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AMS Subject Classifications: 54A40

Keywords: Intuitionistic fuzzy sets, intuitionistic fuzzy topology, intuitionistic fuzzy N closed sets, intuitionistic fuzzy point.

Contents

1 Introduction 88
2 Preliminaries 88
3 Intuitionistic Fuzzy R Closed Sets 90
4 X Open Sets In Intuitionistic Fuzzy Topological Spaces 95
5 Conclusion 97
6 Acknowledgement 97

1. Introduction

Fuzzy set is introduced by Zadeh [9]. After that Atanassov [1] introduced the notion of intuitionistic fuzzy sets
and Coker [3] introduced the notion of intuitionistic fuzzy topological spaces. In this paper we have introduced
a family of intuitionistic fuzzy closed set called intuitionistic fuzzy N closed sets. We investigated some of their
properties. Additionally we obtain some interesting theorems.

2. Preliminaries

Definition 2.1. []] An intuitionistic fuzzy set (IFS for short) A is an object having the form

A={{z,pa(x),valz)) € X}

where the functions s : X — [0,1] and v4 : X — [0,1] denote the degree of membership (namely p4(x)) and
the degree of non- membership (namely va(x)) of each element x € X fo the set A, respectively, and
0 < pa(z)+va(z) <1foreach x € X. Denote by IFS(X), the set of all intuitionistic fuzzy sets in X.

An intuitionistic fuzzy set A in X is simply denoted by A = (x, ua,v4) instead of denoting A = {{x, pa(x),
va(x)):x e X}
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N Closed sets in intuitionistic fuzzy topological spaces
Definition 2.2. [1] Let A and B be two IFSs of the form
A={{z,pa(z),va(x)) :z € X}
and
B ={{x,up(x),vp(z)) :x € X}
Then,

(a) AC Bifand only if pa(z) < pp(z) and va(z) > vp(z) forall z € X,
(b) A=Bifandonlyif AC Band A2 B,

(c) A°={(z,va(z), pa(z)) : x € X},

(d) AUB = {{z, 1ua(z) V pp(z),va(z) Avp(z)) 1z € X}

() AN B = {{z, pa(w) A (x), va() V vp(z)) : x € X}

The intuitionistic fuzzy sets 0. = (x,0,1) and 1. = (x, 1,0) are respectively the empty set and the whole set of
X.

Definition 2.3. [3] An intuitionistic fuzzy topology (IFT in short) on X is a family T of IFSs in X satisfying the
following axioms:

(i) 0,1 €T,
(ii) Gy NGs € 7 forany G1,Gs € T,
(iii) UG, € 7 for any family {G; :i € J} € T

In this case the pair (X, T) is called intuitionistic fuzzy topological space (IFTS in short) and any IFS in T is
known as an intuitionistic fuzzy open set (IFOS in short) in X. The complement A of an IFOS A in an IFTS
(X, 7) is called an intuitionistic fuzzy closed set (IFCS in short) in X.

Definition 2.4. [3] Let (X, 7) be an IFTS and A = (x,ua,va) be an IFS in X. Then the intuitionistic fuzzy
interior and intuitionistic fuzzy closure are defined by

int(A) = U{G\G isan IFOS in X and G C A}, cl(A) = ﬂ{K|K isan IFCSin X and A C K}.

Note that for any IFS A in (X, T), we have cl(A°) = (int(A))° and int(A°) = (cl(A))°

Definition 2.5. [8] Two IFSs A and B are said to be q-coincident (AyB in short) if and only if there exits an
element v € X such that pa(x) > vp(z) orva(x) < pp(z).

Definition 2.6. [8] Two IFSs A and B are said to be not q-coincident (A B in short) if and only if A C B¢.

Definition 2.7. [4] An intuitionistic fuzzy point (IFP for short), written as p(q,p), is defined to be an IFS of X
given by

p(aﬁ)(x) _ {(0‘76) lfl‘ =D

(0, 1) otherwise

An IFP p(q,p) is said to belong to a set Aif o < jia and 3 > va.
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Definition 2.8. [5] Let (X, 7) be an IFTS and A = (x, pua,va) be an IFS in X. Then the IFS A is said to be
intuitionistic fuzzy dense if there exists no IFCS B in (X, 1) suchthat AC B C 1.

