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Abstract. This study aims to investigate the existence of mild solutions for a class of impulsive stochastic integrodifferential
equations with state-dependent delay in a real separable Hilbert space, as well as the controllability of these solutions. We
offer Sufficient conditions for the existence and controllability results using the fixed point techniques combined with the
theory of resolvent operator in Grimmer and analysis stochastic. Finally, we provide an example to illustrate the obtained
results.
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1. Introduction

Integrodifferential equations represent a wide range of natural phenomena, including biological models,
chemical kinetics, electronics, and fluid dynamics. The theory of the integrodifferential equations was
generalized to a stochastic functional integrodifferential equations by considering disturbances. As a result,
many mathematicians have studied the theory of integrodifferential equations with resolution operators in recent
decades (see [22, 23, 35, 39] and the references therein). The resolvent operator is analogous to the semigroup
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for differential equations in a Banach space. However, it will not be a semigroup since it does not satisfy the
semigroup properties. The existence, uniqueness, stability, controllability, and other quantitative and qualitative
aspects of stochastic integrodifferential equations have recently attracted much attention (see [6, 12-14, 37]). In
many cases, deterministic models will fluctuate due to random or seemingly random environmental noise. As a
result, we have to move from deterministic to stochastic situations

Delay differential equations are an essential branch of nonlinear analysis with numerous applications in
almost every field. Usually, the deviation of the arguments depends only on time (see [4, 15, 16]); however,
when the deviation of the arguments depends on both the state variable = and the time ¢, this form of the equation
is known as self-reference or state-dependent equations. Equations with state-dependent delays have piqued the
interest of specialists because they have numerous application models, such as the two-body problem of classical
electrodynamics, and they also have numerous applications within the class of problems with memories, such as
in hereditary phenomena, see [42, 43]. Several articles (see [1, 18, 30, 31]) investigated this equation.

Many phenomena and evolution processes in physics, chemical technology, population dynamics, and natural
sciences can change state abruptly or be perturbed quickly. We can see these disruptions as impulses in the
system. In addition to communications, mechanics (jump discontinuities in velocity), electrical engineering,
medicine, and biology, impulsive issues emerge in various other areas. The monographs by Benchohra et al.
[7], Graef et al. [20, 21], Laskshmikantham et al. [3], and Samoilenko and Perestyuk [40] provide a thorough
introduction to basic theory. On the other hand, Milman and Myshkis [34] studied differential equations with
impulses for the first time, followed by a period of active research culminating in the monograph by Halanay and
Wexler [24].

In the field of mathematical control theory, the idea of controllability plays an essential role. It makes it
possible to use a control that is admissible to guide the system from its initial state to its final state within a
specified amount of time. The concept of controllability is crucial to the study of finite-dimensional control
theory. Therefore, it is only natural to attempt to generalize it to an infinite number of dimensions. The
controllability of nonlinear systems with different types of nonlinearities has been studied using fixed point
concepts[5]. Several authors have investigated the controllability of semilinear and nonlinear systems, represented
by differential and integrodifferential equations in finite or infinite dimensional Banach spaces, respectively[9,
36, 44, 46].

Recently, Ma and Liu [32] studied the exact controllability and continuous dependence of fractional neutral
integrodifferential equations with state-dependent delay in Banach spaces. Slama and Boudaoui [41], authors
proved a new set of sufficient conditions for a class of fractional nonlinear stochastic differential inclusions
using fractional calculus, stochastic analysis theory, semigroup theory, and Bohnenblust-Karlin’s fixed point
theorem.To the best of our knowledge, the literature related to stochastic impulsive integrodifferential remains
limited.

Inspired by the works mentioned above, the main objective of this manuscript is to investigate the existence
and controllability results for the following model

d=(t) = [A=(1) +/0t1“(t $)2(s)ds + g (t,zt,/oth(t,s,zs)ds) Jar

FE(t, 2o(t,2))dw(t), t € J =[0,a],t # t;, (1.1
Az(t;) = Ii(z,),i=1,...,m
Z0 =€ Ba

where the state z(-) takes values in a real separable Hilbert space X, the operator A is an infinitesimal
generator of a C-semigroup (7T'(t)) >0 O X, (I'(t))¢>0 is a family of closed linear operators on X with domain
D(T'(t)) D D(A), the history z; : (—00,0] — X, 2z(a) = 2(t + «), for t < 0, belongs to the phase space
B, which will be described axiomatically later, the mappings g : J X BXx X — X, h: I x J x B — X, ¢ :
IxB— Lo (Y,X),0: JxBx(—o0, a] are appropriate functions that will be specified later, fori =1, ..., m,
the functions I; : B — X represent the impulses, let 0 =ty < t; < -+ < t,,, < t;+1 = a be prefixed points,
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and Az(t;) represents the jump of the function z at t;, which is defined by Az(t;) = 2(t]") —z(t7), where z(t;)
and z(t; ) denote the right and left limits of z(t) at ¢ = ¢;, respectively. It should be emphasized that the existence
and controllability results for impulsive stochastic evolution integral differential equations with state dependent
delay in the form (1.1) have not yet been explored.

Here, we discuss the existence and controllability of the system(1.1) by using resolvent operator in the sense
of Grimmer and stochastic analysis tools combined with fixed point theory.

We will proceed as follows: Definitions and Lemma, which are necessary to derive the main results, are
outlined in Section 2. In Section 3, we prove the existence results using the Krasnoselskii-Schaefer fixed point
theorem’s implication. Section 4 is devoted to controllability. As a concluding point, an example is provided in
Section 5 to illustrate the theoretical outcomes.

2. Preliminaries

In this section, we briefly review some basic definitions and notations that will be used in the subsequent
sections.

