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Some properties of O-linear functional in linear n-normed space
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Abstract. Some results in linear n-normed space have been discussed. Several nice properties of bounded b-linear functional
in linear n-normed space are presented. We see that the collection of all bounded b-linear functionals after introducing suitable
operations, is a normed space.
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1. Introduction and Background

If one is interested in the study of a certain class of mathematical objects, it is natural and fruitful to investigate
the set of operators from one such class to another which preserve some or all of the structures defined on the
objects. The linear operators from one normed space to another normed space over the same scalar field preserve
the algebraic structure. The fact that a normed space gives rise to a metric, induced by the norm, provides naturally
to the extremely important classification of linear operators into continuous and discontinuous ones. In normes
spaces, this distinction is facilitated by a very simple criterion for continuity; namely, any linear operator between
normed space is continuous if and only if it is bounded. The collection of all these bounded linear operators is a
normed space.

The idea of linear 2-normed space was first introduced by S. Gahler [5] and thereafter the geometric structure
of linear 2-normed spaces was developed by A. White, Y. J. Cho, R. W. Freese [1, 9]. The concept of 2-Banach
space is briefly discussed in [9]. In recent times, some important results in classical normed spaces have been
proved into 2-norm setting by many researchers. P. Ghosh et al. [4] studied some fundamental theorem in classical
normed space into 2-normed space. H. Gunawan and Mashadi [6] developed the generalization of a linear 2-
normed space for n > 2. Some results of classical normed space with respect to b-linear functional in linear n-
normed space were established by P. Ghosh and T. K. Samanta [2]. They also studied the reflexivity of linear
n-normed space with respect to b-linear functional [3].

In this paper, some results in linear n-normed space are being described. We shall verify that the collection
of all bounded bd-linear functionals after introducing suitable operations, is a normed space. Some properties of
bounded b-linear functional are going to be established.
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Some properties of b-linear functional

Definition 1.1. [7] Let X be a linear space and M be subspace of X.Then M is said to be a convex set if
x,y € M, te + (1 —t)y € M for0 <t <1

Definition 1.2. [7] A set M in a linear space X is called a hyperplane if X can be expressed as a direct sum
of M and one-dimensional subspace of X, i.e., X = M + (x), for some x € X.

Definition 1.3. [6] Let X be a linear space over the field K, where K is the real or complex numbers field with

dim X > n, where n is a positive integer. A real valued function ||+, -+, -|| : X™ — R is called an n-norm
on X if

(@) |z1,z2, -, xnl| =0 ifandonlyif x4, ---, x, are linearly dependent,

(@) ||x1, x2, -+, Ty | is invariant under permutations of T 1, 2, -+ , Ty,

(i7) |axy, o, -, xzn| = |a| ||z, 22, -, 20| VaeK

() [z +y, z2, s wnll < o, 2o znll + [y, 22, 24

hold forall x, y, 1, xa, -, x, € X.Thepair (X, |-, -+, -||) is then called a linear n-normed space.

Throughout this paper, X will denote linear n-normed space over the field K of complex or real numbers,
associated with the n-norm || -, ---, -||.

Definition 1.4. [6] A sequence {x } C X is said to convergeto © € X if

lim ||zp — 2z, €9, ,e,]| =0
k—o0
forevery e, --- , e, € X anditis called a Cauchy sequence if
lim ||x; — zp, e, -, en|| =0
l,k—o0
forevery eq, --- , e, € X. The space X is said to be complete or n-Banach space if every Cauchy sequence

in this space is convergent in X.

Definition 1.5. [8] For a € X, define the following open and closed ball in X :

Biey,jepy(a,d)={rv e X :[lz —a,ez, - ,en| <5} and
Biey,ienyla,d]l ={z e X |z —a,ez, -, en] <5},

forevery eq, -+, e, € X and & be a positive number.

Definition 1.6. /8] A subset G of X is said to be openin X if for all a € G, there exist es, -+ , e, € X

and 0 > 0 suchthat By., .. .. y(a,d) C G.
Definition 1.7. [8] Let A C X. Then the closure of A is defined as

Az{xeXﬂ{mk}eAwithklim xk:x}.
— 00

The set A is said to be closed if A = A.