Definition 2.9. [5] Let (X, 7) be an IFTS and A = (x, pua,va) be an IFS in X. Then the IFS A is said to be
intuitionistic fuzzy no where dense if A° is intuitionistic fuzzy dense in X.

Remark 2.10. [5] Ifint(A) = O, then the IFS A is an intuitionistic fuzzy no where dense subset in X.

Definition 2.11. [4] Let (X, 7) be an IFTS and A = (x, jia,vA) be an IFS in X. Then intuitionistic fuzzy kernel
of A is the intersection of all IFOSs containing A.

Definition 2.12. [7] Let p(o. gy be an IFP of an IFTS (X, 7). An IFS A of X is called an intuitionistic fuzzy
neighborhood (IFN for short) of p(. gy if there is an IFOS B in X such that p, 3y € B C A.

3. Intuitionistic Fuzzy X Closed Sets

In this section we have introduced a new type of intuitionistic fuzzy closed set called intuitionistic fuzzy N closed
sets and study some of its properties.

Definition 3.1. An IFS A of an IFTS (X, 1) is said to be an intuitionistic fuzzy X closed set (briefly [FRXCS) if
cl(A¢) C U whenever A CU and U is an IFOS in (X, 7).

The family of all [FRC'Ss in (X, T) is denoted by IFRC(X).

Definition 3.2. An IFS A of an IFTS (X, 7) is said to be an intuitionistic fuzzy X preclosed set (briefly [FRPC'S)
if Pcl(A€) C U whenever A C U and U is an IFOS in (X, 7).

Definition 3.3. AnIFS A of an IFTS (X, T) is said to be an intuitionistic fuzzy X semiclosed set (briefly [FRSC'S)
if scl(A®) C U whenever A C U and U is an IFOS in (X, T).

Definition 3.4. An IFS A of an IFTS (X, T) is said to be an intuitionistic fuzzy W regularclosed set (briefly
IFRRCS) ifrel(A¢) C U whenever A C U and U is an IFOS in (X, 7).

Definition 3.5. An IFS A of an IFTS (X, ) is said to be an intuitionistic fuzzy W alphaclosed set (briefly
IFRaCYS) if acl(A®) C U whenever A C U and U is an IFOS in (X, 7).

Definition 3.6. An IFS A of an IFTS (X, 7) is said to be an intuitionistic fuzzy X betaclosed set (briefly I FRBC'S)
if Bcl(A°) C U whenever A C U and U is an IFOS in (X, T).

Example 3.7. Let X = {a,b} and 7 = {0~,G1,G2,1.} be an IFTS on X, where G1 = (z,(0.3,,0.2;)
(0.44,0.2,)) and Gy = (x, (0.44,0.4), (0.24,0.2)). Let A = (z,(0.34,0.43), (0.44,0.25)) be an IFS in
(X, 7). Then A¢ = (z,(0.44,0.2,), (0.34,0.4)).

We have A C Go . Then the IFS A is an IFRCS, an IFRPCS, an IFRSCS, an IFRaCS and an IFRGCS
as cl(A°) = G C Ga A° U d(int(A%)) = A°U G = G C Gy A° U int(cl(A°)) = A° U Gy
= (2,(0.44,0.25), (0.3,,0.25)) C Ga, A° U cl(int(cl(A°))) = A°UGS = G§ = (x,(0.44,0.2),(0.34,0.2;))
C Go, A Uint(cl(int(A°))) = A°UG1 = (x,(0.44,0.2),(0.34,0.2y)) C Go , where Go is an IFOS in X.
Theorem 3.8. Every I FR closed set is an IFRP closed set in (X, ) but not conversly.

Proof. Let A be an IFX closed set in (X, 7). Therefore cl(A°) C U. Let A C U where U be an IFOS in X.

