels + H(r + llels)- (3.2)
Then [, is bounded.
By using the triangular inequality in B it is clear that Ap 4+ (1 — A\)g € F,, for any p, ¢ € F,, with A € [0, 1].
Indeed 5 3 ~ 5
IABe+ (1= A)Ge = #lls = 1A + (1 = N)g — (1= N+ (1= N —¢lls

= A+ (L =M@ =)+ —Ap—olls

= [IAMD: =) + (1 =N (G — 9l

S M@ =)l + A =M@ —)lls

<A+ (1-=Nr

Then IF,, is convex.
Now we prove that F, is closed. To prove that, consider a convergent sequence (@} ),en of F, which
converges to u;. We want to show that u; € F,.

lar —lls = [lae — ulls + [|[uf — ¢lls

< ||y — @}||g + r, since 4y € F,.

e
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whereas ~
[a: = aills < Ky sup |la(s) —a"(s)[| + Mpllao — uglls
0<s<t

< Max(Ky, My) s<u;<) la(s) — a"™(s)|| + Max(Kp, My)||@o — il 5
0<s<t

< Max(Ky, My)||a — a"||g, -

Thus ||a: — a}|lg < Max(Ky, Mp)||la — @"||p, as |[a — @™|lp, — Owithn — 400 hence
|la: — a}||s — 0 with n — 400 then ||@; — || < r, hence @; € F, thus F,, is closed.

To continue our proof, we need the following Lemma.

Lemma 3.4. Let p € B such that p; € B for everyt € p~. Assume that there exists a locally bounded function
n:p- — [0,00) such that ||pt||g < n(t)||ellsforeveryt € p~ and { =sup{n(s) : s € p~ }. If u € Fy, then

”am&ﬁJHB <Il<+x
Where l = My + ¢ + Ky + Ky H)||¢||ls + Ky Hr.
Proof.
lTps,amlls < (My+ Q) |l@lls + Ky, sup  [|@(0)]], by the Lemma 3.3
0<8<p(s,it.)
< (Mo + Q) llells + Ki(llells + sup [[u(8)]])
0<6<a

< (My + Q) [[ells + Kbllullg, since [lullr, = [l¢llz + sup [[u(0)]
0<6<a

< (My+ ¢+ Kp+ KpH)|l¢lls + KpHr. By relation (3.2)

|
Consider the mapping X defined on I, by:
t
(’CI) (t) = U(t70)@(0) + )\li%l+ Uk(t7 S)F(Svjp(s,is))ds for te [03 a]a
—0%Jo
(3.3)

o(t) for —oo<t<0.
From definition (3.1), theorem (2.1) and the assumptions on ¢, we infer that (Kx)(-) is well defined. We claim
that K(F,) C F,. In fact, Axiom (Cy) implies that for every x € F,, the mapping s — F(s,Z,(z)) is
continuous on [0, a]. Hence this mapping v := Kz is continuous on [0, a]. In the other hand, One has
100 = lls < 10 — wells + llye — ¢l
< 1% —wells +

On one hand, by Axiom (B;) — (#7), we have for any ¢ € [0, a],

0 — wells < Ky sup [lu(s) —y(s)||
0<s<t

e
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For any t € [0, a

Jot6) = 9(0)] = [U.0)(0) ~timsr [ UM 9P (5. 5y s — U 0)0)|

t
- H hmAHO*/ UA(tvS)F(Saﬁp(s,v}))d’sH
0

t
< / Mew(tfs)
0

t
< Meva /0 1PV (15

}?(Svﬁp(SAﬂ))Hds

B)ds

IN

Me™al|p||1V (1), by Lemma 3.4

r—y
S '

hence K}, sup ||v(s) — y(s)|| < r —~then |0 — y||g < r — v we have ||0; — ¢||g < 7, for any ¢t € [0, a].
0<s<t

Therefore v € F,. We have proved that IF, is a nonempty, bounded, convex and closed subset of F,:
Now we want to prove that K is a completely continuous operator.

