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Generalized Mixed Higher Order Functional Equation in Various Banach Spaces

1. Introduction

A inspiring and renowned talk presented by Ulam [50] in 1940, encouraged the study of stability problems for
various functional equations. He gave a wide range of talk before a Mathematical Colloquium at the University
of Wisconsin in which he presented a list of unsolved problems.

The first confident answer to celebrated Ulam’s question concerning the problem of stability of functional
equations was given by Hyers [17] for the case of additive mappings in Banach spaces. In development of time,
the theorem conveyed by Hyers was generalized by Aoki [3], Rassias [39, 40], Gavruta [14] for additive mappings
and Ravi [42] for quadratic mappings.

The general solution and generalized Ulam - Hyers stability of several types of functional equations in various
normed spaces were discussed by many authors one can see [1, 9, 11, 19, 20, 41] and references there in.

The simplest functional equations are

f(=z) = —f(x); and  g(—x) = g() (1.1)

which are the well known odd and even functions.
Inspiring by the overhead idea, Arunkumar et. al., [4] introduced and established the general solution and
generalized Ulam - Hyers stability of the simple additive-quadratic and simple cubic-quartic functional equations

f@x) =3f(x) + f(-x);  and  g(2z) =12g(x) + 4g(—2); (1.2)
having solutions
f(z) = ax + bx? and  g(x) = ca® + dz*. (1.3)

Also, the generalized Ulam - Hyers stability of the functional equations (1.2) in Quasi-Beta Banach space,
Intuitionistic fuzzy Banach space applying direct and fixed point methods were discussed in [5].

Infact, the generalized version of (1.2) was introduced and examined the generalized Ulam - Hyers stability
of single variable generalized additive-quadratic and generalized cubic-quartic functional equations of the form

$0w) = 3 (6fu) — 6(-w)) + % (6(w) + () (14)
o) = 2 () = () + 4 () + v(w)) 15

having solutions
d(w) = aw+bw?  and  ¢(w) = cw® + dw?, (1.6)

was investigated by Arunkumar et. al., [6] .
Motivated from overhead ideas in this article, we establish the generalized Ulam-Hyers stability of a
Generalized Mixed n'"(n + 1) Order Functional Equation

- Tt
7 (Nn‘,n-i-l(v) — Nn;n+1(_v)) + 2

Nosni1(Tv) = (Nasn+1(v) + Nuznt1 (=) (1.7)

having solutions
Nozny1(v) = av™ + b+ (1.8)

with n # 0 is an odd positive integer and 7 > 2 in various Banach Spaces via Hyers Method.
The solution of the functional equation (1.7) are as follows. Assume A; and A, are vector spaces. Applying
oddness and evenness of Nnmﬂ the following lemmas are trivial.
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Lemma 1.1. An odd function Nnm+1 1 Ay — As satisfying (1.7) and if we define
Nont1 =N, (1.9)
then N, is an n*" order function.
Lemma 1.2. An even function Np.pnt1 : A1 — Ag satisfying (1.7) and if we define
Nosnt1 = Noy1 (1.10)

then Ny,y1 is an (n + 1) order function.

2. Stability In Banach Space of (1.7)

In this section, we investigate the generalized Ulam - Hyers stability of the functional equations (1.7) in Banach
space. To prove stability results, let us take R, be an normed space and R be an Banach space.

2.1. Stability Results: Odd Case
Theorem 2.1. Assume Nyy.nt1 : R1 — Ra be an odd function fulfilling the inequality

’TTL
HNn7n+1(T'U) - 7 (Nn;n-{-l(v) - Nn;n+1(_v))
7'n+1
2

(Nn;n+1(v) +~/V'n;n+1(7v)) H S ./\/l(’U), v v € Rlv (21)

where M : Ry — [0, 00) with the condition

) M (Tnmt,u)
'rr}gnoo Jrnmt

=0; Vv € Ry. 2.2)

Then there exists one and only n'" order mapping T',(v) : Ry — R satisfying the functional equation (1.7)
and

1 & M(T™t
> (T"*) .

1T (v) = Na(v)]] < Tn 5 Tt Vo € Rq; (2.3)
="z
witht = +1. The mapping T',,(v) is defined by
N (T™ty)

Proof. Applying oddness of /\/n;n-H in (2.1) and by (1.9), we observe that

[INW(Tov) — TNy (0)|| < M(v); Yo € Ry. (2.5)
The overhead inequality can be rewritten as
N (T M
H7(_nv) —Nn(U)H < 7.(:); Vo € Ry (2.6)
Changing v by 7 v and multiplying by % in (2.6), we notice that
No(T?v)  No(Tw) M(Tv)
H T T 7w < Ton ;. Yo € Ry 2.7
S
Sy
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From (2.6) and (2.7), we obtain that

N (T?) 1 M(T)
W_Nn( 0) <7_n</\/l(v)+ T ); Vv € Rq. (2.3)
Generalizing for a positive integer m, we acquire that
Nou(T 1 & M(T)
- N, < = —; Vv € Ry 2.9
H Tnm (U)H - Tn ; an v 1 ( )
Thus w is a Cauchy sequence and it converges to a point I',,(v) € Rs.
Indeed, replacing v by 7w and divided by 7™ in (2.9), we achieve that
No(T050)  Nu(T0) || 1 [ N(T™ - T50)
= - ML "
H Tnm-‘rnn Tnn Tnm Tnm (T 1))
m—1 r+K
Tn - T rnrtnk
-0 as Kk — (2.10)

for all v € R;. Thus, we define mapping I, (v) : R1 — Ro such that
Ih(v) = lim Nin (T™v)

m— oo Trnm

; Vo € Rl.

Letting limit m — oo in (2.9) and applying the definition of T',,(v), we arrive that

. N (T™v) M(TTv)
am e = Na(v H Sm 2 e = @) = Na()ll < = Z 7"”

r=0

for all v € Ry. Thus (2.3) holds for ¢ = 1. Now, to show that I';,(v) satisfies (1.7), changing v by 7™v and
divided by 7" in (2.1), we observe that

Trm HML nr (T Tv) = z (./\/an(Tmy) *Nn;n+1(*va))
Tn+1 1
— 5 (M2 (T™0) +Nnm+1(fr%))H < e M(T0)

for all v € R;. Approaching m — oo and applying the definition of I',,(v) and (2.2) in the overhead inequality,
we identify that

T (Tv) = %(Fn(v) - Fn(fv)) n

Hence I',, (v) satisfies the functional equation (1.7) for all v € Ry. In order to prove the existence of I';, (v) is
unique, assume I" 5 (v) be another nth order mapping satisfying (1.7) and (2.3). Now,

ITn(v) =TB()| = T"“ ITn (T"0) = Lp(T"0)||
T (T 0) = Nu(T"0) + No(T"0) = Tp(T"0)]|

n+1
72 (Fn(v)+Fn(7v)>; Vv € Ry

Tnn
< T?m {ITn(T"0) = Nu(T™0)| + [T 5(T"v) = Nu(T™0) [}

2 o M(TT )
— Tn s an-‘rnn

-0 as kK — ©

3
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for all v € R;. This proves that ', (v) = I'g(v) for all v € Ry. Thus I',,(v) is unique. Hence the theorem holds
fort =1. v
Further, replacing v by T in (2.5), we find that

HNn(v) TN, (%) H <M (%) @2.11)

for all v € R;. Again replacing v by % and multiply by 7" in (2.11), we notice that

s () -7 () <7 (2)
for all v € R;. applying triangle inequality on (2.11) and (2.12), we obtain that
HN”(”) — TN, (%)H <M (%) +TM (%) 2.13)

for all v € R;. Generalizing for a positive integer m, we acquire that

m—1 m—1
v v 1 v
Noy(v) — TN, (—) H < N 7rrnag (—) - ST Mm (—) 2.14
for all v € R;. The rest of the proof is similar ideas to that of case ¢ = 1. Thus the theorem is true for t = —1.
Hence the proof is complete. |

The following corollary is the immediate consequence of Theorem 2.1 concerning the stabilities of (1.7).