Definition 1.8. [2] Let W be a subspace of X and by, bs, --- , b, be fixed elementsin X and (b;) denote
the subspaces of X generated by b;, for i = 2,3, -+ ,n. Thenamap T : W x (by) x -+ x (b,) = K
is called a b-linear functional on W x (ba) x -+« x (b, ), ifforevery x,y € W and k € K, the following
conditions hold:

e
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(Z) T(.’I} + Y, b27 7bTL) = T(.’I}, b2) ) bn) + T<ya b2a R bn)
() T(kx,bay -+, bn)=kET(x,bay - ,bp).
A b-linear functional is said to be bounded if 3 a real number M > 0 such that
|T (x, b, ,bn)| <M |2z, bay-, by Ve e W

The norm of the bounded b-linear functional T is defined by

IT| = inf {M > 0: |T(z, by, bp)| <M|a by byl Vo eW}.

2. Main Results

Theorem 2.1. Let X be a linear n-normed space. Then

@, e, s enll = [y ez, senll] <z =y, ez, enl
hold for all x, vy, es, €3, -+, e, € X.
Proof. Take z, y, eo, ---, e, € X. Then
[z, €2, enll=lz—-y+y e, enl
< ||1? —y,62,"',€n|| =+ ||ya€2,"'76nH
= Hx7€27"'7enH - ”yae27"’>enH < foyana"'venu'

Also interchanging = and y we get

N

_(”x?e%"'ven” - ||y,62,"',€n||) = ||x—ya€2,"'7€n\|-

Combining the above two inequality the result follows .

Theorem 2.2. Let M be a subspace of a linear n-normed space X. Then the closure M of M is also subspace.

Proof. Let x, y € M. Then correspondingto € > 0, 3 u, v € M such that

lz —u,eq, - ,en]| <eand ||y —v,eq, - ,e,| <ce
forevery eo, €3, ---, €, € X.Now, for non zero scalars «, f3,

H(am+By)_(au+ﬁv)?627”'aen”

= ‘|O{(l’*u)+ﬂ(y71))7627~-,Gn”

S |Oé| ||.’E—U,€2,~~',€n|| + ‘5| Hy_'U,GQ,"'yenH

<e(|la|+|B]) = €', say

This shows that acu + Bv € Bye,, .. e,y (az + By, €' ). As au + Bv € M and ¢’ > 0 is arbitrary,

it follows that ax + Sy € M. Hence the proof.

Theorem 2.3. The sets By.,. .. ,}la,d] and By., .. .. y(a,0) ina linear n-normed space X are

convex.
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Some properties of b-linear functional

Proof. Let z, y € By, .. c,}[a, 0] . Then
Hl‘— a5825"'aen|| S 0 and ||y —a,€27~'-7€n|| S d.

Take 2 =tz + (1 — t)y € M for 0 < ¢t < 1.Then we have

lz —a,ea, - ,en] =ltx+ (1 —t)y —a,ea, -, en]
=|te+ (1 —t)y —ta— (1 —t)a,eq, -, e,

S te —ta, ez, enl| +[[(1—t)y = (1 —t)a, ez, -, enl

=tz —a,eq - ,en||+ (1 —t)||y —a,ea, - e,]|<td+ (1 —t)F =0.

So, z € Bye,, ...e,}la,d]. Thisshows that B¢., .. .. }[a,d] isaconvex set. Similarly, it can be shown
that By, ... ¢} (a,d) isalsoaconvex set. This completes the proof. |

Theorem 2.4. Let X be a linear n-normed space and M be a convex subset of X. Then the closure of M, M
is convex.