Now pcl(A€) C cl(A€) C U, we have pcl(A€) C U. Hence A is an TFRPCS in (X, 7). [ |
Theorem 3.9. Every IFR closed set is an [ FXS closed set in (X, T) but not conversely.
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Proof. Let A be an TFR closed set in (X, 7). Therefore cl(A°) C U. Let A C U where U be an IFOS in X.
Now scl(A°) C cl(A®) C U, we have scl(A°) C U. Hence A is an IFRSCS in (X, 7). [

Theorem 3.10. Every IFRX closed set is an I FRa closed set in (X, T) but not conversely.

Proof. Let A be an I F closed set in (X, 7). Therefore cl(A¢) C U. Let A C U where U be an IFOS in X.
Now acl(A°) C cl(A°) C U, we have acl(A®) C U. Hence A is an I FRaCS in (X, 7). [ |

Theorem 3.11. Every IF'R closed set is an IFXS closed set in (X, T) but not conversely.

Proof. Let A be an JFR closed set in (X, 7). Therefore cl(A°) C U. Let A C U where U be an IFOS in X.
Now Scl(A€) C cl(A°) C U, we have Bcl(A°) C U. Hence A is an IFRBCS in (X, 7). [ |

Theorem 3.12. Every I FR« closed set is an [FXS closed set in (X, T) but not conversely.

Proof. Let A be an I F'R« closed set in (X, 7). Therefore acl(A°) C U. Let A C U where U be an IFOS in X.
Now scl(A°) C acl(A°) C U, we have scl(A°) C U. Hence A is an IFRSCS in (X, 7). [

Theorem 3.13. Every I FRa« closed set is an IFXP closed set in (X, T) but not conversely.

Proof. Let A be an I F'Ra closed set in (X, 7). Therefore awcl(A°) C U. Let A C U where U be an IFOS in X.
Now pcl(A€) C acl(A°) C U, we have pcl(A€) C U. Hence A is an I[FRPCS in (X, 7). [ |

Theorem 3.14. Every IFRS closed set is an IFR closed set in (X, T) but not conversely.

Proof. Let A be an IFNS closed set in (X, 7). Therefore cl(A¢) C U. Let A C U where U be an IFOS in X.
Now Scl(A€) C scl(A°) C U, we have Scl(A°) C U. Hence A is an IFRBCS in (X, 7). |

Remark 3.15. In the following diagram, we have provided relations between various types of intuitionistic fuzzy
Nclosedness.

[FRBCS [¢—————[IFRSCS |

AN 4

IFRC

N

\

[IFRPCS [$——————]1FRaC’S |

In the above diagram the reverse implications are not true in general. This can be easily seen from the following
examples.

Example 3.16. Let X = {a,b} and 7 = {0~,G1,G2,1.} be an IFT on X, where G; = (x,(0.4,,0.35),
(0.24,0.1p)) and Gy = (x,(0.54,0.4), (0.4q,0.43)). Let A = (z,(0.44,0.45), (0.44,0.4,)) be an IFS in
(X, 7). Then A¢ = (z, (0.44,0.43), (0.44,0.4)).

We have A C Go. Then the IFS A is an IFXPCS, IFRSCS, IFRaC'S and an IFRBCS as A° U cl(int(A°))
= A°Ucd(G1) C A°UGS = A° C Go, A° U int(cl(A°)) = AU int(GS) C A°U Gy = A° C Go,
A® U el(int(cl(A%))) = AU cl(Gy) C A° UGS = GS C Gy and A° U int(cl(int(A°))) = A° U int(GS)
C A°U G = A° C Go, where G is an IFOS in X. But cl(A°) = G§ € G, so A is not an IFRCS.
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Example 3.17. Let X = {a,b} and 7 = {0~,G1,G2,1.} be an IFT on X, where G; = (x,(0.4,,0.35),
(0.50,0.45)) and G = (x,(0.54,0.4), (0.4q,0.43)). Let A = (z,(0.44,0.45), (0.44,0.4,)) be an IFS in
(X, 7). Then A¢ = (z, (0.44,0.43), (0.44,0.4)).

