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On the spherical magnetic trajectories
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Abstract. We consider spherical indicatrix magnetic trajectories of a magnetic field in Euclidean 3—space. From classical
formulation of Killing magnetic flow equations, we derive the differential equation systems for tangent spherical indicatrix
magnetic trajectories in Euclidean 3—space. Then we solve these equations by using Jacobi elliptic functions. Finally, we
make similar calculations for curves whose principal normal and binormal spherical indicatrix are magnetic curves.
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1. Introduction

Any magnetic vector field is known divergence zero vector field in three dimensional spaces. A magnetic
trajectory of a magnetic flow created by magnetic vector field are curves called as magnetic curves. Although
the problem of investigating magnetic trajectories appears to be physical problem, recent studies show that the
characterization of magnetic flow in a magnetic field have brought variational perspective in more geometrical
manner [2, 8]. Let S be a surface in Euclidean 3—space R? and F' denote a complete differential 2—form in a
open subset U of .S. Then we can write F' = dw for some potential 1 —form w. If we define I" as smooth curves
that connect two fixed point of U, the Lorentz force equation is known a minimizer of the functional £ : I' — R
defined by

1
ﬁ(v):§f<v’,7'>dt+w('y’)dt. (1.1)
2l
The Euler-Lagrange equation of the functional £ is derived as

o(v) =V, (1.2)

where ¢ is the skew-symmetric operator. The critical point of the functional £ corresponds to the Lorentz force
equation [2, 4].
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Spherical magnetic trajectories

Any function defined from a space curve to a suitable sphere in Euclidean 3—space is called the spherical
indicatrix (spherical image) of the curve. The spherical indicatrix of a curve in Euclidean 3—space emerges
in three types: the tangent indicatrix (tangential indicatrix or tangent spherical indicatrix), the principle normal
indicatrix and the binormal indicatrix of the curve. The spherical indicatrix is a nice way to envision the motion
of the curve on a sphere by using components of the Frenet Frame. Furthermore, the movement of a spherical
indicatrix describes the changes in the original direction of the curve [6, 7].

In this paper we consider the magnetic trajectories which are the tangent, principal and binormal indicatrices,
separately. We first investigate the tangent indicatrix magnetic trajectories and we derive the Killing magnetic
flow equations for tangent indicatrix magnetic vector field. Then we solve these equations by using elliptic
functions. Then we apply this method the other imagine types of curves by using same calculations. But we do
not dwell on variational and differential calculations of the problem of finding curves whose principle normal and
binormal indicatrix are magnetic since the same procedure would repeat.

2. Preliminaries

We consider a regular curve «y in Euclidean 3—space R3, parametrized by arc length 5,0 < s < /. Let T = 7/ (s)
denote the unit tangent vector field, N (s) the unit principle normal vector field and B = T x N binormal vector
field at point 7y (s) . Then we have the Frenet frame {T', N, B} along the curve y and Frenet equations given by

T’ 0 O T
N |=|-x 071 N |, 2.1
B’ 0 —70 B

where £ > 0 and 7 are respectively curvature and torsion of y [6].
If the Frenet frame of the tangent indicatrix v = T of a space curve v is {7y, N;, B;}, then we have the
following Frenet equations

T (st) 0 kK O T,
Ni(st) | = =5t 0 7 N |, (2.2)
By (st) 0 —71 0 B,
where
-T+ fB fT+B
Ty =N, Ny = ——=, Bi = —— 2.3
t t 1 + f2 t 1 +f2 ( )
and
St:/H(S)ds, ke =1+ f2, i =0v1+ f2, (2.4)
where
7(s) f'(s) T
= do= —~— 72— 2.5
f( ) K (s) and o H(S) (1 n f2)3/2 S ( )

o is the geodesic curvature of the principal image of the principal normal indicatrix of the curve +, s; is natural
representation of the tangent indicatrix of the curve v and equal the total curvature of the curve «y and x; and 7,
are the curvature and torsion of ~;.

If the Frenet frame of the normal indicatrix ~,, = N of a space curve v is {T},, N,,, B, }, then we have the
following Frenet equations

T (sn) 0 k, O T,

N/ (sp) | = —kn 0 7, N, |, (2.6)

B! (sn) 0 -7, O B,
S
~o
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where
-T+ fB o -T+fB N
n = 7Nt: -
V14 f2 Vito? | J/1+f2 ©
1 T+ B
t = i +oN
V1i+o? | /14 f2
and
snz/n(s)( 1—|—f2(s))ds,H,sz/1+02,rt=F 1+ 02,
where

o' (s) Tn

R () VT (140272 sin”
where s, is natural representation of the principal normal indicatrix of the curve v and x,, and 7,, are the curvature
and torsion of ,,.