Proof. Let x, y € M. Then correspondingto ¢ > 0, 3 u, v € M such that

lz —u,eq, - ,en]| <eand ||y —v,ea, ,e,| <ce€
for every eo, €3, ---, e, € X.Let 0 <t < 1, then
[{te + (1 —t)y} — {tu+ (1 =t)v},ea, -, en|
<tz —u,eq, - en||+(1—=t)||ly —v,eq, - en|| <te + (1 —t)e =c

Since M is convex, tu + (1 — t)v € M and because € > 0 is arbitrary, tz + (1 — ¢t)y € M.Hence,
M is convex. |

Theorem 2.5. Let X be a linear n-normed space and x be a fixed element in X and a # 0 be a fixed
scalar. Then the mappings * — xog + x and x — «x are sequentially continuous.

Proof. Let {z } be asequencein X suchthat z, — = as k — oo. Then

lim ||z —z,e2, - ,en|| =0V eq, -+, e, € X. 2.1
k—o0

Firstly, we consider the mapping, f (z) = x¢ + . Then,

[f(zr) = f(z) ez, enll = [[(zo+ak) — (2o +2), €2, €n
= ka: _xaeQa"'venH

Taking limit both sides as £ — oo, we get
lim || f(zx) — f(z),e2, - ,en] = lim ||z —x,e9, -, en]
k—o0 k—o0

= 0 [using (2.1)].
This shows that f(zy) — f(z) as k — oo.

Now, take g(x) = «x. Then, for each eq, ---, e,, € X, we have
Hg(wk) —g(fli)762,"',€n” = ||Ckxk _Oéx7627"'7enH
= ||O[({17k _x)7 €2, ", €n||
= lalllzry —x,ea, -, enl

Soby 2.1), g(xx) — g(x) as k — oo. Therefore, the mappings © — xo + = and * — «x are
sequentially continuous.

i
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3. Main results

In this section, some properties of bounded b-linear functional defined on X x (bs) X --- x (b, ) are
discussed.

Theorem 3.1. Let T be a bounded b-linear functional defined on X x (ba) x --- x (b, ). Then
(i) |T(z,ba, -, b)) <|IT|lx, b2, - ,bn] YV € X.

(i) | T = sup {|T(x, b2, bn)| : |2, ba, -+, bnl <1}

(idi) [| T = sup {[T(z, ba, -+, bn)| : 2, bay - bnl =1}

. |T(.’I}7b27,bn)|
o) 171 = sup { L2 Bl 20

Proof. (i) For arbitrary ¢ > 0, it follows by the definition of norm of T that
[T (x,ba, -, 0)| < (T +€)llz,ba,-,bn] Ve X. 3.1)
If possible, suppose that there exists 1 € X such that
[T (x1, ba, o ) [ > (T 21, b2y o5 b
Then for some ¢ > 0,
|T (21, b, - 00 ) [ > T |1, b2, -, bull + € ll@1, b2, o, ba |

=T+ e)lfzy,ba, -y bal

which contradicts (3.1). Hence
[T (x,ba, -, b)) < | Tz, b2, --,bn] Vz e X.
(i) If ||z, ba, -, by < 1,then
[T (2, boy o b)) [ < T2, boy oo baf| < [T

= sup {|T(z,bo, -, bn)| o [[2, b2, b <1} < [T (3.2)

On the other hand, by definition, for every ¢ > 0 there exists ' # 6 such that

[T (2", boy -, b0 )| > (TN =€) |27, by -+, bal.

!/

T
Take =1 = , then we get
! Hx/ab27"';bn|| g
[T (rs b2y b)) ST by b))
X .o n — x, AR "
1,02, ) ||$/,b2,"',bn|| 2
1 i
S rrrerer BUCH B0l EEECELEY el ol
Since ||x1, ba, -+, by = 1, we get

Sup{|T(.’E,b2,"',bn)| : Hm7b27"'7bn” S 1} 2 |T(.’1717b2,"'7bn)|

e
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Some properties of b-linear functional

> ||T|| — € > ||T] [since € > 0 is arbitrary |.

Combining this with (3.2), the proof of (1) is complete.