Then the IFS A is an IFRXSCS and IFRPCS, as A° U int(cl(A°)) = A°Uint(GS) C A°UGs = G2 C Gy
and A°U cl(int(A°)) = A°U cl(G1) C A° UGS = A° C G2 whenever A C Gy. But A is not an IFRaC'S as
A Ucl(int(cl(A%))) = A°U cl(G1) C A°UGS = G§ € Go.

Example 3.18. Ler X = {a,b} and 7 = {0.,G1,G2,1.} be an IFT on X, where G1 = (z,(0.44,0.4p),
(0.44,0.3p)) and Gy = (x,(0.54,0.43),(0.44,0.5,)). Let A = (z,(0.44,0.44),(0.44,0.4)) be an IFS in
(X, 7). Then A° = (x,(0.44,0.4p), (0.44,0.4p)).

Then the IFS Ais an IFXBCS, as A° Uint(cl(int(A°))) = A°U0. C A® C Gy, whenever A C Gy where Gy
is an IFOS in X. But A is not an IFXSC'S as A° Uint(cl(A%)) = AUl C AUl € Gy

Remark 3.19. [FCS [8], IFPCS [6], IFSCS [6], IFRCS [6], IFaCS [6], IFBCS [6] and IFGCS [8] are
independent to IFRC'S in X. This can be seen from the following examples.

Example 3.20. [n Example 3.16, the IFS A = (x,(0.3,,0.4p),(0.44,0.2p)) is an IFRXCS but not an IFCS,
IFPCS, IFSCS, IFRCS, IFaCS and IFGCS in (X, 7) as cl(A) = 1. # A, cl(int(A)) = cl(G1) = G € A,
int(cl(A)) = 1. € A int(cl(A)) = 1. # A, cl(int(cl(A))) = 1. € Aand cl(A) € Gy but A C Gs.

Example 3.21. Let X = {a,b} and 7 = {0~,G1,G2,G3,1.} be an IFT on X, where G1 = (x,(0.8,,0.9;),
(0.24,0.13)), Go = (x,(0.34,0.4p), (0.70,0.65)) and G5 = (z,(0.34,0.3;), (0.74,0.6;)). Let A = (,
(0.84,0.35), (0.24,0.63)) be an IFS in (X, 7). Then A = (z, (0.24,0.65), (0.84, 0.3;)).

We have A C Gy . As cl(A°) = G§ C Gy, where Gy is an IFOS in X. This implies that A is an IFXCS in X.
But int(cl(int(A))) = int(cl(Gs)) = int(Gs) = G2 € A, so A is not an IFBCS.

Example 3.22. Let X = {a,b} and 7 = {0~,G1,G2,G35,1.} be an IFT on X, where G = (z,(0.5,,0.4p),
(04,,0.4p)), Go = (x,(0.44,0.4p),(0.54,0.55)) and Gs = (x,(0.4,,0.4p),(0.4,,0.4p)). Let A = (x,
(0.44,0.45), (0.54,0.43)) be an IFS in (X, 7). Then A = (z, (0.54,0.45), (0.4q, 0.43)).

Then the IFS A is an IFCS, an IFRCS, an IFSCS, an IFPCS, an IFaCS, an IFBCS and an IFGCS, as
c(A) = A d(int(A)) = cd(G2) = G§ = A, int(cl(A)) = int(Gf) = G2 C A, c(int(A)) = cl(Ge)
= Gf C A d(@int(cd(A))) = d@int(Gf)) = c(G2) = Gf C A int(cl(int(A))) = int(cl(Ga)
= nt(GS) = Gy C Aand cl(A) = G§ C G1,G3 whenever A C G1,G3. But A is not an IFRCS in X, as
cl(A°) = G5 € G3 whenever A C Gs.

Remark 3.23. From the above discussions and known results we have the following implications. In the following
diagram A <+ B represents A and B are independent of each other.

e
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/N

IFRCS » IFCS

Theorem 3.24. The arbitrary union of IFXCSs in (X, 7) is an IFRCS in (X, T).