Corollary 2.2. Assume s and p be positive numbers. Let Ny i1 1 R1 — Ro be an odd function fulfilling the
inequality

Tn
HNn;nJrl(Tv) Ty (Nn;nJrl(U) - Nn;nJrl(_U))
Tn+1 .
- 2 (Nn;n-i-l(v) +Nn;n+1(_v)> H < { zil’UHM' L ?é n (215)

forallv € Ry. Then there exists one and only n*" order mapping T,,(v) : Ry — Ro satisfying the functional
equation (1.7) and
s

T 1
Ima) - Nl < ol 216

=T
forallv € Ry.

2.2. Stability Results: Even Case

The proof of the following theorem and corollary is similar clues that of Theorem 2.1 and Corollary 2.2 with the
help of (1.10). Hence the details of the proof are omitted.

Theorem 2.3. Assume Nn;n+1 : R1 — Ro be an even function satisfies the inequality

TN
HML;?H—I(T’U) - 7 (ML;TL-‘FI(’U) - ML;7L+1(_U))
Tn+1
- (/\/m,,ﬂ(v) +./\/n;n+1(—v)) H < M@); VYo e R, 2.17)
S
[(\V(=)
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where M : Rq — [0, 00) with the condition

mt
lim M(T™)

m-s00 7‘2nmt

=0, Vv € Ry (2.18)

Then there exists one and only (n + 1) order mapping T, 1(v) : R1 — R satisfying the functional equation
(1.7) and

Tt
ITais(0) = Moss ] < 7 Z MTD, voer, @.19)

with t = +1. The mapping T, 1(v) is defined by

Losa(o) = tim 24070,

m— 00 7'2nmt )

Vv € Ri. (2.20)
Corollary 2.4. Assume s and p be positive numbers. Let Np,.p+1 : R1 — Ro be an even function fulfilling the
inequality
T’I’L
HNn m+1 TU) (

Tn+1
2

Niint1(v) = Nagng1 (71)))

(Nn;nJrl( ) + Nn n+1 (221)

H {Sllvl“ w#2n

forall v € Ry. Then there exists one and only (n + 1)*" order mapping T, 11(v) : R1 — R satisfying the
functional equation (1.7) and

S
T2n_
IPris(6) = Ara O <4 el )
T2n — 7]

forall v € Ry.

2.3. Stability Results: Odd-Even Case

Theorem 2.5. Assume Ny 11 : R1 — Ro be a function satisfies the inequality

n

-
W1 (70) = T (Mo (0) = Noma ()

TnJrl
2

(Nn;nﬂ( )+ N ( H <M(v); Ywv € Ry, (2.23)

where M : Ry — [0, 00) satisfying the conditions (2.2) and (2.18) for all v € Ry. Then there exists one and
only nt" order mapping T',(v) : R1 — Ry and one and only (n + 1) order mapping T, 1(v) : Ry — Ro
satisfying the functional equation (1.7) and

||~/\/n;'n+1('U) - Fn(v) - Fn-H(”)H

1)1 & M(T)  M(=T ) o M(TT) | M(=T"")
92 TN Trnt + Trnt T2n Z T2rnt T 2rnt

_1—t t
T="3

(2.24)

forall v € Ry witht = +1. The mappings T, (v) and T, 11 (v) are respectively defined in (2.4) and (2.20) for
allv € R;.

e
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Proof. Suppose define a function N,44(v) by

Ny (v) = Np(—v)
2 b

Nodad(v) = Vv e Ry (2.25)

Then it is easy to verify from (2.25) that
Noaa(0) =0 and  Noga(—v) = —Noaa(v); V v € Ry.

By Theorem 2.1 and (2.25), we notice that

I & M(T)  M(=Tr)
1T (v) = Noaa)| < 57 ; Tt s Vv € Ru (2.26)
Again define a function Neyen (v) by
Neven(v) = M1 (0) £ Noia (Z0) -y o Ry. (2.27)

2 )
Then it is easy to verify from (2.27) that
Newen(0) =0 and Noeven(—0) = Newen(v); ¥V v € Ry.

By Theorem 2.3 and (2.27), we notice that

1 o M(TMv) | M(E=T
Pas(0) = Newen(®)] € gt S 20TZ0 L METED, e . (2.28)

_1-—-t
- 2

Define a function N, 1 by
Nn;nJrl(@) - Nadd(v) +Neven(v); Vv e Rl‘ (229)
Now, it follows from (2.26), (2.28) and (2.29), we achieve our desired result. ]

Corollary 2.6. Assume s and p be positive numbers. Let Ny.,i1 : R1 — Ra be a function fulfilling the
inequality

mn

Woinia(T0) = T (Woimia ) = Nouia ()

2
Tn—l—l S;
- 2 (ML;n-i—l (U) +Nn;n+1(_v)) H S { S||’U||u; M 75 n; m (230)

forallv € Ry. Then there exists one and only n*" order mapping T,,(v) : Ry — R and one and only (n+1)*"
order mapping T';, 1 (v) : R1 — R satisfying the functional equation (1.7) and

1 1 )
s + ;
W 1(0) = Tu(v) = Do (0)] < (o | 230

1
slfof[* + ;

|Tn_7‘/1,‘ ITQn_T/LI

forallv € R;.

3
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3. Stability In Modular Space of (1.7)

In this section, we investigate the generalized Ulam - Hyers stability of the functional equation (1.7) in Modular
space. To prove stability results, let us take %1 be an linear space and R, be an p— complete convex modular
space.

3.1. Basic Concepts on Modular Spaces

Now, we introduce to adopt the usual terminologies, notations, definitions and properties of the theory of modular
spaces given in [2, 22, 23, 25, 27-29, 34, 37, 38, 45, 49, 52, 55].

Definition 3.1. Let X be a linear space over a field K(R or C). We say that a generalized functional p : X —
[0, 00] is a modular if for any x,y € X,

(MS1) p(x) = 0ifand only if x = 0;
(MS2) p(ax) = p(x) for all scalar o with |a| = 1;
(MS3) plax + By) < p(x) + p(y) for all scalar o, f > 0 with a + 3 = 1.

(MS4) If (MS3) is replaced by p(az + By) < p(z) + p(y) for all scalar o, B > 0 with a + = 1, then the
functional p is called a convex modular.

Definition 3.2. A modular p defines the following vector space:
X,={zeX:p(Ax) — 0as X — 0},
and we say that X, is a modular space.

Definition 3.3. Let X, be a modular space and let {x,,} be a sequence in X, then {x,} is p—convergent to a
point © € X yand write x,, % x if p(x,—x) — 0 as n — .