Step 2. The continuity of K. Let (u™),en+ be a sequence in F, such that lim «" = . For ¢ € [0, a], we have

n—0o0

by Axiom (B — i) :

e —aills < Ky sup [la(s) —a"(s)|| + Mellao — ug |5
0<s<t
< Maz(Ky, My) sup [[a(s) = a"(s)]| + Max(Kp, M)t — g |5
0<s<t

< Max(Ky, My)||a — @™ ||g, -

then lim @) = u,. werecall that p : [0,a] X B — (—o00, a] is continuous then lim p(s,a™)s = p(s, Us).
n—oo n— oo
Let us study therefore the convergence of the sequence (i}, , ;. )nen for s € [0, a]. Atfirst, if s € [0, a] such
that p(s, @s) > 0, and there exists V € N such that foralln € N, n > N p(s,a?) > 0.

In this case one has

||aZ(s,ag) —Up(s,an)llB = ||aZ(s,ﬁg) = tpsap) |8+ Np(s.an) = Up(s,a I8
< Ky sup [[u"(0) —u@) + Mllp — oll + [tpes,an) — Up(s,a.) |5
0<6<p(s,ar)
by (By — i)
< Kollu™ —ulla + 1tp(s,az) = Gpgs,a.)lls
whereas

lim «"™ = wthen ||u” — ul|, — 0 for n — +oo,
n—oo

e
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||ﬁp(s7ﬁg) — Uy(s,a.)|ls — 0 forn — +o0 by (By — iii),

which proves that @7, ;. = tp(s,a,) in B as n — +00 for every s € [0, a] such that p(s,@s) > 0. Similar, if

s € [0, a] such that p(s, @) < 0, and there exists N € N such that foralln € N, n > N p(s,a?) < 0.
In this case one has

5 = l®p(s,an) — Pp(sa.)llB, by Remark 3.1
< n(t)[le = ll, by (C3) with t < 0.

Hﬁﬁ(s,ag) = Up(sis)

Which proves that 4y ;) — Uy (s,a.) in B as n — +o0 forevery s € [0, a] such that p(s,1s) < 0. Then
lim a’

nesoo P(s,U%) = Up(s,as)"

For t € [0, 0], we have :

t

t
1) 0 = (@) = | Jim, [ Uk (s ) = T [ U085, s

t
| Jim / Ut ) (F (5, @) — F 5, Tp,)))ds|

A—0t
t
< Me“’b/o F('S:ﬂ‘Z(s,ﬂf})) - F(Saﬁp(s,ﬁs))’ ds.
As im G g = s, F(s,) is continuous from assumption (Cz) — (b), then (F(Saag(37ﬁ?))>neN

converges to (s, @,(s,q,)). and from assumption (C2) — (c) we can conclude by the Lebesgue Dominated
Convergence Theorem that Ku"™ — KCu.

Next, we will show now that the range of K ; Range(K) := {Ku,u € F,}, is relatively compact in F,. By
the Arzela—Ascoli theorem, it suffices to prove that Range(K)(t) is relatively compact in X for each ¢ € [0, a] ,
and Range(K) is equicontinuous on [0, a].

Step 3. The set of fonctions Range(KC)(t) of is relatively compact on [F,. To prove this assertion, it is sufficient
to show that the set {(ICu)(t) —U(t,0)p(0): u e ]Fa} is relatively compact.
Let0 < e <t <a.Then

t
Ku(t) — U(t,0)¢(0) = lim Ux(t, 8)F (s, Tp(s,a,))ds

)\—>0+ 0
t—e t
= ,\li,%l+ i Ux(t, 8)F (8, Tp(s,a,))ds + /\li>r61+ /tiE Ux(t, 8)F (8, Tp(s,a,))ds
t—e t
=U(t,t —¢) ,\13& ; Ux(t — €,8)F (8, Up(s,a,))ds + ,\1i>rg+ /t_E Ux(t, s)F (s, Tp(s,a,))ds.