2.1. Brownian motion

Let (X, |||, (-,-)) and (Y,|||y,(-,-)v) be two real separable Hilbert spaces, {7;}32, denote a complete
orthonormal basis of Y and {w(¢) : ¢ > 0} be a cylindrical Y—value Q—Wiener process in which @ is a finite
nuclear covariance operator. Denote 77(Q) = Y 7o, Y, which satisfies Qnr, = venr, (v > 0,k = 1,2,...).
Set

w(t) =Y VAkBe(t)ne, t >0,

k=1

where {85 (t)}72, is a sequence of real-values independant one-dimensional standards Brownian motions over a
complete probability space (2, F,P) .
It is assumed that 7; = o{w(s) : 0 < s < ¢} is the o— algebra generated by w and F; = {F;};>0. Let
¢ € L(Y,X) and define

19115 = Tr (Qy*) = > IIVAremll,
k=1

where ¢* is the adjoint of the operator %, and £ (Y, X) denotes the space of all bounded linear operators from
K into H endowed with the same norm | - ||. if [|3[|?, < oo, the 4 is called a Q—Hilbert- Schmidt operator.
The completion Lg (Y, X) of £ (Y,X) with respect to the topology induced by the norm || - ||g, is a Hilbert
space with the above norm topology, where ||¢||¢ = (¢, ¥) 2. The collection of all strongly measurable, square-
integrable, X— valued random variables, denoted by L5 (2, X), is a Banach space equipped with the norm
zllz, = (]E||z||2)% , where the expectation E is defined by Ez = [, z(w)dP.

Let C (J, L5 (2, X)) be the Banach space of all continuous maps from J into £ (€2, X) satisfying the condition
SUpPy<;<4 E||2(t)]|? < oo. An important subspace £9 (€2, X) of L5 (2, X) is given by

L£9(2,X) ={z € L3 (92,X) : zis Fp-measurable}.
For more details, we refer the reader to Da Patro and Zabczyk, LesZek Gawarecki and Vidyadhar Mandrekar
[19].
2.2. Integrodifferential equations in Banach spaces

Here we recall some knowledge on partial integrodifferential equations and the related resolvent operators. Let
H be the Banach space D(A) equipped with the graph norm defined by

10]|3 := ||AB]| + ||6]| for6 € H.
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We denote by C(RT, D), the space of all functions from R into D which are continuous. Let us consider the

following system:
t

0'(t) = A0(t) +/ I'(t — s)0(s)ds for t € 0,al,
0(0) = 0y D,

2.1

where A and I'(¢) are closed linear operators on a Banach space D.

Definition 2.1 ([22]). A resolvent operator for Eq.(2.1) is a bounded linear operator valued function R(t) €
L(D) fort € [0, al, having the following properties :

(i) R(0) = I (the identity map of D) and | R(t)|| < NeP* for some constants N > 0 and 3 € R.
(ii) For each 8 € D, R(t)0 is strongly continuous for t € [0, al.
(iii) For 0 € H,R(-)0 € CY(R*; D) NC(R*;H) and

R'(t)0 = AR(t)0 + /t ['(t — s)R(s)0ds
0
= R(t)A0 + /75 R(t — s)T'(s)0ds, fort € [0,al.
0

In what follows, we make the following assumptions.
(R1) The operator A is the infinitesimal generator of a strongly continuous semigroup (T(¢))¢>o on D.

(R2) (I'(t))s>0 is is a family of linear operators on D such that I'(¢) is continuous when regarded as a linear map
from # into D for almost all ¢ > 0. For any 6 € D, the map ¢ — I'(¢)6 is bounded, differentiable and the
derivative ¢ — T"(¢)6 is bounded and uniformly continuous for ¢ > 0.

Theorem 2.2. [22] Assume that (R1)-(Rz2) hold. Then there exists a unique resolvent operator to the Cauchy
problem (2.1).

We have the following useful results.

Lemma 2.3. [11] Let the assumptions (R1) and (Rz) be satisfied. Then, there exists a constant A = A(a) such
that
|R(t +¢€) — R(e)R(t)|| c(p) < Ae, Vo<e<t<a.

Theorem 2.4 (Theorem 6, [17]). Let A be the infinitesimal generator of a Cy-semigroup (T (t))i>0 and let
(T(t))e>0 satisfy (Rz). Then the resolvent operator (R(t))i>o for Eq. (2.1) is compact for t > 0 if and only if
(T'(t))1>0 is compact for t > 0.

In the sequel, we recall some results on the existence of solutions for the following integro-differential
equation:
t
o' (t) = Ab(t) —|—/ I'(t — s)0(s)ds +I(t) for t € [0,a],
0
9(0) =0y € D.

where [ is a continuou function.

2.2)

Definition 2.5. [23] A continuous function 0 : [0, +00) — D is said to be a strict solution of Eq. (2.2) if
1. 0 € CL([0,+0),D) N C([0, +0), H),
2. 0 satisfies Eq. (2.2) for t > 0.
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Theorem 2.6. [23] Assume that (R1) and (Ra) hold. If 0 is a strict solution of Eq. (2.2), then the following
variation of constant formula holds

0(t) = R(t)0o + /0 "Rit— )i(s)ds fort > 0. 2.3)

Accordingly, we can establish the following definition.

Definition 2.7. [23] A function 0 : [0,00) — D is said a mild solution of Eq. (2.2) for 0y € D, if 0 satisfies the
variation of constants formula (2.3).

In what follows, we say a function z : [b,¢] — X is a normalized piecewise continuous function on [b, ¢|
if z is piecewise continuous and left continuous on (b, ¢]. We denote by PC([b, c], X) the space formed by the
normalized piecewise continuous, F;-adapted measurable process from [b, c] into X. Particularly, we introduce
the space PC formed by all F;-adapted measurable, X valued stochastic process {z(t) : ¢ € [0, a]} such that z is
continuous at t # t;, z(t;) = z(t;) and z(t;") exists, for i = 1,2, --- ,m. Then (PC, || - ||pc) is a Banach space
with norm given by

1
Izllpe = sup (El|z(s)]*)* .
seJ
For z € PC, we denote Z;,i = 1,2,...,m, the function Z; € C([t;, t;41]; L2 (2, X)) given by

E(t) _ Z(t), fOT‘t € (tiati+1]a
' 2(th),  ift=t,.

Moreover, for £ C PC, we denote by &;,i = 0,1,2,...,m, the set & = {2, 1z € &}.

Lemma 2.8 ([26], [28]). . }
A set & C PC, is relatively compact in PC, if and only if the set E; is relatively compact in C ([t;, ti+1]; L2(Q, X))
foreveryi=0,1,...,m.