Definition 3.4. Let X, be a modular space and let {x,,} be a sequence in X, then {x,,} is called p—Cauchy if
for any € > Qone has p(x,, — x,,) < € for sufficiently large m,n € N.

Definition 3.5. Ler X, be a modular space and let {x,} be a sequence in X,. A subset K C X, is called
p—complete if any p—Cauchy sequence is p—convergent to a point in K.

Definition 3.6. A modular space p has the Fatou property if and only if p(x) < liminf p(z,) whenever the
n — oo

sequence {x,,} is p—convergent to x in modular space X, .

Definition 3.7. A modularp is said to satisfy the Ay—condition if there exists k > 0 such that p(T"z) < kp(z)
forallz € X, .

Remark 3.8. Suppose that p is convex and satisfies As—condition with Ao— constant k > 0. If k < T", then
plx) < kp(z) < %p(z), which implies p = 0. Therefore, we must have the Ao— constant k > T if p is
convex modular.

3.2. Stability Results: Odd Case : Without Applying A, Condition
Theorem 3.9. Assume Ny i1 : R1 — R be an odd function fulfilling the inequality

Tn
R )
TnJrl
- (Nn;n+1(v)+Nn;’ﬂ+1(_U)>> <M(v); Yv € Ry, 3.
S
[\V =]
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where M : R1 — [0, 00) with the condition

im MT) o0 vy e Ry (3.2)
m—o00 Tnm
Then there exists one and only n*"* order mapping T',,(v) : R1 — R satisfying the functional equation (1.7)
and

p (Cal) = Nu)) < 22 ST vy ey, (33)
r=0
The mapping T',,(v) is defined by
lim p (W Fn(v)) 50, Yv e Ry (3.4)

Proof. Using oddness of Nan in (3.1) and by (1.9), we observe that
p WNu(Tv) = T "Ny (v)) < M(v) (3.5)

for all v € Ry. Without applying the A,— condition it follows from (3.5), generalizing for a positive integer m,
we acquire that

Nn va oy nr T
) (f;nm) —Nn(v)) = (Z % [T N (TT0) = N (T +1v)]>

§ nr o r+1
: r=0 Tn(r+1) p (T Na(T70) = NaT"0)
IS ( )
< — 3.6
No(T™0)) . . . .

for all v € R1. Thus e is a p— Cauchy sequence in Rz, and Ry, is p—complete there exists a p—
limit function I';, (v) : R1 — Ra, given by

lim p (W —I‘n(v)) —0; Vv e Ry

m—o0o Tnm

Indeed, replacing v by 7w and divided by 7™ in (3.6), we achieve that
m-+kK K m K
) (J\fn(T v)  Np(T v)) 1 (Nn(T Tr) NAT”U))

Tnm+nn T’ILK - Tn/-c p Tnm
1S M(T )
— ’7'77, e an+m{
— 0 as kK — 3.7

for all v € R;. Thus, we define mapping I, (v) : R1 — Ro such that

r,(v) = lim NTil(TmU)

m— 0o Tnm

3
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for all v € R;. It follows from the Fatou property that the inequality

m —o0

p (Tp(v) — Np(v)) < liminf p <'/v"7(_;7;:71}) _Nn(?f)> < % Z %
r=0

forall v € Rq. Thus, we see (3.3) holds. Now, to show that T';, (v) satisfies (1.7), changing v by 7™ and divided
by 7™ in (3.1), we observe that

1 n
p ( {Nn nt1(T™ - Tw) — T—(/\/’n;nH(T’”v) - /\/n;nﬂ(—va))

Tnm 2
7—71,-&-1 1 m
2 (Nn;nJrl(TmU) + Nn;n+1(_va)) }) = Trm M(T™)

for all v € R;. By convexity of p that

( W(To) - i % () = Tu(-0)) - i T’;“ (Talo) + Fn(v))>

IN

pM»—‘
,__J

( (Tv) - T}m Nn.,,LH(Tm-TU))

1 Tﬂ 1 T?’l
+ ip < n Fn(_’l))) + Tnm 7 (Nn;nJrl(TmU) —Nn;nJrl(—TmU)))
1 1 gt - -
+ 4p< (v) + D (— )) + Tan(Nan(T ) + N1 (=T w))
1 1 T" , ,
+ 0 (Tn { wret (T T0) = - (Maina (T70) = Noggn (= T70))
Tn+1

for all v € Ry. Approaching m — oo, we notice that

( (Tv) — i %(Fn(v) — F"(—v)> - i TnTH(Fn(v) + Fn(U)>) =0

forall v € Ry. Hence I, (v) satisfies the functional equation (1.7) for all v € R ;. In order to prove the existence
of T',,(v) is unique, assume I' 5 (v) be another n*”* order mapping satisfying (1.7) and (3.3). Now,

p (5000 = 30800 = 30 (D7) - (7))
11
e

I A

(FTL(TKU) - NrL(TKU) + -/V;L(TKU) - FB (TK’U))

<

- 27T

1 N M(TT )
<,7§
*27‘ e an+nn

-0 as Kk —

o {0 (Tn(T"™0) = No(T™0)) + p (Up(T"v) = No(T"0)) }

for all v € R;. This proves that I';,(v) = I'p(v) for all v € Ry. Thus I'y,(v) is unique. This completes the proof
of the theorem. [

The following corollary is the immediate consequence of Theorem 3.9 concerning the stabilities of (1.7).

ke
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Corollary 3.10. Assume s and . be positive numbers. Let Ny 11 : R1 — Ro be an odd function fulfilling the
inequality

TN
p (Wrna(70) = T (Mo (0) = A (-0))
n+1 .
D Wama0) + N (-0)) ) < { (33)

sl[v[[#s p < m

forallv € Ry. Then there exists one and only n*" order mapping T',,(v) : Ry — R satisfying the functional
equation (1.7) and
8 .
(Tr = 1)’
p (Tn(v) = N(v)) < sl (3.9)
(T —TH)

forall v € Ry.

3.3. Stability Results: Even Case : Without Applying A, Condition

The proof of the following theorem and corollary is similar clues that of Theorem 3.9 and Corollary 3.10 with
the help of (1.10). Hence the details of the proof are omitted.

Theorem 3.11. Assume Ny.ni1 : R1 — Ra be an even function satisfies the inequality

T
P (Nn;n-i-l(TU) Ty (Nn;n+1(v) - Nn;n-i-l(_v))
TnJrl
- (Nn;n+1(v)+Mz;vn+1(—U)>) <M(v); Yv € Ry, (3.10)

where M : Ry — [0, 00) with the condition

lim M(T™v)

m—oo J2nm

=0; Vv € Ry. @3.11)

Then there exists one and only (n + 1) order mapping T, 1(v) : R1 — R satisfying the functional equation
(1.7) and

I = M(T"
p (Toy1(v) = Noy1(v) < ﬁz#; Vv € Ry. (3.12)
r=0
The mapping I';,11(v) is defined by
p (mlgnOC % — I’nﬂ(v)) —0; Vv e Ry (3.13)

Corollary 3.12. Assume s and p be positive numbers. Let Ny, 11 : R1 — Ro be an even function fulfilling the
inequality

Tn
p (Woina(70) = T (W1 (0) = Noga(-0)
Tn-',—l S;
- 9 (Nn;n+1(v) +Nn;n+1(_7})>) < {S|'U||N'; o< m (314)
S
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forall v € Ry. Then there exists one and only (n + 1)** order mapping T, 11(v) : R1 — R satisfying the
functional equation (1.7) and
S

T2 — 1)
p (Lry1(v) = Nota(v)) < (Ts”vHi)' _ (3.15)

forallv € R;.