We claim that
t—e
{ lim / Ux(t — €,8)F (8, lp(s,a,))ds 1 u € Fa}
0

A—0t

e
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is a bounded. In fact, for u € F, :

t—e t—e
|t [ Oae = PG s < 2 [ bV (000 1)
0 0

t—e
< Me* V(1) / p(s)ds by Lemma 3.4.
0

Where | = My + ¢ + Ky + Ky H)||lpl|s + KpHr. Since U(t,t — €) is a compact operator for 0 < € < ¢, the set

t—e
Ul(t,t— e){ lim / Ur(t —€,5)F(s,Tp(s,a,))ds 1 u€ Fa}
0

A—0t

is relatively compact in X for every €, 0 < € < t. We know that,

t t
| Jim U,\(t,s)F(s,ﬂp(ws))dsHgMe““/ p($)V (lp(sa,)l15)ds

A=0F Jye t—e
¢
< Me**V (1) / p(s)ds by Lemma 3.4.

t—e
Where | = My + ¢ + Kp + Ky H) |||z + KpHr. Thus
¢

t
lim Ux(t, 5)F (s, Tp(s,a,))ds € B(O,Me“’aV(l)/ p(s)ds).
t—e

A0t Sy

By Lemma 2.1 it follows that

a(B(o,MeWV(l) /t:p(s)ds)) - 2Me“’“V(l)/ttEp(s)ds. (3.4)

where «(+) is Kuratowski’s measure of noncompactness of sets in X. Letting € tends to 0 , we obtain in relation
(3.4) that a(B (O, Me“*V (1) f:_g p(s)ds)) = 0. By Lemma 2.1,

t
{ lim / Ux(t,8)F (s, Tp(s,a,))ds : u € Fa}

A—0t t—e

is relatively compact. Then
{(Ku)(t) —U(#,0)0(0) : ue ]Fa}

is relatively compact. Hence, Range(K)(¢) is relatively compact in X for each t € J.

Step 4. The set of fonctions Range(K) is equicontinuous on [0, a]. For every 0 < ty < ¢t < a, one has:

t

(Cu)(t) - (Cu)to) = (U(1,0) = Ulto, 0))(0) + Tim [ UA(t,5)F (s, y(s.0,))ds

A—=0t Jo
to

— 1 Ui (t F u S,U d
Jim ; A(to, 8)F (8, Up(s,a,))ds

t
= (U(t, 0) — U(to, 0)><p(0) + A1361+ /to Ux(t, 8)F (8, Tp(s,a,))ds

to

+ (Ut to) = 1) tim. [ Ut ) (5, y02.)d5.

e
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This implies that

(@) ~ ()t < [|[(U0) = Utto,0)) ()| + drerv ) [ (s)ds

to
to

+H(U(t,t0)—1> Jim [ Un(to, $)F (s, (o, ) s

Since Range(K)(to) is relatively compact and

to
{Alirg+/0 Ux(to, 8)F (s, Ups,a,))ds : u € IFa} C Range(K)(to)

. There exists a compact set G such that:

to

{ lim Ux(to, 8)F (s, Ups,a,))ds : u € Fa} CG.

A—=0* Jo
Then
lim sup H( (t,to) — )uH =0.
tﬁto ueG
Thus, we get
lim [|(Ku)(t) — (Ku)(to)|| = 0 forall u € F,.
t—tg
t>to

Using similar argument for 0 < ¢ < ¢y < b, we conclude that Range(K) is equicontinuous. Then by Arzela-
Ascoli’s Theorem, Range(K) is retlatively compact. Since K is continuous by Step 2, we can conclude that K
is a completely continuous operator. The existence of at least one a mild solution for Equation (1.1) is now a
consequence of the variant of Schauder’s Fixed Point Theorem. [J

Theorem 3.5. Let (Cy) — (C3) be satisfied. If p(t, ) < t for every (t,v) € J xB and

> ds
MEKye®® < / — (3.5)
ol < [T
where N = (M, + O)ll¢|ls + Kbllp(0)||x with K, = sugk(t) , My = SuLI])M(t)’ ¢ :=sup{n(s) : s € p L
te te

Then there exists a mild solution of Equation (1.1).