Proof. Let {Ay|k € I} be an arbitrary class of TFRCSs in X. Let A = |J Ay, k € I. Let U be an IFOS
k
such that A C U. This implies Ay, C U, for every k € I. By assumption cl(Af,) C U for every k € I. Then

cl(A%) = c((UAr)°) = (N AL) CN(cl(AL)) C U. Therefore cl(A°) C U.

k k k
Hence A is an I FRCS. |
Remark 3.25. The intersection of two [ FRC'Ss need not be an I FRC'S.

Example 3.26. Ler X = {a,b} and 7 = {0~,G1,G2,1.} be an IFTS on X, where G1 = (x,(0.5,,0.8),
(0.20,0.2,)), Go = (x,(0.44,0.25), (0.40,0.8)). Let A = (z,(0.54,0.25), (0.34,0.8)) and B = (,
(0.44,0.7p), (0.44,0.3p)) are IFSs in (X, 7). Then the IFS A and B are IFXCS, as cl(A°) = G§ C G
whenever A C Gy and cl(B°) = G§ C Gy whenever B C Gy . But AN B = (x,(0.44,0.2p), (0.44,0.8p)) is
not an IFXCS, as cl((AN B)¢) = G5 € Go, where AN B C {G1,Ga}.

Theorem 3.27. Every superset of an IFRXCS is an IFRCS in X.

Proof. Let A and B be IFSs in X such that B DO A and A is an ITFRCS in X. Let U be an IFOS in (X, 1)
such that B C U. Then A C U. Since A is an TFRC'S, we have cl(A¢) C U. Now, by hypothesis B¢ C A°,
cl(B°) C c(A°) CU. Then Bisan IFRCS in (X, 7). [

Theorem 3.28. If A is an IFRCS in X such that A C B and B¢ C cl(A°), where B is an IFS in X, then B is
an IFXCS in (X, T).

Proof. Let U be an IFOS in (X, 7) such that B C U. Then A C U as A C B. Since A is an [FRC'S, we have
cl(A°) C U. Now, by hypothesis c/(B¢) C cl(A°) and cl(A°) C U. So cl(B¢) C U. Hence B is an IFRCS in
(X, 7). [ |

Theorem 3.29. An IFS Ais an IFRCS in an IFTS (X, 7) if and only if Ay F implies cl(A®) 4 F for every IFCS
Fof (X, 7).

Proof. Necessity: Assume that A is an JFRXC'S in (X, 7). Let F' be an IFCS and A, F. Then A C F©, where
F¢is an IFOS in (X, 7). Then by hypothesis, cl/(A°) C F°. Hence cl(A®) 4 F.

Sufficiency: Let U be an IFOS in (X, 7) such that A C U. Then A C (U°)° and A, U°. By hypothesis,
cl(A®)4-Uc. This implies c/(A°) C (U°)¢ = U. Hence A is an IFRCS in (X, 7). |
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Theorem 3.30. Let A be an IFRCS in (X,7) and p4, gy be an IFP in X such that cl(A®)4(pa,py). Then
chl(p(aﬂ)).

Proof. Assume that A is an IFRCS in (X,7) and cl(A°)4(p(a,3)). Suppose that Agcl(p(a,p)). then
A C (c(pa,p)) where (cl(p,p)))¢ is an IFOS in (X,7). Then by hypothesis, cl(A°) C
(cl(P(a,)))® = int(P(a,5))¢ S (P(a,p))¢ Therefore cl(A°)e(p(a,s)), Which is contradiction to the hypothesis.
Hence Aycl(p(a,p))- |

Theorem 3.31. Let F C A C X, where Aisan IFOSin X. If F isan IFRCS in X, then F is an [IFRCS in A.

Proof. Let U = V N A be an IFOS in A such that ' C U for some IFOS V of X. Then F C V and I’ C A.
Since Fisan IFRCS in X, cl(F°) C V whenever ' C V. Then cl(F )NACVNA=U.
This implies cl4(F¢) C U. Hence F is an IFRXC'S in A. [ |

Theorem 3.32. Let A CY C X and suppose that A is an IFRCS in X. Then A is an IFRCS relativeto Y.