(#i1) The proof is follows from (1), replacing ||z, bo, -+, b, || < 1 by ||z, ba, -+, b, = 1.
T by, -, by )
(iv) Let @ = sup { | (m,b 2 ,b ”)| s @, be, e by | # 0}.Now,forarb1trary e > 0, there
Z,02, " ,0n
exists an elements 1 # 6 with xq, bo, -+, b,, are linearly independent such that
‘T(‘rlab27 7bn)| > (CY - 6) H:L’l;va aan

It follows from the definition of norm that || T"|| > o — € and since € > 0 is arbitrary, we obtain || T'|| > «.If
possible, suppose that || T'|| > «.

Lete = |T(x1,ba,+,byn)| —a,then a < | T — %.So,forarbitrary x,
‘T(w7b2>"'7bn)| €
<a< |T] -2
||x7b2a"'7bn|| - || || 2
= |T (2, by, -, bn)| < (||T|| - %) |z, bs, -, bnl Yo € X.

This contradicts the fact that || T || is the lower bound of all those M for which
|T(z,ba, -, bp)| <M |x,ba, - ,bn| V2 € X.
So | T'|| cannot be greater that «, i.e., || T || = «. This proves the theorem. [ |

Theorem 3.2. The set X5 of all bounded b-linear functional defined on X x (ba) X --+ X (by ) isalinear
space.

Proof. Let S, T € Xj. Then there exists L, M > 0 such that

|S(z,ba, -+, bn)| < L|x,ba,---,by], and
|T(x,ba, -, bn)| < M| x,ba, - ,bn| VX
S (S 4+ T) (@, bay oo ba) [ < 1S (@, ba, ooy ba) |+ [T (2, s,y b))l
<(L+M)|z,ba, - ,by|| Vo € X, and
= | (AT)(z,ba, -, bn)| <|AM||z,b2,---,b,]| Vo € X and A € K.
This shows that S + T' € Xz and AT € Xj. Hence, X is alinear space. |

Theorem 3.3. Let X} be the linear space of all bounded b-linear functional defined on X x (ba) X --- %
(bp). Define || - || : Xp — R by

[T =sup {[T(x,ba, -, bn)| : 2 € X, (@, by, -, bnl <1},
Then (Xj, || - ||) is a Banach space.
Proof. Since every T' € X is bounded b-linear functional, the norm || - || on X is well defined.

@) | T >0VYT e Xg

e
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(”) HTH =0= |T(x,b2""7bn)‘ = O,V.’L‘ € X, ||.Z‘,bg,"',an <1
:>T(‘T7b2a"'7b7l) = Oa Vx € Xa ||x7b2a"'7bn|| < 1.
Let z € X with ||z, b, -, by| = a > 1 and suppose y = %,whereﬂ > a.Then

Hl‘,bg,"',bn” _a

,b,"',b" - =—-<1
1y, b2 | 3 3

andso T (y, ba, ---, b, ) = 0.But

z 1
0= T(yab27"'abn) = T<ﬂ7b2a"'abn> = BT(xab27"'7bn)'

Therefore T (x, ba, -+, b, ) = 0.So, T (z, ba, --- ,b,) = 0, Vo € X and therefore T = 0.
Conversely, if T = 0, thenclearly || T]| = [|0] = 0.

(791) Forany A € K, we have
AT =sup {|(AT)(x,ba, -+, bn)| : 2 € X,|x,ba, -, by <1}
= sup {|A[ [T (2, b2, -+, bn)| : @ € X, [[@, boy -, b || < 1} = [A[[|T].