If the Frenet frame of the binormal indicatrix 7, = N of a space curve «y is {Ty, Np, By}, then we have Frenet
formula:

TI; (Sb) 0 Rp 0 Tb
Né (Sb) = —KRp O Ty Nb 5 (27)
Bl/; (Sb) 0 —Tb 0 Bb
where T B TR
T, = —N, ]\]t:_if7 Bt:fi—'—.
1+ f2 V1t f?
and
1 2 V1 2
sp = /T(s)ds, Kp = ;f, Ty = 707—'—](,
f f
where I
—y
Kb

where s, is the natural representation of the binormal indicatrix of the curve v and x; and 7, are the curvature
and torsion of 73 [1].

3. Spherical indicatrix magnetic fields

Let V be a divergence-free vector field in Euclidean 3-space R3. Then it defines a magnetic vector field. Given
a differential 2—form F is a magnetic field on R3. The Lorentz force of F is defined to be the skew-symmetric
operator ¢ given by

<¢(X),Y>=F(X)Y) 3.1)

for all vector field X,Y € x (R3) . The associated magnetic trajectories are curves  on R? that satisfies the
Lorentz force equation (1.2). On the other hand the Lorentz force ¢ can be write as follows

P(X)=V x X, (3.2)

that is, the Lorentz force ¢ of V is defined via cross product on R?. Combining (1.2) and (3.2), the Lorentz
equation can be written by

d(V)=Vyy =V xy
for a curve v on R3.

By means of these structures defined on R?, the Killing magnetic flow equations corresponding to spherical
indicatrix for a unit-speed curve  on R? will be found.
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Spherical magnetic trajectories

Letvy : I C R — R3 be a reparametrized curve in Euclidean 3—space and {T};, Ny, B;} is the Frenet frame
along ;. Then the Lorentz force in the frame {7}, Ny, B;} is written as

¢ (Tt) = KeN, (3.3)
O (Ny) = =k Ty + wi By (3.4

and
¢ (Bt) = —wi By, (3.5)

where the function w; (s;) associated with each tangent indicatrix magnetic curve is quasislope measured with
respect to the magnetic field V;.
Then we can give the following propositions.
Proposition 3.1. The tangential indicatrix ; is a magnetic trajectory of a magnetic field V; if and only if V;
can be written along ~; as
Vi = wiT} + ke By (3.6)

Proof. Assume that ~; is a magnetic curve along a magnetic field V; and the orthogonal frame along ~; is
given by {7}, Ny, B;}. Then, V; can be written as
Vi =< Vi, Ty > Ti+ < Vi, Ny > Ny + < Vi, By > By.

To find coefficient of V;, we use the Lorentz force in orthogonal frame equations (3.3), (3.4) and (3.5):

wy =< Qb(Nt),Bt >=< Viy X Ny, By >=< V;;, T} >,
0=< ¢(Tt),Bt >=< V; x Ty, By >=— < Vi, By >

and
ke =< ¢ (T}) , Ny >=< Vi x Ty, Ny >=< V;, By > .

Proposition 3.2. The principle indicatrix +,, is a magnetic trajectory of a magnetic field V,, if and only if V,
can be written along v,, as
an = WnTn + Hann

Proposition 3.3. The binormal indicatrix 7, is a magnetic trajectory of a magnetic field V}, if and only if V},
can be written along ~; as
Vi, = wpTy + K Byp.

4. Killing magnetic flow equations for spherical indicatrix magnetic curves

Let -y, be a tangential indicatrix of  in R3 and V; be a vector field along that curve. One can take a variation of

v¢ in the direction of V;, say a map
[:[0,1] x (—¢,6) — $?

(s,w) = T(s,w)

which satisfies ar
P =) () e,

and or( )

s? w !

=7 (s).
( 0s )w—O

One can write the speed function v; (s, w) = H %‘Zw) , the curvature function x; (s, w) and the torsion function

7t (s,w) [2, 5].
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Lemma 4.1 (see [2, 3]). Let v : I C R — R3 be a curve in R3, 7, denote the tangent indicatrices and V; be a
vector field along the curve ~y;. Then we have the following equalities

Vi (vp) = (W) B =<V, Vi, Ty > v, 4.1)
Vi (ke) = (W) T % < V3V, VT > =2k <V, Vi, Ty > 4.2)

and
Vi(m) = <8Tt§i’w)> - (:% < VIV, Ty x V1, T, >>/ 4.3)

+7 <V Vi, Ty > + <V, Vi, Ty x V3, Ty > .
Proposition 4.1. Let V; be the restriction to the tangent indicatrix +; of a Killing vector field, say V; of R3; then
Vi(ve) = Vi (/it) =W (Tt) =0. 4.4)

Then we can give the Killing magnetic flow equations of the tangential indicatrix.