In order to deal with the infinite delay, we will consider the phase space B which was described by Hale and
Kato in [25]. More precisely, B will be a seminormed linear space of Fy—measurable functions defined from
(—00, 0] into X, and satisfying the following axioms:

A:If 2 : (—o0,p+a] — X,a > 0is such that z, € B and x|, ,+q € PC([p,p+ a],X), then, for every
t € [p,p+ a),: the following conditions hold:
(i

) 2zt € B,
(i) Ellz()[l < Hl|z| 5,
)

(iii) ||zl < Kui(t = p) iugtEHZ(S)II + Ka(t = p)l2lls;

p<s<
where H > 0 is a constant, K1(-), K2() : [0,+00) — [1,+00), K1 (+) is continuous, K5 (-) is locally

bounded, and H, K(-), K5(-) are independent of z(+).

B: The space B is complete.
The following results will be required in computation.

Lemma 2.9. [45]. Let z : (—o0o,a] — X be can an Fy-adapted process zg = p(t) € L3 (Q,B) and z|; €
PC (J,X), then ) )
1zsll8 < Kallells + K1 sup Efjz(s)]],
0<s<a

where K1 = sup Kq(t) and K, = sup Ks(t).
teJ teg
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In order to handle the delay function o, the next result is a very useful.
Lemma 2.10. [27] Let z : (—o0, a] — X be a function such that zo = ¢, and z|; € PC. Then
2515 < (K + J)ll¢lls + Ky sup E{||z(0)] : 6 € [0, max{0,s}]},s € Z(07) U J,
where J§ = sup{J¥(t) : t € Z(c7)}.

Now, we give two important fixed point theorems and Burkholder- Davis-Gundy’s inequality which are used
in the proof of the main results.

Lemma 2.11. [38]. Let VU be a condensing operator on a Banach space H, i.e., V is continuous and takes
bounded sets into bounded sets, and v(¥(C)) < (C) for every bounded set C of H with v(C) > 0, where v(-)
denotes the Kuratowskii measure of noncompacmess. If V(F) C F for a convex, closed and bounded set F of
H, then U has a fixed point in H.

Lemma 2.12. [8]. Let V1 and V5 be two operators of a Banach space H such that
(a) Wq is a contraction, and
(b) Wq is completely continuous.
Then, either
(i) the operator equation V1z + Yoz = z has a solution, or
(ii) theset M = {z € H: aV¥,(Z) + aWy(z) = z} is unbounded for o € (0, 1).

Lemma 2.13. [10] For any p > 1 and for arbitrary Lo (Y, X)-valued predictable process ¥ (),

s 8| [ w7 < oo - 12 ( [ @eeiE?). @4

s€0,t]
We now end this part by stating the definition of mild solution for Eq. (1.1).
Definition 2.14. An F;—adapted stochastic process z : (—oo, a] — Xis said to be a mild solution of Eq. (1.1) if
20 = ¢ € B, 25(s, 25) € B satisfying zg € £LI(Q,X),z|; € PC. The function R(t — s)g(s, zs, [ h(s,T, z-)dT)

is integrable for each s € [0, a] and the following conditions hold:

(1) {7 :t € J} is B—valued and the restriction of z(-) to the interval (t;,t;y1],i = 1,2, ..., m is continuous

(Zl) Az(ti) = Ii(Zti),Z' = 1, 2, ey, My
(#it) for eacht € J, z(t) satisfies the following integral equation
t s
z(t) = R(t)p(0) +/ R(t — s)g(s,zs,/ h(s, T,z )d7)ds
0 0
t
b [ B 95 200 )dus) + 30 Rl - k()
0

o<t; <t
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3. Existence results

This section is devoted to the study of existence of mild solutions for Eq. (1.1). Throughout this work, we
assume that o : J X B — (—00, a] is continuous and M = sup, ; || R(¢)||. In the following, we firstly introduce
the subsequent hypotheses:

(A1) Let Z(07) = {a(s,») < 0,0(s,¢) : (s,¢) € J x B}. The function ¢ — ¢, is well defined from

Z(o™) into B and there exists a continuous and bounded function J¥ : Z(c~) — (0,00) such that
letlls < J#(2)[ll|s for every t € Z(o™).

(A2) The resolvent operator (R(t)),.  is compact for ¢ > 0.

>0
(As) The function & : J x B — Lo (Y, X) satisfies the following properties:

(¢) The function (-, z) : J — L (Y, X) is strongly measurable for every z € B,
(#4) The function £(¢,-) : B — Lo (Y, X) is continuous on Z(c~) U J,
(74i) There exist an integrable function [ : J — [0,00) and a non-decreasing function
w € C([0,00); (0, 00)) such that, for every (¢, 2) € J x B,
]
BlE(t, )2 < 1ml23), tim w20 @ < oo
d—00 1
(A4) There exist constants d; > 0 and di > 0 forall ¢, € B,t,s € J, such that
" 2
B [ 1hte.5. ) - it < allo - ul?
0

and d} = asupg<g<;<q El|R(t, 5,0)[2.

(As) The function g : J x B x X — X is continuous and there exist constants d > 0 and d5 > 0 for all
t e J p1,ps € B, 21,25 € X such that

Ellg(t, p1,21) — g(t, 02, 22)[I> < da (1 — @25 + Ellz1 — 22l%)
and d3 = sup,¢ ; E|g(t,0,0)|]*.

(Ag) The maps I;, are completely continuous and there exist positive constant A;,% = 1,2,...,m, such that
E|L;(2)]|* < A\i||z||% for all z € B.

Remark 3.1. Let ¢ € B and t < 0. The notation o represents the function defined by ¢1(0) = o(t + 0).
Consequently, if the function z(-) in the Axiom A is such that zo = @, then z; = ;. We observe that p; is well
defined for t < 0, since the domain of p is (—o0, 0].

Theorem 3.2. Assume that (R1)-(Rz), (A1) — (Ag) are satisfied and zo € L3(,X), ¢ € X If

To=1- 4<4M2a2d2f<$ +8dyd M2’ K + 2M*mK? )\Z-) > 0, (3.1)
=1
and o
SKiM TT(Q)/ l(s)dsg/ ds ’
To 0 - ()
where
8K2 "
T =C + Tl []Msz2||go||f; +2M2a? (dyC + 2dady C + 2dady + d3) + M>m )\iC]
0 =1

with C' = 2(Ka + J§)?||¢||%, then there exists a mild solution of Eq (1.1).

e
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Proof. LetF = {z € PC : 2(0) = ¢(0) } be a space endowed with the uniform convergence topology. We define
the operator ¥ : F — I by

0, te(—o00,0]

t
R(t 0+/Rt75 SZS,/hSTZTde
(wayy = OO | ; :
+/ R(t — 8)&(5, 25(s,2,))dw(s) + Z R(t —t;);(2,), ted,
0 0<t; <t

where Z : (—o00,a] — X is such that Zy = ¢ and Z = z on J. In view of hypotheses (Az),(A4) and (A5), we
have the following inequality

(t— 3)9(8,537/ h(s, T, z;)dr)ds
0

t
<20 / (dafl|Zal12 + 2da || |12 + 2d3] + d) ds.