(iv) For T, S € Xj5, we have

1T+ S| =sup {|(T+ S)(z,bay,---,bp)| : z € X,||x,ba, -+, bp| <1}
<sup {|T(z,ba, - ,by)| 2z € X,|z,ba, - ,bpl <1} +
sup {[S (2, b2, -+, bn)| : € X [lw, by, b <1}
=TI+ IS
Therefore || - || defines a norm on X j:.
To prove the completeness of X5 under the norm || - ||, let {7'x } be a Cauchy sequence in X ;. Now, for

every x € X, we have

|Tl(x7b27"'7bn) _Tk($7b2,"',bn)| = |(Tl _Tk) ($7b2,"',bn>|

STy = Tl 12, boy - ball
This calculation shows that { T (z, ba, -+, by, ) } is a Cauchy sequence in K for each z € X.Since K is
complete, { T (x,ba, -+, b, )} convergesin K.Let Ty (z,bo, -+ ,b,) = T(x,ba, ---,b,). We
shall now show that T € X.
(¢) T is b-linear: For z,y € X and A € K, we have
T(x—’_yvbQ? 7bn) = khm Tk (1’+y,b2,"',bn)
— 00
= lim Ty (x,ba, -+, by) + lim Tg (y, ba, -, by, ) [since T is b-linear ]
k— oo k— oo
:T(x7b2a"'7b7l)+T(y7b2a"'7bn)a
and T (A@, by, -+, ba) = lim Ty (Aa, by, oo, by)
— 0
= X\ lm Ty (2,09, -, bn) = AT (2, ba, -+, by).

k — oo

This verifies that 7" is a b-linear functional defined on X X (bg) X -+ X (b, ).
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Some properties of b-linear functional
(#4) Since for each k, T is bounded b-linear functional, it follows that
[T (2, boy o bn) [ < | Th |l 2, b2, -, bal] V2 e X

Also, the sequence {7} being Cauchy sequence in X, it is bounded and hence there is a constant
K > 0 suchthat | Ty || < K Vk € N. Consequently,

|Tp(x,ba, -, by)| <K ||x,ba, -+, by V€ X and k € N.

Thus, foreach € X and & € N,wehave |T (x,ba, -+, b,)]|
S|T(I7b2,"'7bn)7Tk(l'7bg,"'7b")‘+|Tk(l’7bg,"'7bn)‘
§|T(x,b2,~~~,bn)ka(x,b2,~~~,bn)|+K||x,b2,~~~,bn||.

Since k is arbitrary, letting k& — oo and using T (x,ba, -+, by,) — T(x,ba, -, by,), we

obtain

|T(x, b2, ,bp)| < K|z, by, -, bl Vo €X

Hence, T' is bounded. Therefore (i) and (ii) verify that T € X

Finally, we show that T, — T in (X7, || - ||). Since {7 } is a Cauchy sequence in X 7, for each ¢ > 0,
there exists an integer N > 0 such that

|T: — Tk|| < €V k, 1 < N. Therefore

| Ty (x, b2, -+, by) — Tr(xz, ba, -, bp)| <e€llx,ba, - ,by| Ve X
Taking [ — oo, forall & > N, we get

|T (z,bg, -+, bp) — Tr(x, b, -, bn)| < ez, ba, -+, by YVaeX.
This gives, || Tx — T||
=sup {|Tk(x,bay -+, bn) —T(xz,ba, -, bp)| :x € X, |z, bo,---,b,] <1}
<eVk > N.
Hence, Ty, — T,as k — oo,in (X, || - ||). This completes the proof. [ |

Theorem 3.4. Let X be a linear n-normed space and T be a b-linear functional defined on X X (bg) x -+ %
(b ). Then T is bounded if and only if T maps bounded sets in X into bounded sets in K.

Proof. Suppose T' is bounded and S is any bounded subset of X. Then, there exists M1 > 0 such that
|T(x,ba, -+, b)) < My|ax,ba,--, by Ve eX
and in particular, Vx € S. The set S being bounded, for some real number M > 0, we have
|T (x,ba, -, bp)| <M VaxeS= theset {T(x,ba,---,by):2€S5}
is bounded in K and hence 7" maps bounded sets in X into bounded sets in K.
Conversely, for the closed unit ball