3.4. Stability Results: Odd- Even Case: Without Applying A, Condition

Theorem 3.13. Assume Nan : R1 — Ro be afunction satisfies the inequality

T
1Y <ML;7L+1(TU) - 7 (ML;n—i—l(U) - ML;7L+1(_'U)>
TnJrl
I (Ml;n+1(v)+Nn;n+1(U>>> <M(v); Vv € Ry, (3.16)

where M : Ry — [0, 00) satisfying the conditions (3.2) and (3.11) for all v € R1. Then there exists one and
only nt" order mapping T,(v) : R1 — Rq and one and only (n + 1) order mapping T, 1(v) : R1 — Ra
satisfying the functional equation (1.7) and

P (Ma;n-‘rl(v) - Fn(v) - Fn-‘rl(v))
11 SMTw)  M=Tw) 1 S<M(Tw)  M(=T"v)
< B {7’” Z T + Trn ﬁz T2rn + T2rn }

r=0 r=0

(3.17)

forallv € Ry witht = +1. The mappings T',(v) and Ty, 11 (v) are respectively defined in (3.4) and (3.13) for
allv € R;.

Proof. The proof is similar lines to that of Theorem 2.5. |

Corollary 3.14. Assume s and p be positive numbers. Let Ny.ni1 : R1 — Ro be a function fulfilling the
inequality

TN
p (Wana(70) = T (Wogna(0) = Noa(-0)
Tn+1 s;
_ 2 (Nn;n+1('v) +Nn;n+1(_v))> < { SHUH#; W< n m (3.18)

forallv € Ry. Then there exists one and only n*" order mapping T',,(v) : Ry — R and one and only (n+1)*"
order mapping T, 11(v) : R1 — R satisfying the functional equation (1.7) and

S < ! + = ! >;
p N1 (v) = Tu(v) = Tpia (@) < ¢ NI =D (T =) (3.19)

- 1
“w .

forallv € R;.

3

s
2
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3.5. Stability Results: Odd Case: Applying A, Condition

Theorem 3.15. Assume Ny.ni1 : R1 — Ra, be an odd function fulfilling the inequality

Tn

p (Whna(70) = T (N (0 = N (-0))

Tn+1
2

(Nonir (0 + Npir(0)) ) S MO) Yo € R G20)
where M : R1 — [0, 00) with the condition

. B\ v
lim_ (Tn) M (ﬁ) —0; Vv e R. (3.21)

Then there exists one and only n*" order mapping T',,(v) : R1 — Ro, satisfying the functional equation (1.7)
and

(T (v)/\/(u))<1i<kz)rj\4(v>- Vo e R (3.22)
P n n = i T" ,Tr ) 1- .
The mapping T',,(v) is defined by
lgn P <W —I‘n(v)) —0; Vv e R (3.23)

Proof. Applying oddness of A;,.,,+1 in (3.20) and by (1.9), we observe that
p Nu(Tv) = TNy (v)) < M(v) (3.24)

for all v € R,. Further, replacing v by 73, in (3.24), we find that

0 (J\/n(v) TN, (%)) <M (%) (3.25)

for all v € R4. Applying the Ay condition it follows from (3.25) and the convexity of the modular p that,

p (i T (7)) = ()

for all v € R;. Again, replacing v by 73_ in (3.26), we notice that

v " v k v
r (W (7) - () < 7 M () G20
for all v € R4. Applying the A, condition it follows from (3.27) and the convexity of the modular p that,

v

p (TN (L) - T, () < s M () (.28)

for all v € R4. From (3.26) and (3.28), we obtain that

p (0T () = () (1)
e
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for all v € R;. Generalizing for a positive integer m, we acquire that
1 o=/ k2 \" v
p (Malw) =T N’(m))—k;(T”)M(TT) (3-30)
forall v € R4. Thus {T"mNn (%) } is a p— Cauchy sequence in Ro, and R, is p—complete there exists a
p— limit function ', (v) : R1 — Ra, given by
lim_p (T"’"Nn ( m) Fn(v)> 0, Yue R

Indeed, replacing v by 7"w and divided by 7" in (3.29), we achieve that

o (T () =T (7)) < 40 (4 (Tn) TN (7))

r=1
. Tr\" m k2 \"
= (1@) T:ZM (ﬁ) M (=) (3.31)

for all v € R;. It follows from (3.30) and the Fatou property that

.. N (T™) 1 = " v
p (Dn(v) = Ny(v)) < %Im_igofp ('T”m - E g (F)
for all v € R1. Thus, we see that (3.22) holds. The rest of the proof is similar to that of Theorem 3.9. |

The following corollary is the immediate consequence of Theorem 3.15 concerning the stabilities of (1.7).

Corollary 3.16. Assume s and i be positive numbers. Let N, 11 : R1 — Ra, be an odd function fulfilling the
inequality

mn

P <Nn;N+1(TU) - % (Nn;n+1(v) _Nn;n-&-l(_v))

Tn+l
2

S5

(3.32)

(Wosnia (0) +Nnm+1<—v>)) < {

2
s[vf[#; 1 > log, 45

for all v € Ry. Then there exists one and only n'" order mapping T,,(v) : Ry — Rap satisfying the functional
equation (1.7) and
sk
T — k2 ’
slloll 539
Tn-i—u _ k2 ’

S
—~
—
3
=
|
=
=
IN

forallv € R;.

3

s
2
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3.6. Stability Results: Even Case : Applying A, Condition

Theorem 3.17. Assume Ny.pi1: R1 — ‘Rap be an even function satisfies the inequality

Tn
Tn—i—l
o (_/\[nmﬂ(v) +Nnm+1(—v)>> <M(v); Vv € Ry, (3.34)

where M : Ry — [0, 00) with the condition

2 m
lim (k ) M(“):o; Vo e Ry (3.35)

m—oo \ T 2N Tm

Then there exists one and only (n+1)*" order mapping T',,11(v) : R1 — Ra, satisfying the functional equation
(1.7) and

(oo} 3 T
p (Dn(v) = Ny (v)) < lz<k> M(Ti) Vv € Ry VYo e Ry (3.36)

The mapping T';,11(v) is defined by

lim (J\W’W

T —I‘n(fu)> —0; Vv e Ry 3.37)

m—00
Proof. Applying even of Nn;n+1 in (3.34) and by (1.10), we observe that

p (Nog1(Tv) = T?"Niy1(v)) < M(v) (3.38)

for all v € R,. Further, replacing v by % in (3.38), we find that

v v
p (Nn+1(v) TN (?)) <M <?) (3.39)
for all v € Ry. Applying the A, condition it follows from (3.39) and the convexity of the modular p that,
n v k v
p (M) = T"Nos (32)) < 75 M () (3.40)

for all v € Ry. Again, replacing v by 73, in (3.40), we notice that

p (s () T (1)) = 20 (35) as

for all v € R4. Applying the Ay condition it follows from (3.41) and the convexity of the modular p that,

p (PN (F) T (35)) = i M (75) as

for all v € R;. From (3.40) and (3.42), we obtain that
P (- TN () < (1) () e
=
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for all v € R;. Generalizing for a positive integer m, we acquire that

p (Nuss(0) = TN (7)) < 5 > (;f )rM () (3.44)

r=1

forall v € Ry. Thus {T2nm Nog1 (%)} is a p— Cauchy sequence in Ry, and Ry, is p—complete there

exists a p— limit function I, 1 (v) : R1 — Ro, given by

lim p (TQ"mNn+1 (

m—» 00

L) - F,H_l(v)> —0; Vv e Ry
Tm
The rest of the proof is similar to that of Theorem 3.15. |

The following corollary is the immediate consequence of Theorem 3.17 concerning the stabilities of (1.7).