Then from the Bochner theorem [33], it follows that R(¢t — s)g(s, Zs, fos h(s,T,Z;)dr) is integrable on [0,t),
which allows us to conclude that ¥ is a well-defined operator from I into F. We prove that ¥ has a fixed point,
which is a mild solution of the Eq.(1.1). Now, we decompose ¥ as Uy + W5, where

(W12)(t) = R(#)p(0) + /O R(t — 8)g(s, 2, /O h(s, 7, 5, )dr)ds
(Ta2)(2) :/O R(t = 8)&(5, Za(s,2))dw(s) + Y R(t —t:)Li(%,), t € J.

0<t;<t
Firstly, we show that ¥, is a contraction. Next, we prove that W5 is a completely continuous. In order to apply

Lemma 2.12 we give the proof in several steps.

Step 1: We will show the setS = {z € F : eW;(2)+€Vy(2) = 2z} is bounded on J for some € € (0, 1). Consider
the following nonlinear operator equation

z2(t) =ePz(t), 0<e<l, (3.2)

where the operator ¥ has already been defined. Next we give a priori estimate for the solutions of the above
equation. Let z € IF be a possible solution of z(t) = e¥z(t) for some 0 < € < 1, we have

(1) = eR(D)p(0) + ¢ / R(t— )g(s, 2, / (s, 2 )dr)ds

/Rt—s)g(sz(sz))dw )+e Z R(t—t,);(%,), te (3.3)
0<ti<t

Sk
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Using (3.3), hypotheses (A2) — (Ag), Holder and Burkholder-Davis-Gundy’s inequalities, we have

El|=(t)||?
t s
< 4E|[eR(t)¢(0])* + 4E|\e/ R(t — s)g(s, 25,/ h(s,T, 2. )dr)ds]||?
0 0

Yo R —t) (%)

o<t <t

t
+4]e / R(t — 8)E(5, Zo(s,5.9)duw(s) |2 + e
0
t ~ ~
< AMPH2|p|3 + 8M?a / {d2(2<K2+J5’>2||¢||%+2K% sup E||z(t)]2
0 0<t<a
+2d; {2([(2 + IO elE + 2K? sup E||z(t)|2} - 2d’{) + d;}ds
0<t<a
t
~e7r(@) [ 1) [2<K2+J3°>2||¢||%3+2Kf sup Enz(T)n?] ds
0 0<r<a
+AMPmY N [2(122 + I 0ll% + 2K2 sup E||z(t)||2}
0<t<a

=1

< AN H gl + 80%? |a (2a + TPl + 2RF sup B (0)1P
<t<a

+2d, [2<K2+J§>2||¢||%+2f<% sup E||z<t>|2} +2d’{) Ty
0<t<a
t
+ae7r(@) [ 1oy [2<K2+J50>2||so||%+2f<% sup Enz(s)nﬂ ds
0 0<s<a

AN Y [2(Ra + TPl + 2R sup B0
<t<a

i=1

Let 9(s) = supy<,<, E|2(s)[|? and C = 2(K> + J)?||¢||%. From (3.4), we have

I(t)
< 4{M2H2||4p||25 n 2M2a2{d2 [C F2R20(1) + 24, [C n 21%1219(0] + 2dﬂ + d;}

i=1

+ M2Tr(Q) /0 t 1) [C + 21%519(5)} ds + M>m i py [C + 21%519(15)} }

< 4{M2H2||¢||§3 + 2M?a? [dyC + 2dod, C + 2dod] + d]

i=1

+ M*Tr(Q) /Ot 1(s) [C + Qf(fﬂ(s)] ds + M>*m i AiC

i=1

+9(t) [4M2a2d2f(12 +8dydy M2’ K7 + 2M*mK7 > )\i] }

51
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It follows that

4
I(t) gT{M2H2||¢||§ + 2M?a? [doC + 2d2d,C + 2dod} + d3)
0
t m
+ M?Tr(Q) / 1(s)m [C + 2}?1219(5)} ds+ M*my Aic}.
0 i=1
Letw(t) =C+ 2I~(1219(t). Since o (s; Z5) < s for every s € [0, a], we have

SKIM>Tr

* @ [
w(t) < 7+ S [ as.

Denoting by v(t) the right-hand side of the last inequality, we find that
/ SKZM>Tr
/(1) < D00

and

Y0 ds _ SKIMPTr(Q) [° > ds
/. PO /o“s)dsg/* (s

Consequently, we see that v(¢) is bounded, which proves that z is bounded in F for any z € S. Hence S is

bounded on J for € € (0,1).
Step 2: ¥ is a contraction operator on F.
Lett € J and z,y € F. Then, by assumptions (A4s),(A4) and (As) and Lemma 2.10 , we have

E[|(®12)(t) — (T1y)]*

t S S
[ R =9l (5.2 [ w2 ) <o (s [ nsmiir) s
0 0 0
t S s 2
< M?a / EHg <sz / h(s,T,ET)dT> g(sy / h(s,T,gT)dT)
0 0 0

ds
< M2a2(d2 + d1d2)||25 - gSHQB
< M2a2(d2 + dldz)Kf sup [|2(s) — g(S)HQ
0<s<a

2

s

< M?a?(dy + d1do) K72 — §||pe

= LOHx<_'yH%C7

where Ly = M?a? (da2 + dldg)K%. By (3.1), we see that Ly < 1. As a consequence W, is a contraction operator

onF.
Step 3: ¥, is a completely continuous operator on . We will do it into several steps.

(a) ¥y : F — F is continuous.