Proof. Let A C U, where U be any IFFOS in Y suchthat U =V NY, for some ITFOS V in X. Then A C V
and A C Y. Since Aisan IFRCS in X, cl(A°) C V. Therefore Y Ncl(A°) C Y NV. Thatis cly (A°) C U.
Hence A is an I FRXC'S relative to Y. |

Theorem 3.33. Foran IFOS Ain (X,7), if Aand A° are IFRCS in X then Aisan IFGCS in X.

Proof. Since A C A and A is an IFOS, by hypothesis cl(A°) C A where A€ is an IFCS. This implies
cl(A°) = A°. Then A° C A, where A is an IFOS. Now by definition of I FRC'S for A¢, cl(A) C A. Therefore
cl(A) C A whenever A C A, where A is an IFOS. Hence A is an IFGCS. [ ]

Theorem 3.34. If A is bothan IFOS and an IFGCS in (X, 7) and if A° C A, then Aisan IFRCS in X.

Proof. Let Abean IFOS and A C A, then by hypothesis cl(A) C A. As A° C A, cl(A°) C cl(A) C A, where
Aisan IFOS in X. Hence Ais an IF'RC'S in X. [ |

Theorem 3.35. Foran IFOS Ain (X,7), if Aand A° are IFRCS in X then Aisan IFCS in X.

Proof. Since A C A, by hypothesis ¢l(A°) C A. This implies (int(A))¢ C A. Since Aisan IFOS int(A) =
A. Therefore A° C A and cl(A) C A by hypothesis. But A C ¢l(A). Therefore c/(A) = A in X. Hence A is an
IFCSin X. |

Theorem 3.36. An IF'S A of X isan IFRCS if cl(A°) C Ker(A).

Proof. Let U be any openset such that A C U. By hypothesis cl(A¢) C ker(A) andsince A C U, Ker(A) CU.
Therefore cl(A°) C U and hence A is an IF'RC'S. [

Theorem 3.37. For an IFRXCS A inan IFTS (X, T), then the following conditions hold.
(1) If Aisan IF ROS then pint(A) and scl(A) are IFRCS
(2) If Aisan IFRC'S then pcl(A) and sint(A) are IFRCS

Proof. (1) Let A be an JFROS in (X, 7). Then int(cl(A)) = A. By definition we have scl(4) = AU
int(cl(A)) = A and pint(A) = ANint(cl(A)) = A. Since A is an IFRCS in X, scl(A) and pint(A) are
IFRCSsin X.

(2) Let Abean IFRCS in (X, 7). Then cl(int(A)) = A. By definition we have pcl(A) = AUcdl(int(A)) = A
and sint(A) = ANcl(int(A)) = A. Since A is an IFRCS in X, pcl(A) and sint(A) are IFRCSs in X.
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Definition 3.38. Ler (X, 7) be an IFTS and A = (x,ua,vA) be an IFS in X. Then the intuitionistic fuzzy N
closure is defined by

Nel(A) = ({K|K isan IFRCS in X and A C K}.
Theorem 3.39. Let A and B be IFSs of an IFTS X. If A C B is any IFRCS, then Xcl(A) C B.

Proof. Since Ncl(A) is the intersection of all IFRXC'S containing A, by Definition 3.38 Rcl(A) is contained in
every X closed set containing A. By hypothesis A C B and B is an [ FRC'S. Hence Rcl(A) C B. |

Theorem 3.40. Let A and B be IFSs ofan IFTS X. If A C B, then Xcl(A) C Xcl(B).

Proof. Ncl(B) = ({K|K is an IFRCS in X and B C K}, by Definition 3.38. Since B C K and K is an
IFRCS, Ncl(B) C K, by Theorem 3.39. Since A C B C K, Ncl(A) C K. Therefore Rcl(A) C ({K|K is an
IFXCS in X and B C K} = Rel(B). Hence the theorem. |

Theorem 3.41. [f A C X isan IFXCS, then A = Xcl(A)

Proof. Obviously A C Ncl(A). Since A is any R-closed set containing A, then Rel(A) C A by Definition 3.38.
Hence A = Rcl(A). [

Theorem 3.42. Let A and B be IF'S of X, then Rel(A N B) C Nel(A) N Rel(B).