Corollary 3.18. Assume s and p be positive numbers. Let Nyy.ni1 1 R1 — Ra, be an even function fulfilling
the inequality
T?’L

T (Wainr (0) = Ngra ()

P <Nn;n+1(TU> )

TnJrl
2

55

Er—0) +Nnm+1(v))> < { (3.45)

sllol|#; > log
or all v € Rq. Then there exists one and only (n + order mapping Iy, 11 (v) : R1 — Rao, satisfying the
for all Ri1. Then th ] d onl 1)t ord ing I+ R Rop satisfying th
functional equation (1.7) and

sk

2n _ .37
p Tapr(v) = Nopa (0)) < 3 TR (3.46)

T27L+,LL _ k-3;

forall v € Ry.

3.7. Stability Results: Odd-Even Case: Applying A, Condition

Theorem 3.19. Assume Nan : R1 — Rao, be a function satisfies the inequality

TN
1Y <ML;7L+1(TU) - 7 (ML;n—i—l(U) - -/\[n,;n+1(_'U)>
TnJrl
S (Mz;n-‘rl(v) +Nn;n+1(1’)>> <M(v); VYov € Ry, (3.47)

where M : Ry — [0, 00) satisfying the conditions (3.21) and (3.35) for all v € R 1. Then there exists one and
only n'" order mapping T, (v) : R1 — Ra, and one and only (n + 1) order mapping T, 11(v) : R1 — Rap
satisfying the functional equation (1.7) and

P Nsn+1(v) = Tn(v) = D1 (v

SUn(F) ME @] L) HE (G o

r=1

forall v € Ry. The mappings T, (v) and Ty, 1 (v) are respectively defined in (3.23) and (3.37) for all v € R;.

Proof. The proof is similar lines to that of Theorem 2.5. |
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Corollary 3.20. Assume s and i be positive numbers. Let Np.py1 @ R1 — Rap be a function fulfilling the
inequality

Tn

P (Nn;nJrl(T'U) Ty

Tn+1
T (Ma;n-ﬁ-l(v) "’Nn;N-&-l(_U))) < {

(W1 (v) = N (<))

s
—_— > s (3.49)
s|[v][#; > logy 755108 7o

or all v € Ry. Then there exists one and only n*" order mapping T,(v) : R1 — Ra, and one and only
P

(n + 1)t order mapping T'y,41(v) : R1 — Ra, satisfying the functional equation (1.7) and

1 1
P WNamt1(v) =T (v) = Tpyi(v)) < T~k ] T k2 ) (3.50)
sk|[v]* + ;
Tntu — 2 T2n+p — k3 ’

forall v € Ry.

4. Stability In Fuzzy Banach Space of (1.7)

In this section, we investigate the generalized Ulam - Hyers stability of the functional equation (1.7) in Fuzzy
Banach space. To prove stability results, let us take R, (R1, F') and (Ro, F”) are linear space, fuzzy normed
space and fuzzy Banach space.

4.1. Definitions on Fuzzy Banach Spaces

In this section, we present the definitions and notations on fuzzy normed spaces given in [7, 30-33].

Definition 4.1. Let X be a real linear space. A function N : X x R — [0,1] is said to be a fuzzy norm on X if
forallz,y € X and all s,t € R,
(FNS1) N(z,c)=0forc<0;

(FNS2) xz=0ifandonlyif N(z,c) =1 forall c > 0;

(FNS3) N(cz,t)=N (z ﬁ) if c 4 0;

(FNS4) N(z+y,s+1t)>min{N(z,s), N(y,t)};

(FNS5) N(z,-) is a non-decreasing function on R and lim;_,oo N (z,t) = 1;
(FNS6) forx #0,N(x,-) is (upper semi) continuous on R.

The pair (X, N) is called a fuzzy normed linear space. One may regard N(X,t) as the truth-value of
the statement the norm of x is less than or equal to the real number t’.

Example 4.2. Let (X, || - ||) be a normed linear space. Then

t
N(z,t)= { t+ |zl
0, t<0, xreX

t>0 z€X,

is a fuzzy norm on X.

Definition 4.3. Ler (X, N) be a fuzzy normed linear space. Let x,, be a sequence in X. Then x,, is said to be
convergent if there exists x € X such that lim N(x,, —x,t) = 1 forall t > 0. In that case, x is called the limit
n—oo

of the sequence x.,, and we denote it by N — lim x,, = .
n—oo

e

[V =)
MM
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Definition 4.4. A sequence x,, in X is called Cauchy if for each ¢ > 0 and each t > 0 there exists ng such that
foralln > ng and all p > 0, we obtain that N(zp4p — Tpn,t) > 1 — €.

Definition 4.5. Every convergent sequence in a fuzzy normed space is Cauchy. If each Cauchy sequence is
convergent, then the fuzzy norm is said to be complete and the fuzzy normed space is called a fuzzy Banach space.

4.2, Stability Results: Odd Case

Theorem 4.6. Assume Ny,.r1: R1 — Ra be an odd mapping fullfilling the inequality

F (Wnia(T0) = T (Wogna0) = N (-0)

2
Tn+1
- (Mmsa(v) +Nnm+1(—u)),c> > F (M), c) @.1)
where M : R1 — Rs with the conditions
lgn E (M (Tnmtv) 77—nmttc) =1; “4.2)
F' (M(T'),c) > F (O'M(v),c); 4.3)

t
with 0 < (%) < 1. Then there exists a unique n'" order mapping T, : Ry — R which satisfies (1.7) and

F (No(v) =Tn(v),¢) 2 F' (M(v), c¢|T" = 0)). (4.4)

The mapping T, (v) is defined by

. Nn(Tnmt,U)
lim (Fn(v) T Tt C) =1 4.5)
forallv € Ry andall ¢ > 0 witht £+ 1.
Proof. Applying oddness of Nn;n+1 in (4.1) and by (1.9), we observe that
F (No(Tv) =T Np(),e) > F (M (v),c); YV veRy; ¢>0. 4.6)
Applying (F'N.S3) in (4.6), we obtain that
1
F (7'” No(Tv) — Ny (v), 7;) >F' (M@W),e); Y veRy ¢>0. 4.7
Replacing v by 7™v in (4.7) and applying (4.3), (F'N.S3), we find that
1
F ('T" N (T ) — N (T™), 71) > F' (M (T™v),c)
> F' (O™M (v),c)
_ _Cy. :
= F' (M), 55 ) ¥ vERy; e>0. 4.8)
With the help of (F'NS3) it follows from (4.8), that
F <1N (T ) — —— AL (T C) > F' (M (v) i) Yo eRy; ¢>0. (4.9)
Tn-i—mn n Tmn n ’TnTmn - ’Om ! ’ " :
S
Ry
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Changing ¢ by O™ ¢ in (4.9), we achieve that