Let {z"}22 , C F, with 2” — 2z in . Then, there is a number ¢ > 0 such that E||2"||?> < ¢ for all n and
ae. t € J, 502" € By(0,F) = {z € F: E||z]|? < ¢} and z € B,(0,F). From Axiom A, it is not hard to
see that (2")y — Z, uniformly for s € (—o0, a] as n — co. By hypotheses (A;) and (Aj3), we obtain

f(s, 22(57(5")3)) — 5(8, 20(3’55)) as n — o

for each s € [0, ¢], and
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Existence and controllability of impulsive stochastic integro-differential equations with state-dependent delay

2 N .
B [[665, 20 sy)) = €652 Zotez)|| < 20mREs + PNl + 2K7a)
Then, by the dominated convergence theorem and the continuity of I;, ¢ = 1,2,...,m, we get

[Wa2" — Waz|e

t 2
<2E| [ R(t— JER ) — €08, Zgez) | d
< ’/o (t—s) [5(5 Zo(sy( )5)) £(8s Zo(s, ))} w(s)
2
+2R | > Rt —t)[L(3) - Li(%,)]
o<t; <t

¢ 2
< 2M2TT(Q) / E Hg(sa 22(8,(277')5)) - 5(57 20(5,25))“
0
L 2
+2M°m Y E||L(z) - Lz,)||” =0 as n— oo

i=1

Consequently, we get

lim || Waz2" — Wyz||%e =0,
n—oo
and this proves that U5 is continuous.

(b) ¥ maps bounded sets into bounded sets in [F.
For each ¢ > 0, let B,(0,F) = {z € F : E||2]|? < q}. Then, B,(0,F) is a bounded closed convex subset

of IF. In fact, it suffices to show that there is a positive constant Ny such that E||W,z||? < Ny for each
z € By(0,F). 3
We set ¢* = 2(K2 + J§)?||¢l|% + 2K2q. From Lemma 2.10, (A3) and (Ag), we have

E[|(@22)(t)]*

2 2

+2E| Y R(t—t:)i(%,)

o<t;<t

t
<2E ‘ /0 R(t — 5)8(5, Zg(s,2,))dw(s)

| 2

< 22T(Q) / EJI€(s, 2o ) ds +2M%m S B||Li(Z,)
0 i=0

< 2M2TT(Q)/ 1(s)p(q*)ds + 2M*m Z Aig”
0 i=1
< NO7

which gives that, for each z € B,(0,F), E||¥5z||* < Np.

Now it remains to show that ¥ (B, (0, F)) is equicontinuous and W4 (B, (0, F))(¢) is precompact in F. For
this purpose, we decompose Uy as Y1 + Yo, where T; and Ty are the operators on B, (0, F) defined,

respectively, by
t
(11200 = [ Rt = 965, ez ()

and

(TQZ)(t) = Z R(t - ti)Iz‘(éti)-

o<t; <t

e
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(c) First, we show that T (B, (0,F)) is equicontinuous and Y1 (B, (0, F))(¢) is relatively compact in F.

Let0 < t; <ty < a, foreach z € By(0,F). Using (A2) and (A3), we obtain

E[[(T12)(t2) = (T12)(t2)]

t2 tl

:E/’Rm—@aa%QQMM@—/’Rm—@«a@@MMM$
0 0
t1 2

< QJE‘ / [R(tz — s) — R(t1 — 5)|&(5, Zo(s,2.))dw(s)

0

to 2
L 9E / Rty — $)E(s, 200,00 )du(s)
t1

= 2TT(Q)/O 1 U(s)m(q")||R(t2 — s) = R(t1 — s)[*ds

+ 2T (Q) / 1) (g | R(ts — )|2ds

ty

<2 Qula’) [ U |R(ts — 5) — R(ty — )|2ds

+ 2T ( Q)M (g / Ci(s)ds.

t1

2

Since R(t) is continuous in the uniform operator topology, it follows that the right-hand side of the above
inequality tends to zero and hence E||(T12)(t2) — (Y12)(t1)||* converges to zero independent of 2 €
B,(0,F ) as ty —t; — 0. Thus the set {12 : z € By(0,F)} is equicontinuous. The equicontinuity for

the other cases t1 < to < Qort; <0 <ty < a are very simple.

Next, we show the precompactness of Y1(B4(0,F))(t) in F. By the virtue of the compactness of the

resolvent operator R(t) for ¢ > 0 and the continuity of &, we see that the set

{R(t - 5)&(s,0) : s € [0,a], 0]l < ¢"}

is relatively compact in X. Then, applying the mean value theorem for the Bochner integral, we get

(T12)(t) € teomv({R(t — 5)&(s,0) : s € [0,a], |0]l5 < ¢"}),

which implies that {(Y12)(t) : z € B4(0,F)} is relatively compact in F.

(d) Y5 is completely continuous.

We prove that T, is completely continuous. We can conclude that Y5 is continuous based on the proof in

Step 3 (a). From the definition of Yo, for ¢ > 0, ¢ € [t;,ti41],4 =1,2,...,m

that 4
o 22:1 R(t_tj)lj(Bq* (O7X))a te (ti’ti-‘rl)?
TQZ(t) S Z;’:l R(ti_;,_l - tj)-[j (Bq* (O, X)) if t= ti+1,

,and z € B,(0,F), we find

ST R(ti — t))1;(Bg (0,X)) + Li(B,- (0,X)) if t=t;,

where ¢* = 2(Ky+J)?||¢||3+2K7q, which proves that [T (B,)];(t) is relatively compact in I, for every

t € [ti,ti+1], since the maps I; are completely continuous for all i = 1,2,..

., m. Moreover, using the

compactness of the operators I; and the assumption (As), we can prove that [Y2(B,)]; is equicontinuous
at t, for every t € [t;,t;+1]. According to Lemma 2.8, we know that Y5 is completely continuous. As a
result U5 is completely continuous. Hence, by Krasnoselskii-Schaefer fixed point theorem, we realize that
U has a fixed point on F, which is a mild solution of Eq. (1.1). This completes the proof.
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Existence and controllability of impulsive stochastic integro-differential equations with state-dependent delay
|

Instead of the assumption (Ag) discussed in Theorem 3.2, assume that the maps I; satisfy some Lipschitz
conditions. In this instance, we can also prove the existence of mild solutions. In addition, let us introduce the
following condition:

(A7) The maps I; are completely continuous and there are positive constants b;, ¢; such that
E|Li(2) — Liy)1* < bill= -yl
and ¢; = sup,c; E||1;(0)||?, for 2,y € B,i =1,2,...,m.