Proof. Since ANB C Aand AN B C B, Ncl(AN B) C Ncl(A) and Xel(A N B) C Nel(B) by Theorem 3.40.
Thus, Rcl(A N B) C Rel(A) NNl (B). [

Remark 3.43. For any two IFSs A and B in X,Rcl(A) N Rel(B) € Nel(AN B)
Theorem 3.44. [f A and B are IFRCSs in X, then Xcl(A U B) = Rel(A) U Rcl(B).

Proof. Let A and B are [FRXCS in X, then AU B is also an /FRXCS in X. Hence Rcl(AUB) = AUB =
Rcl(A) URCl(B). [ ]

4. X Open Sets In Intuitionistic Fuzzy Topological Spaces

In this section we have introduced a new type of intuitionistic fuzzy open set called intuitionistic fuzzy N open
sets and study some of its properties.

Definition 4.1. An IFS A of an IFTS (X, 7) is said to be an intuitionistic fuzzy X open set (briefly IFROS) if
the complement A€ is an IFRCS in (X, T).

The family of all IFROS in (X, ) is denoted by IFRO(X).

Example 4.2. Let X = {a,b} and 7 = {0~,G1,G2,1.} be an IFTS on X, where G1 = (x,(0.3,,0.2),
(0.44,0.2)) and Go = (z,(0.40,0.45), (0.24,0.2,)). Let A = (z,(0.4q,0.2;),(0.34,0.4p)) be an IFS in
(X, 7). Then A° = (x,(0.3,,0.4p), (0.44,0.2p)).

We have A¢ C Ga. Now cl(A) = G C G, where Go is an IFOS in X. This implies that A€ is an IFRC'S in
X. Hence Ais an IFROS in X.

Theorem 4.3. An IFS A of an IFTS (X, 7) is an IFROS if and only if F' C int(A€) whenever F is an IFCS and
F CA
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Proof. Necessity: Suppose A is an I FROS in X. Let F be an IFCS such that ' C A. Then F“ is an IFOS and
A€ C F°. By hypothesis A° is an I FRC'S, we have cl(A) C F°. Therefore F' C int(A°).

Sufficiency: Let U be an IFOS such that A C U and so U¢ C A where U¢ is an IFCS, then by hypothesis,
U¢ Cint(A€). Therefore cl(A) C U and so A€ is an IF'RCS. Hence A is an IF'ROS in X.
[ |

Theorem 4.4. The arbitrary intersection of IFROSs in (X, 7) is an IFROS in (X, 7).

Proof. Let {Ai|k € I} be an arbitrary class of JTFROSs in X. Let A = () Ag. Let F' be an IFCS such

k
that F' C A. This implies ' C Ay, for every k € I. By assumption F' C int(Af) for every k € I. Then
int(A°) = int((N Ax)°) = int(J AS) C U@int(Ax)°) D F. Therefore int(A°) O U. Hence F' C int(A°).
k k k
Therefore A is an IFROS in X.
|
Theorem 4.5. Every subset of an IFROS is an IFROS in X.

Proof. Let A and B be IFSs in X such that B C A and A is an TFROS in X. Let F be an IFCS in (X, 7) such
that F* C B. Then F' C A. Since A is an [ FROS, we have F' C int(A°). Now, by hypothesis B¢ O A€. This
implies int(B°) D int(A°). Hence F' C int(B°). Then B is an [ FROS in (X, 7). [

Theorem 4.6. An IFS A is an IFROS in an IFTS (X, 7) if and only if Fye A® implies Fyccl(A) for every IFCS
Fof (X, 7).

Proof. Necessity: Let F' be an IFCS and Fi,c A°. Then F' C A, where A is an ITFROS in (X, 7). Then by
Theorem 4.3, F' C int(A°)”. This implies Fye (int(A°))¢. Hence Fyecl(A).

Sufficiency: Let F' be an IFCS in (X, 7) such that F' C A. So F,c A°. Then by assumption, Fyccl(A). Hence by
Definition 2.6, F C (cl(A))¢. Therefore F' C int(A°). Hence A is an [FROS in (X, 7).
[ |

Theorem 4.7. If an IFOS A of an IFTS X is nowhere dense, then A is an [FROS in X.