1 m+1 _ 1 m i g " / : :
F <Tn+mn N (T ) T N (T U),Tn {T”] )ZF (M (v),¢);V veRy; ¢>0. (4.10)

It is easy to see that

1 . m—1 1 ) 1 §
WN”(T v) = Na(v) = ) {W Noy(T7 o) — T No (T v)] . Y oueR,. .11

r=0

for all v € R;. From equations (4.10) and (4.11), we obtain that

F (Tlmn NT70) = N0), - T [TOD

r=0

m—1 m—1 r
2 min F’ (Z |:7‘nl+rn Nn(TT»+1U) - Tin Nn(T’U)] a% . Z 7?71:| )

r=0 r=0
! 1 i 1 ; ¢c oY
2 win U {F ([ 40010 = o o | 7] )}
> min U {F’(M (v),c)} =F' (M(),c);V veERy; ¢>0. 4.12)

Replacing v by 7"v in (4.12) and applying (4.3), (F'N.S3), we find that

1 _— ~ L ; c m—1 Q T
F (7’mn+mt 'A/”(T U) Tnn'/\/;’(T U)’Tn.’]'ﬁn ; |:Tn:| )
C

> F (M (T™),¢) > F' (O°M (v),¢) = F' (M(v),oﬁ);v veERL ¢>0. (4.13)

Changing ¢ by O*c in (4.13), we achieve that

1 . 1 ; c m—1 0 T )
F (WNn(T v)—TWJ\/'n(T v),ﬁ-z) o >F (M(w),c);¥V veRy; ¢>0.
4.14)
for all Kk > m > 0. It follows from (4.14), we see that

C

—1
7 o (7o

Tmn+rn Trn r);VvGRl; c> 0.

F (1 Nn(Tm—i_Kv) _ 1./\[”(7#@@)’6) > jod (M (U),
(4.15)

Since 0 < t < 7™ and Z (%) < 00, the Cauchy criterion for convergence and (F'NS5) implies that
r=0

Tmn

1
{ N, (T™v) ¢ is a Cauchy sequence in (Ra, N') and it is complete, this sequence converges to some point
I',, € Ra. So one can define the mapping I';, : R1 — Ro by

Jim_ F <Fn(v) - % Nn(va),c> —1 4.16)
S
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for all v € Ry and all s > 0. Letting x = 0 and m — oo in (4.15), we achieve that
F (Tn(v) = Np(w),e) > F' (M (0),c- (T"—0));V ve Ry ¢>0. (4.17)

To prove T, satisfies the (1.7), replacing v by 7™v in (4.3), we arrive that

1 1 "
F (s Mt 770 = i T (W (770) = i 770)

7‘77,m Tnm 2
1 Tn+1
_Tnm ' 2 (Nn;nJrl(va) + Nn;nJrl(_va)) ’ C) = F/ (M (va) ’ 7—nmc ) ;V (S Rl; c>0.
(4.18)
Now,
Tn Tn+1
F (170 = T (Eao) = Tale0)) = T (a0 4 1) )
> man { ( (T’U) T}lm . Nn;n+1(7— va), Z) )
T Y " " c
F (2(Fn(v) - Fn(*v)) + Tom T(Nn;n-&-l(’r v) = N1 (=T U))a 4> )
Tt 1 7t " " c
F <—2(Fn(v) +Fn(—v)) + T(Nnmﬂ(?' V) + N1 (=T v)>7 4) ,
F (Tnm 'Nn%”-*-l(TT v) — Tnm ’ T(Nn;n+1(7 v) *Nn;n+1(*7d U))
1 n+1
B T nm ’ TT <’/\/”;71+1(va) + Mlm-&-l(*va)) , C ) } (419)
for all v € Ry and all ¢ > 0. Applying (4.16), (4.18), (F.N.S5) in (4.19), we observe that
n n+1
( n(Tv) — %(Fn(v) —Du(-v)) - T2 (Tuw) + Fn(—v)),c)
>min{l,1,1,F" (M (T™v),T""c)};V v € Ry; ¢ > 0. (4.20)
Approaching m tends to infinity in (4.20) and applying (4.3), we achieve that
Tn Tn—i—l
( W(Tv) — 7(Fn(v) - Fn(—v)) - (Fn(v) + Fn(—v)),c) =1 @21

for all v € Ry and all ¢ > 0. Applying (FFN.S2) in (4.21) we identify that
mn Tn-i—l

Lu(T) = 22 (Talw) = Lu(-0)) +

for all v € R;. Hence I',, satisfies the functional equation (1.7). To prove I';, (v) is unique, let I, (v) be another
additive functional equation satisfying (1.7) and (4.5). So,

(Fn(v) + rn(—v));v veERy ¢>0.

NI, () — T’ (v),s) = F (F"g:”) - F;g:v) , c)
- (w T € p (T B )
e e T
- (M. )
,ﬁ%
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c (Tn 70)7‘77,7?’1,

for all v € Ry and all ¢ > O. Since lim 5 O™

m—r 00

oo, it follows that

lim F' (/\/t (v), M) — 1forallv € Ry andall ¢ > 0. Thus

m—oo 2om
N(Tp(v) =T (v),s) =1

forall v € Ry and all ¢ > 0, hence I';,(v) = I',(v). Therefore I',,(v) is unique. Hence for ¢t = 1 the theorem
holds. "
Replacing v by 7 in (4.6), we notice that

F (Nn(v)—’r”/\/n(%),c)zlf’ (M(%)c) VoeRy; ¢>0. (4.22)
The rest of the proof is similar lines to that of case ¢ = 1 Hence the theorem holds for the case ¢ = —1. This
completes the proof of the theorem. |

The following corollary is the immediate consequence of Theorem 4.6 concerning the stabilities of (1.7).
Corollary 4.7. Assume s and p be positive numbers. Let Ny 1 1 R1 — Ro be an odd function fulfilling the
inequality

n

P (W70 -
TnJrl
2

(Nn;n+1 (v) — Nn;n+1 (_U))

F' (s,c);
(Nnm-‘rl(v) +Nn;n+1(—v)), c) > {F, Gllollm e ) (4.23)

forallv € Ry and all ¢ > 0. Then there exists one and only n'" order mapping T',,(v) : R1 — R satisfying
the functional equation (1.7) and

F'(s,c-|T™=1)),
F (Tn(v) = Nn(v),€) 2 {F (s [0l e [T™ = T#)), p #n;

forallv € Ry and all ¢ > 0.

4.24)

4.3. Stability Results: Even Case

The proof of the following theorem and corollary is similar clues that of Theorem 4.6 and Corollary 4.7 with the
help of (1.10). Hence the details of the proof are omitted.