Theorem 4.1. Let 7, be the tangential indicatrix of a regular curve ~. Suppose that V, = w;T}; + k¢ By is
a Killing vector field along ~y;. Then the tangential indicatrix magnetic trajectories are curves on S? satisfying
following differential equations

1
K2 (2% - Tt> = A,. 4.5)
and )
KZQ/ -+ KTt (Wt — Tt) -+ Clﬁ?t -+ 5/‘6? — Aglﬁ?t = 0, (46)

where A1, A; and C are undetermined constants.
Proof. Assume that V; is a Killing vector field along y; on S2. Along any spherical magnetic trajectory 7,
we have V; = w1} + K By. If V; is Killing vector field, we calculate

/
wy =0,

that is w; is a constant, and
thVZ = K¢ (Wt — Tt) Nt + K};Bt. (47)

By using the first derivative of (4.7), (4.2) and (4.4), we get

(o)) o

Similarly, from (4.2) and (4.4), we find to V (7) as follows

1 !
Vi () = (Wsw)> _ (2 < VAVAT, x Vi, Th >)
w=0

ow K3

+7 < VTtV;g,Tt >+ < VTt‘/hTt X VTtTt > .

Definition 4.1. Any tangent indicatrix of a Euclidean curve is called the tangent indicatrix magnetic trajectory of
a magnetic field V; if it satisfies the differential equation system (4.5) and (4.6).
We can combine Egs. (4.5) and (4.6) as follows

1 1 A?
n§'+2/<;;?+(CA2+4wt2>/<;tH§0.
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This equation admits an obvious first integral. In fact, just multiply by 2«} and integrate to get

2, 1 1 A?
(k)" + Zm? + <C— As + 4wt2) kP — H—tzl = As.
Since this equation is of the type (u')? = P (h), where P is a polynomial of degree 3 in w, it can be solved using
elliptic functions as follows

Kt (5) - \/CL3 (1 - qzsn (T‘S,p)),
1 Ay

—Wwp —

Tt (8) = B

29
Kt
when x; # const., where

(u2)2+(u—a1)(u—a2)(u—a3):0, u = Ky,

as —a as — a 1
p= 3 2 ¢ = 3 2andr:§\/a3—a1.

ag—a17 as

So, the curvature and the curvature of v must satisfy the equations

T

r \/\/ag (1 —¢g?*sn(rs,p)) — 1,

K

6 =0 (5) (1o )

Making similar calculations we can give the Killing magnetic flow equations of the principle normal and
binormal indicatrix.

Theorem 4.2. Let ~, be the normal indicatrix of a regular curve ~. Suppose that V,, = w,T;, + knBn
is a Killing vector field along +,,. Then the normal indicatrix magnetic trajectories are curves on S? satisfying
following differential equations

and

1
K2 <2wn — Tn> = Ay. 4.8)
and )
Kl + KnTn (Wn — Tn) + Crkn + fn’;’,, — Askp, =0, 4.9)

2
where A4, As and C; are undetermined constants.
Theorem 4.3. Let 7, be the binormal indicatrix of a regular curve «y. Suppose that V, = wpT}, + Kp By 1s
a Killing vector field along ;. Then the binormal indicatrix magnetic trajectories are curves on S? satisfying
following differential equations

1
Ii% <2wb - Tb> = Ag. (4.10)
and )
ki 4 KpTp (Wp — 7o) 4+ Cakp + 5,-@2 — Arky =0, 4.11)

where Ag, A7 and C5 are undetermined constants.

Definition 4.1. Any principle normal (binormal) indicatrix of a Euclidean curve is called the principle
(binormal) indicatrix magnetic trajectory of a magnetic field V;, (V},) if it satisfies the differential equation system
(4.8) and (4.9) (resp., (4.10) and (4.11)).

Example 4.1. We consider a unit-speed circular helix § (s) = (cos %, sin %, —%) [2]. The curve 5 (s)
can be seen on Fig. 1.

e

[V =)
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Figure 1: The helix 3 (s)

Curvature and torsion of 3 (s) are found as Kk = —7 = % Then, tangent indicatrix of the circular helix is

B, ~ ' (5) ( 1 g s 1 o S 1 )

~p (s)=|—-——F=sin—,—=cos —=,——— | .

' V2T VIV VR V2

B¢ is a circle cut from unit sphere by the plane z = — % The curvature and the torsion of the tangent indicatrix

of the circular helix are found as x; = v/2, 7» = 0. We can see from (4.5) and (4.6), the tangent indicatrix j3; of
/3 is a tangent indicatrix magnetic trajectory with Ay = C + 1 of the Killing magnetic field V; = A, T, + v/2B,.
The principal normal indicatrix of the circular helix is

that is, f3,, lies on the great circle lines on the sphere with «,, = 1 and 7,, = 0. From (4.8) and (4.9), we show
that /3, is a principle normal indicatrix magnetic trajectory with As = Cy + % of the Killing magnetic field
V; = 2A4T,, + B, . Finally, the binormal indicatrix of the circular helix is

By~ B (s) = <—1sin8 1 10058)
' U ve Ve VR Ve V)
that is, By is a circle cut from unit sphere by the plane y = % From (4.10) and (4.11), (3, is a binormal indicatrix

magnetic trajectory with A; = Cy + 1 of the Killing magnetic field Vi, = AT}, + v/2By,. The graphs of 5, 3,
and [ are given as follows.

Fig. 2. The Fig. 3. The Fig. 4. The
magnetic magnetic magnetic
trajectory f3, trajectory /3, trajectory f3,

e
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