Proof. Let F = C(J,X) and K : E — FE be the operator defined by (3.3). In order to use Leray Schauder
Alternative Theorem. We claim that the set

&= {x €eC(J,X): z=pk(z), 0<pu< 1} is bounded. Indeed

t
]l < Me<!o(0)]] + / Me0=9|[P(s, 2 s,5.)) | ds
t
< Me“'Hl|gl|s + M / U p( )V ([[F (o l5)ds by (B,) — (id) and (C,)
0

gMe“’tH||<p||B+Me‘*’b/ IV (4 + Ollells + Ky _sup 2(6)])ds by Lemma 3.3

0<0<p(s,25)

< M H gl + Me-" / W (M + Olllls + Kool ) ds

< Me“ H|jg|ls + Me“? / V(M + Qllglls + Kllell, ) ds

e
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since p(t, ) < tforevery t € J. If
0(t) = (My + Oll¢lls + Kbllzls,

we obtain that .
90) < (M + ¢+ KoM D)ol + MK [ o)V (0(5)ds
0

since ||z||; < ||z| for all ¢ € J. Setting
t
V(t) = (O + ¢ + KM H) ol + MEe [ o)V (9()ds
0
and using the nondecreasing character of V', we have :
t
) < (Mo + G+ KoMe D)ol + MK [ p(s)V (v(s))ds
0

since ¥(t) < v(¢) for every ¢t € J. Since v is defferentiable, we have

V' (t) < MKye* p(t)V (v(t)) for every t € J.

/V(t) ds , t ( )
—— < MKpe” / p(s)ds.
v(0)=N V(s) 0

Thus

Hence

v(®) ds
T < MEe||p]| 1.
/1/(0)—N V(s)

/"(“ ds /+°° ds

< .
v(0)=N V(s) N V(s)
This implies that, the set of functions {v(-):0 < p < 1} is bounded in C(J : X). Thus the set
{z(-) : 0 < p < 1} is also bounded in C(J : X) since

Using relation (3.5), we get

(My + O)|lells + Kpllx)l: <wv(t) forallt € J.

We obtain the completely continuous property of I by proceeding as in the proof of Theorem 3.4. Since E
is convex and 0 € FE, then the Nonlinear Alternative Leray-Schauder’s Fixed Point Theorem guaranties the
existence of at least one mild solution for Equation (1.1).

Arguing as in the proof of Theorem 3.2 we can prove that /C is completely continuous. Then by the Nonlinear
Alternative Leray-Schauder’s Fixed Point Theorem the exists at least one mild solution for Equation (1.1). OJ

4. Global existence of mild solutions and Blowing up phenomena

Let us give the following local Lipschitz condition on the nonlinear part F' of Equation (1.1):
(C4) For each o > 0 there exists a positive constant r(«) such that for ¢, € B with |¢|s, [¥|s < «, we
have:
1E(t, ) = F(t, )| < o)l =4[ fort > 0.

Contrarily to the previous results, if we replace conditions ((C3) by condition (Cy), the following local existence
results hold.

3

s
2
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Theorem 4.1. Assume that (Cy), (C3) and (Cy) hold. Then, for o € B such that ¢(0) € D, Equation (1.1) has a
mild solution x(., @) in a maximal interval (—00, Gpq. ) and either

Amaz = +00 or lim sup ||I(t7 90)” = +o0.
t—=amax

Moreover, x(.,¢) depends continuously on the initial data o in the sense that, if p € B, p(0) € D and t €
[0, maz ), then there exist positive constants k and & > 0 such that, for ) € B and |p — | < €, we have

lz(s, ) — z(s, )| < k|l —|p for s €] — 00, a.

Proof. Let z(., ) be a mild solution of Equation (1.1) in (—o0,b]. We know that, z(t) € D for all t €
[0, a]. Repeating the procedure used in the local existence result, this yields existence of a > a; and a function
(., x2q(., ) : (—00,a1] — X which satisfies for t € [a, a1]:

t
‘T('a ,Ia(., QO)) = U(ta O)ZE(CL, 30) =+ )\li%lJr UA (tv S)F(S, jp(s,is) ('7 Ia(., @)))ds
Proceeding inductively, we obtain the maximal interval of existence (—o0, amax) of the solution z(., ¢). Assume
that amax < +oc and lim, , - sup|[z(t,¢)[| < M. We claim that z(.,¢) is uniformly continuous and
consequently lim, , - x(., ) exists in X, which contradicts the maximality of [0, apq,[- In the following,
we show uniform continuity of x(.,¢). Let ¢,t 4+ h € [0, Gmqaqe) With b > 0. Then,