Theorem 4.8. Assume Nyy.nt1: R1 — Ra be an even mapping fullfilling the inequality

F (Wnia(T0) = T (W) = M (-0)

T+l :
- (MWH(W) +./\fnm+1(—v)>,c> > F (M(v),¢) (4.25)
where M : Ry — Rz with the conditions
lim F! (M (T2mty) (T2t ) = 1; (4.26)
F' (M (T"),c)>F (O'M(v),c); (4.27)

t
with 0 < (%) < 1. Then there exists a unique (n + 1) order mapping T, 11 : R1 — Ro which satisfies

(1.7) and
F (Ny() =Tpir(v),¢) = F' (M (v), ¢|T** = 0|). (4.28)

e

[V =)
MM
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The mapping T, +1(v) is defined by

T2nmt (429)

m—r o0

lim F (I‘nﬂ(v)—j\ww,c) =1

forallv € Ryandall c > 0 witht £ 1.
Corollary 4.9. Assume s and u be positive numbers. Let Ny i1 : R1 — Ra be an even function fulfilling the
inequality

n

F (Wana(70) - T
Tn+1
2

(Mo () = N ()

F' (s,c);
(Nn;nJrl(U) +Nn;n+1(_v)), C) > {F, (8”’[]””,6); (430)

forallv € Ry and all ¢ > 0. Then there exists one and only (n + 1)** order mapping T 11 (v) : Ry — Ra
satisfying the functional equation (1.7) and

R O R R G st Ay AR @31
forallv e Ry andall c > 0.
4.4. Stability Results: Odd-Even Case
Theorem 4.10. Assume Ny.11 : R1 — Ra be a function satisfies the inequality
F (Wania(T0) = T (Woina0) = N (-0)
D (N 0+ N ()¢ ) 2 F (M 0).0) 432)

t t
where M : Ry — [0, 00) satisfying the conditions (4.2), (4.3), (4.26) and (4.27) with 0 < (%) < (%) <
1. Then there exists one and only nth order mapping ', : R1 — Ro and one and only (n + l)th order mapping
Int1: R1 — Re which satisfies (1.7) and

F (Ny(v) = Tn(v) = Tpsr (v), 2¢) > min {F ((M (v) + M (—v)), 2 (|T" — 0|+ [T — 0|))}
(4.33)

forallv € Ry and all ¢ > 0 witht + 1. The mappings Ty, (v) and T, 11 (v) are respectively defined in (4.5) and
(4.29).

Proof. The proof is similar lines to that of Theorem 2.5. |

Corollary 4.11. Assume s and u be positive numbers. Let Nyy.y1 : R1 — Ra be a function fulfilling the
inequality

F (Monia (T0) = T (Nois(0) = Noa (-0))
T+l F' (s,c);
- ) (Nn?nJrl(v) +Nn;"+1(_v)>7 C) > {F/ (SH’UHP’,C); (434)
S
M
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forallv € Ry and all ¢ > 0. Then there exists one and only n'" order mapping T, : R1 — R and one and
only (n + 1)*" order mapping T, 11 : R1 — Ry which satisfies (1.7) and

Ffs¢|Tn_u+wﬂn_1Dy

F Fn (% 7./\/."1),20 Z
Trrav) (v),2¢) F' &CWW—TH+Wﬂ"—TH»7M#nJm

(4.35)

forallv € Ry andall ¢ > 0.

5. Stability In Random Banach Space of (1.7)

In this section, we investigate the generalized Ulam - Hyers stability of the functional equations (1.7) in Fuzzy
Banach space. To prove stability results, let us take Ry and (R2, 7, ¢) are linear space and Random Banach space.

5.1. Definitions on Random Banach Spaces

In the sequel, we adopt the usual terminology, notations and conventions of the theory of random normed spaces
as in [46, 47].
From now on, D7 is the space of distribution functions, that is, the space of all mappings

F:RU{—00,00} = [0,1],

such that F' is left continuous and nondecreasing on R, F'(0) = 0 and F(+o00) = 1. DV is a subset of DT
consisting of all functions F' € D™ for which I~ F/(+oc) = 1, where [~ f(z) denotes the left limit of the function
f at the point x, that is,

I” f(z) = lim f(¢).

t—x—

The space D7 is partially ordered by the usual pointwise ordering of functions, that is, F' < G if and only if
F(t) < G(t) for all t € R. The maximal element for D in this order is the distribution function €y given by

_J0,ift <0,
60(t)_{l,ift>o. (5.1)

Definition 5.1. A mapping T : [0,1] x [0,1] — [0,1] is called a continuous triangular norm (briefly, a
continuous t—norm) if T' satisfies the following conditions:

(a) T is commutative and associative;

(b) T is continuous;

(¢c) T(a,1) =aforalla € 0,1];

(d) T(a,b) < T(c,d) whenever a < cand b < d forall a,b,c,d € [0,1].

Typical examples of continuous ¢—norms are Tp(a, b) = ab, Th(a,b) = min(a,b) and T, (a, b) = maz(a+
b — 1,0) (the Lukasiewicz t—norm). Recall (see [15, 16]) that if T' is a t—norm and x,, is a given sequence of

numbers in [0, 1], then T}" x4, is defined recurrently by

Tilzlmi =2 and T2z, =T (77;_1133“33”) for n> 2.

T, z; is defined as T2, x,,1;. It is known [16] that, for the Lukasiewicz {—norm, the following implication
holds:

T}LHéO(TL)izlan =1l<= 571(1 —Ip) < 00 (5.2)
S
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Definition 5.2. A random normed space (briefly, RN-space) is a triple (X, n,T), where X is a vector space, T
is a continuous t—norm and 1 is a mapping from X into D™ satisfying the following conditions:

(RBSI1) ny(t) = eo(t) forallt > 0 if and only if x = 0;
(RBS2) Nq 2(t) = no(t/]c|) forall x € X, and o € R with o # 0;
(RBS3) Ngiy(t+8) > T (ns(t),ny(s)) forall z,y € X andt,s > 0.

Example 5.3. Every normed spaces (X, || - ||) defines a random normed space (X, n, Trr), where

ot
¢+ [f]]

e (t)
and Ty is the minimum t—norm. This space is called the induced random normed space.

Definition 5.4. Let (X, 7, T) be a RN-space.

(1) A sequence {x,} in X is said to be convergent to a point x: € X if, for any € > 0 and A > 0, there exists a
positive integer N such that 0, _,(¢) > 1 — X foralln > N.

(2) A sequence {x,} in X is called a Cauchy sequence if, for any € > 0 and A > 0, there exists a positive
integer N such that 1, ., (€) >1— Xforallm > m > N.

(3) A RN-space (X,n,T) is said to be complete if every Cauchy sequence in X is convergent to a point in X.

Theorem 5.5. If (X,n,T) is a RN-space and {x,} is a sequence in X such that x, — =z, then
lim 7, (t) = n.(t) almost everywhere.
n—r oo

To prove stability results, let us take

T (Naona @) = Nwa () = Lo (N (0) 4 N (-0)

N1 (0) =N i1 (T) —

5.2. Stability Results: Odd Case
Theorem 5.6. Assume Ny 11 : R1 — Ro be an odd function fulfilling the inequality

v, Lw(e) Zn(e); YV veRy; ¢>0. (5.3)

for which there exist a function )’ : Ry — D with the condition

T2 o0 (st (TW”H)%) =1= lim_ Nymey (T )3V v € Ry; ¢> 0. (5.4)

lim
m—00
Then there exists one and only n*" order mapping T',(v) : Ry — R satisfying the functional equation (1.7)

and

M0 ()N (0) (€)= T2l (T ) Vv € Ry > 0. (5.5)

with t = +1. The mapping T',,(v) is defined by

nr‘n(v)( C) = lim NN (T™E ) ( C ); Vove R]_; c> 0. (5.6)

m—o0 Tnmt

e
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Proof. Applying oddness of /\/'n;n+1 in (5.3) and by (1.9), we observe that