Theorem 3.3. Assume that (R1)-(R2),(A1)-(A5) and (A7) hold and zy € L£3(2,X). Then there exists a mild
solution of Eq. (1.1) provided that

SM2K? <2a2d2 +4a’dady +2m Y b +Tr(Q)O / l(s)ds) <1. (3.6)
i=1 0

Proof. Let ¥ be the map defined as in the proof of Theorem 3.2. For better readability, we split the proof into
two steps.

Step 1: ¥(B,(0,F)) C B,(0,F) for some r > 0.

We affirm that there exist a positive constant » > 0 such that ¥(B,(0,F)) C B,(0,F). We proceed by
contradiction. Suppose that it is not true. Then for each r > 0, there exists a function z9(t?) € B,(0,F) such
that ¥ (27) ¢ B,(0,F), i.e., ¢ < E|[(¥27)(t9)|* for some ¢4 € J. Thus, from the assumptions we have

g < EJ|(wz1)(t7)]

4

t4
< AE|| R(t7)p(0)||? + 4E R(t? — s)g(s, 2;1,/ h(s,T,23)dr)ds
0

0
2

+4E

2

LR / R(7 — $)E(5, 3%, 2y )o(s) S R - $)L(E)
0 .

0<t; <t

4
<AMPH? || + 8M2a/0 {d2[IIZ205 + 241 (|122113) + 2d3] + d5 }

td m
FOLTHQ) [ Blels, 28, ) IPds + 40m Y B P
0 o i=1
<AM2H?| | + 8M%a{do [(C + 2K2q) + 2d,(C + 2K2q) + 2d}] + d3}

+4M*Tr(Q) / 1(s)u(C + 2K2q)ds + 4M2mz {20,(C + 2K%q) + 2c; }
0 i=1
where C' = 2(K; + J¢)?|¢||?. Dividing both sides by ¢ and taking the limit as ¢ — oo, we obtain
1 < 8M?K? <2a2d2 +4a’dydy +2m Y b + Tr(Q)@/ l(s)ds)
i=1 0

which contradicts (3.6). Hence, for some positive number ¢, we have ¥(B,(0,F)) C B,(0,F).

3

s
2

55



Mbarack FALL, Firmin BODJRENOU, Carlos OGOUYANDJOU, and Mamadou Abdoul DIOP

Step 2: U is a condensing map. Let ¥ = ¥ + U5, where

(U1z)(t) = R(t)p(0) +/0 R(t — s)g(s, Zs, /OS h(s,T, 2. )dr)ds + Z R(t —t;)1;(%,)

o<t; <t
(Wa2) (1) = / R(t — $)(s, 2 o.0))du(s), £ € .

From the proof of Theorem 3.2, ¥, is completely continuous on B, (0, F). Next, we have to show that ¥ is a
contraction map. Let z,y € B,(0,F). Then, using hypotheses (As), (A4), (As) and (A7) we get

E[[(T12)(t) — (L1y) (1)

/ot R(t—s) [g(s,és,/os h(s, T, ET)dT)*g(svﬂs,/o h(s, 7 gr)dr)]ds

2

<

+ Z R(t —t;)[I;(Z,) — Li(Ge,)]

o<t; <t

< 2M?a? (dy + didy) I~(12 zug E||Z(s) — 7(s)||?
0<s<a

+2M*m Y biK} sup E||Z(s) — §(s)|%.

=1
It follows that
1912 = Wrylle < 2R3 [M22(dy + didz) +mM2 D" bi] |12 = ylipe
=1

= kllz —yllpe,

where k = 2I~(12 M?a*(dy 4 dyds) + mM?> Z b; | . By (3.6), we deduce that x < 1, which yields that ¥y is a

i=1
contraction map. Considering Sadovskii’s fixed point theorem, we conclude that there exists a fixed point for ¥
on B, (0,F), which is a mild solution for Eq. (1.1). [ |

4. Controllability results

In this section, we examine the controllability of the following impulsive stochastic integro-differential
equation with state-dependent delay:

dz(t) = {Az(t) + /Ot I'(t — s)z(s)ds + BI(t) + ¢ (t, 2t /Ot h(t, s,zs)ds> ]dt

HE(t, 2o(1,2))dw(t), t € J = [0,a],t # i, .1
Az(t;) = Ii(z,),i=1,...,m,
20 =@ € Ba

where g, h, A, &, I;, are the same as in the Eq. (1.1). The control function ¥(-) takes its values in Lo(J,U) of
admissible control functions for a separable Hilbert space U/, and B is a bounded linear operator from I/ into X.
First, we give the definitions of mild solution and controllability for the system (4.1).

Definition 4.1. A F,—adapted stochastic process z : (—oo, a] — X is called a mild solution of the system (4.1)
if 20 = ¢ € B, 25(s,2,) € B satisfying 2o € L£9(9,X), 2| ; € PC. The function R(t — s)g(s, zs, fos h(s, T, z;)dr)
is integrable for each s € [0, a] and the following conditions hold:

S
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Existence and controllability of impulsive stochastic integro-differential equations with state-dependent delay

(1) {zt : t € J} is B—valued and the restriction of z(-) to the interval (t;,t; 1], = 1,2, ..., m is continuous

(#i1) for eacht € J, z(t) satisfies the following integral equation

t s t

z(t) = R(t)¢(0) —|—/ R(t—s)g(s, zs,/ h(s, T, z;)dT)ds +/ R(t — s)BY(s)ds
0 0 0
¢
+ [ B = 95,2000 )dw(s) + 3 Bl —t)h(z1)

0 0<t; <t

Definition 4.2. The system (4.1) is said to be controllable on the interval J, if for every initial function zy =
© € B, there exists a stochastic control 9 € L?(.J,U) that is adapted to the filtration {F }+>¢ such that the mild

solution of the system (4.1) satisfies z(a) = 2.

We aim to transfer system (4.1) from z(0) to z(a) = z;. To achieve that purpose, we must assume:

(Ag) The linear operator W : L2(J,U) — X, defined by
a
Wy = / R(t — s)BY(s)ds,
0
has a bounded invertible operator YW~! which takes values in L?(J,U/)/ker VW and there exist positive
constants M7, My such that | B||? < M and |[W™1|2 < Mo.

(Ag) The function & : J x B — L(Y, X) is continuous and there exists constant
M¢ > 0, M, > 0 for z,y € B such that

Ell&(t, 2) — £t y)lI* < Mellz - yll3
and M = sup;¢ ; E[[€(t,0)|>.