< Ut + h,0)p(0) — U(t,0)p(0)]

t+h t
n H lim / Un(t + by ) F (7, @z )dr — lim [ Un(t,7)F(r, @p(T,iT))dT]]
0

A—=0t A—=01 Jo

t
< U+ 10)(0) = V(0RO + [Va(t+ 1) tim [ OA(E 7P (r 0, )i

t+h t
+ )\li)r(f)hr ; U/\(t +h, T)F(T7 jp(r,i,))dT - )\l_if(r)lJr o U)\(t7 T)F(Tv ‘ip(T,CET))dTH
t
<MW E+h,0) = U 0)pO) | + | U+ bty = 1) lim [ UsE7)F( Epirn )|
- 0
t+h
+ lim, Ur(t + h,7)F(r, xp(T@T))dTH.

t
t

Since W := {/ Ux(t, 7)F (T, % p(r3,))dT : © € ]Fa} C G with G compact. We obtain that
0

lim || (Ut +h,t)—Dz||=0 forzeW.
h—0
t+h>t

Since

lim
A—0Tt

t+h
[ O+ by ]| < Ml VO,
t

then
h—0
t+h>t
Similarly, we show that
lim [|z(t + h, @) — z(t, )| = 0.
h—0

t+h<t

e
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Then z(.,¢) is uniformly continuous on [0, amax) and therefore, lim; ., . (., ) exists. If we define
Z(Amax, ) = limyq, .. 2(.,p), we can extend z(.,¢) beyond amax which contradict the maximality of
| = 00, Gmax)-

We prove now that /C is strict contraction in I, (¢) and for this end, we consider z, z € F,(¢). For t € [0, a],
we have

I(Kz) = (K2)lle, = sup [[(K2)(t) = (L) ()]

and
t

t
I(Kz) — (K2)|lp, = Hg& /0 Un(ts8)F (s, Zygsz)ds = lim | O s)F(s,zP(s,gs))dsH

t
< / M| F (8,7 p00.5.)) — F (5, Fp(o.2.))lds
0
t
< Me"’bro(oz)/ ||:%p(87533) — 2p(s7gs)||3d8
0

t
< KyMe"ry(a) / sup  [|2(6) — 2(0)||xds
0 0<6<p(s,zs)

< KyMe bro(a)al|lz — z|g, -

Following the same reasoning, we can see that

I(C%2)(8) — (K22) (1) [lr,, < KbMe“”’To(&)/0 sup [[(Kz)(0) — (K2)(0)| xds

0<0<p(s,Zs)

S(KbMewbro / sup/ sup ||z(§) — 2(€)|| xdpds
0 0<6<sJo 0<e<p

g(KbMewbro(a))2// |z — z||r, dpds
0o Jo
< (KyMe®ry(a))?a?

< ; Iz = I,
We can repeat the previous argument, and we obtain
n n (KyMe®rg(a))™a™
(K" ) () = (K"2)(#)[|e, < . & = 2|z,

Since w — 0 as n — +oo then In € N such that WL% < 1. It follows that K"
is strict contraction and by the Banach fixe point theorem, we deduce there 3lx € F, such that K"z = z. Thus
K"z = z implies that K"z = Kz on the other hand K" (Kz) = K(z) it follows that K(z) is a fixed point
of K™ and since fixed point is unique then we get () = x. Equation (1.1) has a unique mild solution (., ¢)
which is defined on the interval (—oo, a]. This is true for all @ > 0, then z(., ¢) is a global solution of Equation
(I.) on R.

Next, we prove that the solution depends continuously on initial data. Let ¢ € Band ¢ € [0, a[ be fixed. Show
that 2(-, ¢) is continuous in the sense of . Ve > 0, look for k(a) > 0 such that for ¢ € B and |p — 9| < ¢
implies that

(e, ) = x(e, )| < k(a)l — |5 fore €] — oo, al.

e
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We have by Lemme 3.3
s (0) = 2s( )8 < (My + ) |l — s + Ky sup [2(0,0) —2s(0,¥)l[x, sep”UJ