Proof. If A is an intuitionistic fuzzy no where dense subset, then by remark 2.10, int(A) = 0. Let A° C U
where U is an IFOS. Since A is an IFOS, A = int(A). Then cl(A) = cl(int(A)) = cl(0~) = 0~ C U and
hence A€ is an IFXCS in X. Therefore A is an IFROS in X. [ |

Theorem 4.8. If A is both an IFOS and an IFROS in (X, 1) and if A C A, then A is an IFGCS in X.

Proof. Let A be an IFROS in X, then A° is an ITFRCS in X. Therefore cl(A) C A, as A° C Aand A C A,
where A is an IFOS in X by hypothesis. Hence A is an IFGCS in X. |

Definition 4.9. Let X be an IFTS and let an IFP p(, 5y € X. A subset N of X is said to be intuitionistic fuzzy
N neighborhood (I FRN in short) of p(a,p) if there exists an IFROS G such that p, ) € G € N.

Definition 4.10. Let (X, 7) be an IFTS and A = {{(x,pa(x),va(x))} be an IFS in X. Then the intuitionistic
SJuzzy Ninterior is defined by Nint(A) = | J{G|G isan IFROS in X and G C A}.

Theorem 4.11. If B is any IFROS contained in A, then B C Nint(A).

Proof. Let B be any IEF'ROS such that B C A. Since Nint(A) is the union of all ITF'ROS contained in A,
by Definition 4.10 Nint(A) is containing every X open set contained in A. By hypothesis B C A and B is an
IFRXOS. Hence B C Nint(A).
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Theorem 4.12. [f A C B, then Nint(A) C Nint(B).

Proof. Let A and B be IFSs of X such that A C B. Nint(A) = |J{G|G is an ITFROS in X and G C A}
by Defintion 4.10. Since A C Band G C A, G C B. Therefore G C Rint(B), by Theorem 4.11. Hence
Nint(A) = U{G|G is an ITFROS in X and G C A} C Nint(B). [ |

Theorem 4.13. Let A be an IFS of X, then Nint(A) C A.
Proof. By Definition 4.10, it is obvious that Nint(A) C A. [ |
Theorem 4.14. For any IFROS Ain X, Nint(A) = A.

Proof. Let A be an IFROS of X. By Theorem 4.14 Nint(A) C A. As A C A and A is an IFROS, we have
A C Nint(A) by Definition 4.10. Hence Rint(A) = A. [ |

Theorem 4.15. [f A and B are IFS of an IFTS X, then Nint(A) U Rint(B) C Rint(AU B).

Proof. We have A C AU B and B C AU B. Then Rint(A) C Nint(A U B) and Nint(B) C Nint(A U B), by
Theorem 4.14.

This implies that Nint(A) U Nint(B) C Nint(AU B). [ |
Theorem 4.16. If A and B are IFRXCSs in X, then Rint(A N B) = Nint(A) N Nint(B).

Proof. Let A and B are IFRXOS in X, then A N B is also an JTFROS in X. Hence Rint(ANB) = AN B =
Nint(A) N Nint(B). |

Theorem 4.17. Let A be any subset of X. Then

(1) (Rel(A))® = Nint(A°)

(2) (Nint(A))° = Rel(A°)

Proof. (1) We have Rcl(A) = ({K|K isan [FRXCSin X and A C K}.

Therefore (Rel(A))¢ = J{K°|K°isan IFROS in X and K¢ C A°} = Rint(A°).
Thus, (Rcl(A))¢ = Nint(A°).

(2) We have Rint(A) = |J{K|K isan JFROSin X and K C A}.
Therefore (Rint(A))¢ = [{K°|K°isan JFRCS in X and A° C K¢} = Ncl(A°).

Thus, (Rint(A))c = Rel(A°).

5. Conclusion

ITFRCS can be used to derive new separation axioms, new forms of continuity and new decompositions of
continuity. This new concept can be extended to Bitopological, Ditopological, Soft topological spaces.
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