Theorem 4.3. Assume that (R1) — (Ra), (A4) — (A45) and (A7) — (Ag) hold and zy € L(Q,X). Then the
system (4.1) is controllable provided that

5GKT (14 5M?M;Mza®) <1 4.2)
where G = AM?a*d® + 8dyde M?a® + AM?aTr(Q) M + AM?*m Z b and M = sup |R(t)].
= 0<i<a

Proof. Define the control process with terminal state z; = z(a).

2(t) = w{ - R@9(0) - [ Bl a5 [ bl zands

_ /O R(a — $)E(s, Zoo.z.y)du(s) — zn: R(a — ti)Ii(Eti)}(t).
=1
Using this control, we define the operator = : F — F by
(22)() = Rt)e(0) + | Rt~ 9)g(s. / (s, 2)dr)ds
# [ R= 9B+ [ Rt 1606w ()

+ > R(t—t)Li(%,).

0<t; <t

e
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where Z : (—o0,a] — X is such that Zy = ¢ and Z = z on J. From the assumptions, we know that the map =
is well defined and continuous.

Now, we prove that the operator = has a fixed point in I, which is a mild system solution (4.1). Observe that
(22)(a) = 2. This means that the control ¢ steers the system from ¢ to z; in finite time a, implying that the
system (4.1) is controllable.

Let ¢* = 2(Ky + J¢)?| |3 + 2K3q for each ¢ > 0. For any z € B,(0,F) and ¢ > 0, from the assumptions
(A4) — (As) and (A7) — (Ag), we have

E[[92(t)]?

< szln{ﬂ«:nzﬂ LEIR®)2(0)]?

+IE||/ R(afs)g(s,és,/ h(s, T, % )dr)ds||”
0 0

“ . 2 L2
+ H/ R(a’ - 8)6(8,20(5725))d’w<8)” +EH Z R(a - tz)Iz(Ztl) | }
0 0<t; <t

< 5M2{Ez1||2 + M2 H?||p||5 + 2M?a? (dag* + 2d1daq” + 2didy + d3)

+ M?aTr(Q) <2M§q* + 2]\2/5) + Mzmz (2biq™ + 2¢;) } =Q.
i=1
Furthermore, for any z,y € B,(0,F), we obtain
EJl9% (1) — 95 (1)

< 3f(fM2{M2a2(d2 + dydg) + M?aTr(Q) Mg + M%Z bi} Iz — yllPe-

=1

For the sake of convenience, we break the proof into two steps.

Step 1: We show that = maps B, (0, F) into itself.

It is enough to show that there exists a positive constant ¢ > 0 such that =(B,(0,F)) C B,(0,F). Suppose that
this assertion is false. Then for each > 0, there exists a function 2%(¢?) € B,(0,F), such that = (27) ¢ B,(0,F),
that is ¢ < E[[(Z24)(t9)||? for some t? € J. Thus, using hypotheses (44) — (As) and (A7) — (Ag) , we obtain

g < E[[(E27) ()|
< SMZH?||p||% + 10M2a? (dog™ + 2dydag™ + 2d;ids + d3)

+5M%a® My Q + 10M%aTr(Q) (Meq* + MZ) +10M*m Y (big” + ¢;) -

i=1
Dividing both sides by ¢ and taking the limit as ¢ — oo, we get
1 <5GK7} (14 5M>Mya°My)
where G = 4AM?a?dy + 8M?%a’dyd; + 4M2aTT(Q)M5 +4M?*m Z b;, which is contrary to (4.2). Hence, for

i=1
some positive number ¢, we have =(B,(0,F)) C B,(0,F).

e
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Step 2: We prove that = is a contraction operator. Let z,y € B,(0,F), we obtain

E[(Z2)(t) — (Zy) )|
< AM?a® (dy + didy) ||z — yl|3 + AMaTr(Q) Me|z — ylB

+4MPm Y billz —yllE
i=1

+ 12M? My Maa®{ M?a*(da + dida) + M?aTr(Q) M

+MPmYy b}z -yl
i=1
<AMPa*KF (dy + dida) |2 = yllpe + 4M2aTr(Q) KT Me| 1z — yllpe

+AMPmEE S bz — ylfbe
i=1

+ 12M2 My Mya? KE{ M?a*(ds + dydz) + M2aTr(Q) M

m
+ MQmZ bitllz = yllre
=1
= 4G'K} (14 3M M?a*My) ||z — )| e

where G = MZ2a2(dy + dyidy) + M?*aTr(Q)Me + M?*m> " b;. Thanks to (4.2), we see that
1G'K 2 (1 + 3M M 2agMg) < 1. Therefore = is a contraction operator, and according to Banach’s fixed point
theorem it has a unique fixed point in I, which is a mild solution Eq. (4.1). Thus, Eq. (4.1) is controllable. This
completes the proof. |

5. An example

To illustrate our obtained results, we consider the following impulsive stochastic integrodifferential equation
with state-dependent delay of the form

2 t
%y(t,x) = %y(t,x) + f <t,y(t -7, x),/ k(t,s,y(s — T, x))ds)

f 52 0
+/0 u(t — s)@y(s,x)ds

4 [ s = 0N s = ar@a(ly(t. o)) o) du(s),
o0 (5.1)

0<z<m7>0,teJ=10,al
y(t,0) = y(t,m) =0,t € J,
y(0,2) = p(0,2),0 € (—00,0],0 < z <,

ti

Bylt)(o) = [ ailts = shyls.)dsi= 1.2 om0 <2 <

— 00

where 0 < t; < -+ < t,, < a are prefixed numbers and u : [0, 00) — [0, 00) is bounded and C''-function such
that u is bounded and uniformly continuous,

o1 :[0,00) — [0,00), 02 : [0,00) — [0, 00) are continuous functions; a > 0; f, k, v, N,
I;,(i=1,2,...,m), and @ are appropriate functions, which will be specified later.

e
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To study this system, we consider the space X = Y = L?(]0,a],R) and define the operator A : D(A) C

X — Xas
D(A) = 512([0%]) N Hy ([0, 7])
Ak = —=k.

Ox?