< (My+ Q) [ — |5+ Ky sup [[U(6,0)(p —¥)|Ix
0<6<s

0
+ K, sup lim / WU (0, 7)E (T, 3 ez (- 0)) — F(rs & pirmy () 1dr
0<0<s A—=0T Jg

< (My+ Q)| — |+ Ky sup [|U(0,0)(p — )| x
0<0<s

0
3 3 w(0—T1 ~ ~
+K%2%g$70Me( wﬂﬂ%thﬂn_ﬂﬂ%@@WWDMT

< (My +(+ HEyMe®™) | — s

]
+ KbMewar(J(a) / ||i'p(7',£7—) ('7 90) - Qrz.p(T,;Tc,-)('a ZZJ)HdT
0
using the Bellman-Gronwall Lemma it follows that

< (My + C + HEyMe"®) e5oMe o8 g5,
Hence we can write
|25(0, ) — 25(0,0) |8 < (My + ¢ + HEK,Me®®) oM™ mo(@)0) ;4] 5 for 9 €] — o0, 0]
thus
|2(s + 9, 0) — x(s + 0, 9)|g < (My + ¢ + HEpMe®®) KoM (@), — 5 for 9 €] — o0, 0]
therefore
(2, 0) = 2, )8 < (Mp + ¢ + HEMe®®) "Ml — || for 1 €] — o0, a]

It is clear that (M;, + ¢ + HKMe®®) XoMe™ ro(@)d - hence, we deduce the continuous dependence on the
initial data. [J

Corollary 4.1. Assume that (Cy) holds. Let g, and g be continuous fonctions from Rt to RT such that

IF(t, )| < q1(t)||s + q2(t) fort e RY and ¢ € B.

Then, for ¢ € B such that $(0) € D, Equation (1.1) has a unique mild solution which is defined on R.

Proof. Let z(-, ¢) the solution of Equation (1.1) defined on a maximal interval (—o00, @mas). Then by the
Theorem 4.1

Gmaz = +00 or limsup ||z(t, ¢)|| = +oo.

t=amax

We assume that @4, < +00 and limsup ||z (¢, ¢)|| = +o0.
t—=amax

Forall t € [0, @pmaz :
On has

e
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t
< ||U(t,0 0 li Ux(t F(s,Z,5.2.)]ld
< IO+ Jim [ VAP e

(t)) ds

[l (t, 0)

t
Me!||¢(0 Me! ;
< Meoo)] + [ Me ()

t
g Mewamaz(ll¢(0)||+ / Q2(9)d9) + Me<omes / GO Zp(s,5)
0 0

Bds

By Lemma 3.3

Zps,a) (OB < (My+ Q) |9l + Ky sup  z(6, )|l
0<0<p(s,07%)

Thus

t
o+ Q)lols + Ko s [tem (l600)] + [ aa(6)i0)

0=0=<p(s,a)

BdS}

|ip(8717s)( )‘B

t
+Mbe°"“m“/ @1 (DT p(s,z,)
0

p(s,fs)
< 0+ Q) el + KaMe = (100 + [ aa(0)as)
0

Bds

p(s,%5)
+ Mye®omas /0 01(0)Zp(s,5.)

p(s,7s)
=P +P / @O p(s )| Bs.
0

With P; = (M;, + () |¢]s + KpMpe*mes (||¢ )+ J7 o) d‘g) and P; = Mye<ames
By Gronwall’s Lemma, we deduce that

L )5 < PyeamasPe J§TT an(0)d6

|Z (5,0 (¢
Hence lim sup ||z(t, ¢)|| < 4o00. Therefore a,q, = 400
t—=amax
[ |

5. Application
For illustration of our previous result, we propose to study the following model.

9 vty = 0 Zott )+ 80 [ o(00(0 1= pitpa( [ wiolote.0)Pas) ) o

at 31‘2 — 00 0

for 0<t<bandzx € [0,n],
(5.1

v(t,0) =v(t,7) =0 for 0<t<b,

v(0,2) =vo(0,z) for 6<0,0<z<m,

e
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where §(+) is a positive function in C*(R*,RT) with &y := t11>1(f) 6(t) > 0and B : [0,b] — RT with 8 €

LY(J;[0,+00)). g : R™ x B — Rand v : (—00,0] x [0, 7] — R are functions. The functions p; : [0, 00) —
[0,00), i = 1,2 are continuous and w : R — R is a positive continuous function. To rewrite Eq. (5.1) in the
abstract form, we introduce the space X := C([0, 7], R) of continuous functions from [0, 7] to R equipped with
the uniform norm topology and we consider the operator A : D C X — X defined by:

D = {z € C%*([0,7]) : 2(0) = 2(w) = 0}

62

Az(t,x) = Az(t,z) with A = 92 t€0,b] and z € [0,7].
z

Then it is well know that

D={ze€C([0,n] : R) : 2(0) = 2(7r) = 0} # X,
(5.2)
(0,400) C p(A) and [R(X A)| <+ forA>0.