77./\/7,,(7_1))—7_”/\/71(1))( C) > T]:)( C ); Vove Rl; c>0. (57)
Applying (RBS2) in (5.7), we obtain that

MNa (T _ 7, () (T") >ni(c); VwveRy ¢>0. (5.8)
Changing ¢ by 7" cin (5.8), we notice that

MNaTo o (€ Z0,(T"e); Vv ERy; ¢>0. (5.9)

T’VL n
Replacing v by 7™wv in (5.9), we see that
/ . .
NN T\ () (©) > nrmy(T"c); Y veER ¢>0. (5.10)

Applying (RBS2) in (5.10), we achieve that

c
nNV,L(Tm*’lv)_.'\/'n(va) (m) 2 n%’mv(Tn C )7 Voe Rl, c>0. (511)
Trmtn T
Changing ¢ by 7™ cin (5.11), we obtain that
TIM,L(Tm:lw_NnTwmw (c)> U/va(Tnern c); YveERy ¢>0. (5.12)
T?L’!YL n nm
It is easy to see that
1 [ 1
—— NL(T™0) — N, (v) = ——— N, (T ) — N (TT) |3 ¥V veR:. 5.13
o MT"0) = 360) = 3= e AT 1) o o770 BNEREY
From equations (5.12) and (5.13) and (RB.S3), we observe that
NNa(Tr) _ pr, U)( c)= (e)

TZ [Tﬂ+Tn Nn (TT+1’U) TT” N (TT )]

m— rn+n
> 1.5 77[ N(Tr+10) = b N (T70)] (T c)

> T (T e); Y v €Ry; > 0. (5.14)

Tn+rn

In order to prove the convergence of the sequence {W} , replacing v by 7"v in (5.14) and applying
(RBS2), (5.4), we arrive

WNn,(Tva)anqu ( ) > TmO 77TT+NU(Tnm+nT+n C)

Tnmtnk

—1 as m—o0; YVveRy; ¢>0.

1 . - . .
Thus T No(T™v) ¢ is a Cauchy sequence Ro and it is complete, this sequence converges to some point

I';, € R2. So one can define the mapping I, : R1 — Ro by
nr,w(c) = n%gnoo 2y () (¢); YveRy ¢>0.

Letting m — oo in (5.14), we identify that (5.5) holds for ¢ = 1, for all v € R; and all ¢ > 0. To prove that I',,
satisfies (1.7), replacing v by 7w in (5.3), we find that

777_%m NTn+1(Tm”)( C) > 77’/7’771U (Tnm C); VoveRy; ¢>0.

nin

e
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forall v € Ry and all ¢ > 0. Letting n — oo in the overhead inequality and applying the definition of T',,(v), we
identify that T, satisfies (1.7) for all v € R4. To prove I';,(v) is unique, let I'/, (v) be another mapping satisfying
(1.7) and (5.6). So,

L (0) -1, (0) (2 0) = 0 (T70) =N (T )+ N (T )T, (Tm0) (T - 2€)

T (00, (7m0) N (70) (T € )y NN, (7o), (7m0 (T )
( 777’““ Trn+nm+n) )fIvooOnT7 (7—7n+nm+n ))
1

— as m—oo; VoveRy; ¢>0.

Hence, I';, is unique. Hence for ¢ = 1 the theorem holds.

Replacing v by 73, in (5.7), we notice that

nNn,(v)—T”Nn(%)(C) >ni(c); VwveRy ¢>0. (5.15)
The rest of the proof is similar lines to that of case ¢ = 1 Hence the theorem holds for the case ¢ = —1. This
completes the proof of the theorem. |

The following corollary is the immediate consequence of Theorem 5.6 concerning the stability of (1.7).

Corollary 5.7. Assume s and p be positive numbers. Let Ny i1 1 R1 — Ra be an odd function fulfilling the
inequality

s e);
c 5.16
nNnTerl(”)( )= {nﬁllv“( ): 1 n, ( )
forallv € Ry and all ¢ > 0. Then there exists one and only n*" order mapping T',,(v) : R1 — R satisfying
the functional equation (1.7) and

M (IT" = 1] ¢)

Mo (1T = T%] ) o4

nrn(v)_Nn(v)( C) Z {

forallv e Ry andall c > 0.

5.3. Stability Results: Even Case

The proof of the following theorem and corollary is similar clues that of Theorem 5.6 and Corollary 5.7 with the
help of (1.10). Hence the details of the proof are omitted.

Theorem 5.8. Assume Ny.nt1: R1 — Ra be an even function fulfilling the inequality
77NT7+1(U)(C)277;(C); VveRy; ¢>0. (5.18)

mn;

for which there exist a function )’ : Ry — D with the condition
hm T2 o0 mryty (Tz(m+r+1)tc> =1 :nlgnoo Nty (7')2"”0) VoeRy; ¢e>0. (5.19)

Then there exists one and only (n + 1) order mapping T, 1 (v) : Ry — Ry satisfying the functional equation
(1.7) and

M1 () =N () (€)= T2 (TP ) WV v e Ry > 0. (5.20)

with t = +1. The mapping T,,+1(v) is defined by

Maga (€)= M Ny min(c); ¥V veRy >0 (5.21)
m oo T nmt
A
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Corollary 5.9. Assume s and p be positive numbers. Let Ny 11 : R1 — Ra be an even function fulfilling the
inequality

UAGDE
> ; 522
anInJrl(U)(C) - {ngHUHu(C)a M#Q’I’L, ( )

forallv € Ry and all ¢ > 0. Then there exists one and only (n + 1)** order mapping T, 11(v) : Ry — Ra
satisfying the functional equation (1.7) and

/ 2n
77\s|(|T —1fc)
V)N () €)= n 523

M2 () =Aa ) ( €) {n;HUN(TQ —TH"|e) (:23)
forallv e Ry andall c > 0.
5.4. Stability Results: Odd - Even Case
Theorem 5.10. Assume N, 11 : R1 — Ro be a function fulfilling the inequality

nNIn+1(v)(C) >ni(c); VwveRy ¢>0. (5.24)

for which there exist a function ' : R1 — DV with the conditions (5.4) and (5.19) . Then there exists one and
only nt" order mapping T',(v) : R1 — Ry and one and only (n + 1)*" order mapping T, 1(v) : R1 — Ro
satisfying the functional equation (1.7) and

UN,L(U)J,L(U)J,LH(@)( c)
> T (T2 (T ), T e, (T ),

T

T2 ey (T € ) T nfrane _ (T ¢ ));v veRy; ¢>0. (5.25)

with t = +£1. The mappings T';,(v) and ', 11 (v) are respectively defined in (5.6) and (5.21) .

Corollary 5.11. Assume s and p be positive numbers. Let Ny.ni1 : R1 — Ro be a function fulfilling the
inequality

ns(e);
/

N, w(€) 2 {Wsnw( ¢): 4o, (5.26)

forallv € Ry and all ¢ > 0. Then there exists one and only n" order mapping I',,(v) : R1 — R one and only
(n + 1) order mapping T, 1 (v) : R1 — R satisfying the functional equation (1.7) and

nly (U7 =1+ 172 = 1) - ¢)

(5.27)
Moo (T = TH + T2 = T#)) - )

TN (0) =T ()T (0) ( €) 2
forallv e Ry andall c > 0.
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