0 2 . . .
Then, Ak = — Y07 | n*(K, $n)sn, £ € D(A), where s,,(z) = \/75111 nx, n = 1,2,...1is the orthogonal basis
7r

of eigenvectors of A.
It is known that A is the infinitesimal generator of an analytic semigroup (T (t)) >0 on X, which is given by

T(t)z = Z e‘”zt(z, Sn)sp forall z € X and every ¢ > 0.
n=1

Therefore (R;) holds. In addition, the semigroup (T(t)) >0 genered by A is compact for ¢ > 0. Then

by Theorem 2.4, the corresponding resolvent operator is also compact. Hence, (As) holds. Let ¢(t)(z) =
w(0,x),(0,z) € (—o0,0] x LO,w],y(t)(m) = y(t,z). Assume that ¢ : (—o00,0] — (0,00) is a Lebesgue
integrable function with [ = [~ §(t)dt < co. For any a > 0, define

B={¢:(-00,0] — X| (EHC(F))H2)% is a bounded and measurable function on [—b, 0]
0
and [ ) B P) Hs < o).

Now, we take ¢(t) = e*,¢ < 0, then we get p = f_ooo q(t)dt = § and

0 1
ICls = [ ats) sup (EICO)I7)* ds.
—o0 s<6<0
It is easy to verify that (B, ||-|| 5) is a Banach space. In order to represent the system (5.1) to the abstract form (1.1),

we define the functions g : J X BXx X — X, £: I x B — Lo(V,X),0:J x B — (—00,0],I; : B— X
respectively by

g (t,g/oth(t, s,C)ds> () =f (t,C(97x),/()tk(t,3,§(97x)d5>
= [ socowas [ [ s

—00
0

£(t,0) () = / olt, 2, O)N'(((6, 2))db,

—00

o(6,¢) = 6 — o1 ()2 (ICO)]).
0
L) () = / i (—0)C(0,2)d0,i = 1,2, m.

On the other hand, let " : D(A) C X — X be the operator defined by
I'(t)x = u(t)Az, fort > 0and x € D(A).

Under these definition, system (5.1) is then rewriten in the following form

dz(t) = {Az(t) + /Ot T(t—s)z(s)ds+ g (t, zt, /Ot h(t, s7zs)ds) }dt

+§(ta Za(t,zt))dw(t)a teJ= [Oa a]at 7é li, 5.2)
Az(t;) =1i(z,),i=1,...,m
zo=p € B.
Sk
[V =)

60



Existence and controllability of impulsive stochastic integro-differential equations with state-dependent delay

Since u is bounded and C'*-function such that u  is bounded and uniformly continuous, (R2) is fulfilled. Hence,
by Theorem2.2, Eq.(2.1) has a unique resolvent operator (R(t))
continuous for ¢ > 0 thanks to Theorem 2.4.

/>0 On X, which is also operator-norm

To establish the existence result for the mild solution of (5.1), we need the following conditions:

(i) The function v(#) > 0 is continuous in (—oo, 0] satisfying

[;%@w<m”:<[;%3zﬁé«m

(#4) B1,B2 : R — R are continuous and

i ([ ) <

(¢4¢) the functions a;; € C(R,R) and

0 2/ 3
CZ.:(/ ail 9)d0> <o0,i=1,2,...,m,
oo 4(s)

(iv) The function vo (¢, z, ) < 0 is continuous on J x [0, 27] x (—o0, 0] and satisfies

0
/ v(t,z,0)d0 = i(t,z) < oo.

— 00

(v) The function A (-) is continuous and satisfies 0 < N (y(0,z)) < (f_ooo e?s|y(s, -)\|[;2ds) for (6,z) €

(=00, 0] x [0, 27], where () is positive, continuous and nondecreasing in [0, c0).

Under the above assumptions, we obtain

1)l = /ﬂw/ Gmwﬂmy

[[m [ D oce.me]
“A(/ abﬁwﬂ/@ ummexﬁwd4
:(/L mydeé/'/ (6)EI|C (0, x)|*dbdz] *

6)
oz (—0) ;
: (/m q(6) ) [/m q(0 )/0 E[[¢(0, z)||*dzde]

0 1
SQL[¢M>2%EM@WMF

< cill¢]s;
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Nl=

e
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Hg(t7<aw)”£2

™ 0 t 0 ) 1

= [/ EH/ ’7(9)4(9)(95%19"'/ / ﬂ1(8)52(T)C(T,x)des|| dsc]
0 —o0 0 J—oco
s 0 ) %

<[[ el [ ~exo@a)a]
0 —o0

+ [/OWJEH /Ot /000 Bu(5)Ba(7)¢(, x)deSHngg} 3

<l +al [ ([ s @] [ e o)

t 1 ™ 0 2 1
§79||C||B+a(/0 Bf(s)ds)g[/o IEH/_ BQ(T)((T,m)dTH dx]2

2

=

t
< 7lClls + af / 83(s)ds) 2

= [1g +allBrllecrg]lIC s,

rpm 0 %
lettOlle = | [TEIl [ ot 00, 0)a0]a]

< /OWEH _Ooo v(t,z,0)m </_OOO 625||C(3)(-)||c2ds> deszxF
U (/-Ooo i (/w e sup [0(5) s ) )] |
< 1

! 0 ot 00| (1)

— 00

_ / ”52<t,x>dx]2m<||<;||s>
LJO
— (Omlcls),

1
™ 2

where [(t) = </ 62(t,x)d:c) . Therefore, g, I;(i = 1,2, --- ,m) are bounded by

0
Ellgll% < Lo, E| L% < ¢, where Ly = [yg + al| 31| s0;]?. In addition, from the estimation of £(t, ¢), it is easy

to see that the function ¢ satisfy the hypothesis (A3). Hence by Theorem 3.3, the system (5.1) has a mild solution
on J.

Conclusion

This article focuses on a new kind of state-dependent delay neutrality of impulsive stochastic
integrodifferential equations in a real separable Hilbert space. We obtained the existence and controllability of
mild solutions using the fixed point theorems and resolvent operator theory in the sense of Grimmer. We
provided an example to show the effectiveness of the main results.In addition, to obtain the immediate results
discussed in this paper, the Krasnoselskii—Schaefer fixed point theorem, the Sadovskii fixed point theorem, and
the Banach fixed point theorem were all successfully applied under a variety of distinct conditions. In upcoming
research, we will investigate the controllability and stability of solutions for impulsive stochastic

e

[V =)
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integrodifferential systems that either have jumps in their dynamics or are driven by the Rosenblatt process. This
research will take place shortly.
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