We choose the space of bounded uniformly continuous functions from R~ to X denoted by BUC(R™, X)
as a phase space B := BUC(R™, X ) endowed with the following norm:

41l := sup [|4(9)]|.
0<0

Then, B satisfies Axioms (B1) — (B).
By defining the operators F': [ x B — X and7: I x B — Rby:

y(t)(x) == v(t,x).
w(0)(x) :=vp(0,x) for & < 0.

P =50 [ o(0.00/@)

—0o0

7(t.6) ==t - (D)o / " (s) 6(0) (@) 2ds).

62
Suppose that ¢BB and let (A(t)):>o be the family of operators defined by A(t) := (t)ﬁ Then, Equation
= x
(5.1) takes the following abstract form :

§(t) = Ay () + F(t, Yry,)) for te€]0,b],

(5.3)
Yo = ¢ € B,
We have D(A(t)) = D independent of ¢ and for A > 0,
RN A(t) = (M —6(t)A)
= 5(101%(5(2)%). (5.4)
Using (5.2) and (5.4), we have for every A > 0, A € p(A(t)) and | R(X, A(t))]] < .
Then (0, +00) C p(A(t)) and
k
H HR()‘vA(tz))H < %7 0<t; <ty <--- <ty < o0
i=1 fﬁ\ié
Sy
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Hence, the family of linear operators (A(t));>o on X satisfies the assumptions (A1) - (A3g).
2

0
It is known from [10] that, the part Ag of A =

92 in D(A) given by
x

D(Ao) = {2 € D(A): Az € D(A) |

Agz = Az,
generates a compact semigroup (7p()):>0 on D(A) such that

|To@)|| < e for t>0.

Thus, the part Ag(.) of A(.) in D generates an evolution family (U (¢, s));>s>0 on D given by

Ults) = Ty ( / t 5(T)df>

which is compact for ¢ > s. By (5.6), one has
U2, 8)]| < et

Hence (C;) is satisfies. We assume that:

1) g: R~ x B — R™ is nondecreasing integrable function which satisfies : g(6,0) = 0 for § < 0.

2) vy is uniformly continuous and bounded with respect to § € R~ , uniformly with respect to z[0, 7].

Under the above conditions, we claim that ¢ € B. In fact,

llls = sup [[p(0)]| = sup [lvo(6, z)|| < +o0.
0<0 0<0

z€[0,7]

and

lp(0) — (0] = sup [lp(6)(x) — (6") ()]

z€[0,7]
= sup |vo(0,z) —vo(0, )| — Oas |0 —6| — 0.
z€[0,7]
Therefore, ¢ € B with ¢(0) € D.
On the other hand, we have:

0

170l < 560) [ of6.0t0)) oo

—0o0

for ¢ € B. F satisfies (C2) with p(t) = A(t) and V(||| 5) = /Ooo Hg(o, ¢(9)) Hdo.

(5.5)

(5.6)

3) Letp € Bsuchthatazg = ¢ and t — ¢y is a B-valued. We assume that || ||g < n(t)||¢||s forevery t € 7~

where 7 : 77 — (0, 00) is a continuous and bounded function with

77 ={7(8,%) : (s,0) € J x B,7(s,v) < 0}.

Hence (Cs3) is satisfies.
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Then, the existence of mild solutions can be deduced from a direct application of Theorem 3.5 and we have the
following result.

Theorem 5.1. Assume ¢(0) € D and

Koplls < [ 25 (5.7)
~n V(s)
where M = 1, w = §y, N = (M + Q)ll¢lls + Kbl|l©(0)||. Then there exists at least one mild solution of
Equation (5.1).
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