Biey,ien30,1] ={z € X :|z,ea, - ,en|| <1},

e
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the set {T(at, by, -, bn) i€ Biey e,y 0, 1]} is bounded set in K. Therefore, there exists K >
0 such that
|T(x, by, ,bp)| <K Vo€ Bie, .. c,y[0,1]
If © = 0,then T'(x, by, -+, b, ) = 0 and the assertion
|T (2, bg, -+ ,bn)| < K| 2 by, -+, by isobviouly true. If z # 0, then
z € Bfe,,...,e, 110, 1], and for particular e5 = by, <=, e, = by
||$,62,~",6nH
T
T 7b a"'vbn SK
’ (nx,bz,m,bnn ’ )‘
= |T(x,ba, - ,b,)| < K|x,ba, -, b,] Vo e X.
Hence, T is a bounded b-linear functional. [ |

Theorem 3.5. Let X be a linear n-normed space and T be a b-linear functional defined on X X (bg) x -+ %
(bp ). Then T is bounded if the set Ker (T') = {x € X : T (x,ba, -+, b,) = 0} isclosed.

Proof. Let T : X x (ba) x--- x (b,) — K be a b-linear functional. Suppose T" is not the zero b-linear
functional. Clearly, X — Ker(7T') # ¢. Then, there exists y € X — Ker(7T) such that
)

T (y,ba, -+ ,bn) # 0.Letting z = , note that T (z,bs,---,b,) = 1 and
T(yab2>"'abn)
z € X — Ker(T). Since X — Ker(T) is open, there exist e5, ---, e, € X and r > 0 such that

Biey,ieny(z,7) C X — Ker(T).
Now, we shall first prove that
|T(xz,by, -, b,)] <1 Vo € Biey, .. e,}(0,7).

If possible suppose there exists some 21 € B{,, .. .,1} (0, r) such that

(T (x1,ba, -, bn)| > 1,
—x
Then, for t = AT ),wehaveT(t,bg,...Jn): —1 and
— T
[t ea, - enll = ! L€9, -, €n
T(x1,b2, -, bn)
1
= |T(:L’1 by - b )| ||$17€27..~)en|| < ||m1’62""7enH~

Thus, t € B{¢,,..,e,} (0, r) and thisimplies z + ¢ € By, .. c,} (2, 7). Also,
T(Z + tab27 abn) = T(vaQa "'7b7l) + T(t7b27 "'7bn) =0

= z+teKer(T)

Therefore,
Ker(T) N B{ez,-~,en}(z> ’I“) 7& ¢
This contradicts the fact that By, .. ..y(z,7r) C X — Ker(T). Thus

T (2, ba, -, bn)| <1Vx € Brey. ey (0,7). (3.3)

e
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Now, take any = # 0. Then

rx r I I r<
€o, " ,€enll = Ty €2, ", €n||=75 < T
2z, en, e T 2z, eq, o en] 0 mT 2
rT
= € Bre, o e 0,r).
2|z, e2, -, enl feaiment (0,7)
Then by (3.3), for particular e5 = bgy, -+, €, = b,
rX
T , bo, oo by <1
‘ (2||x,b27""bn” g )‘
= - 1T (z,b bo)| < 1
X y "y Un
2||xab27"'abn” e
2
:>|T(x7b237bn)|<;”x»b2v7bn||
Also, if x = 0, we have
| T (2, ba, -, bp)| =0=|a,ba, -, byl
2
?‘T(l’,bg,,bn)|§;“x,b2,,an
Thus, we have shown that
2
|T((E,b2,--~,bn)|§*||£t,b2,-'~,an Vo € X.
r
Hence, T is a bounded b-linear functional defined on X X (bg) x -+ x {(by,). [ |

Theorem 3.6. Let T be a non-zero b-linear functional defined on X x (ba) X -+ x (by ), where X be a

linear n-normed space and let (o € X — Ker(T). Thenany © € X can be expressed uniquely in the form
x =1y + axg where y € Ker(T) and « is some scalar.

Proof. Since o € X — Ker(T),so T'(zq, b2, ---, by, ) # 0. Take
T(‘rabZa"'abn) T(xa627"'abn)
= d defi =z — .
“ T(£05b27"'abn) an ey ‘ T(£05b27"';bn)x0
Then z = y + axo and T (y, ba, -+, by)
T(x7b2u"'7bn)
=T (x, by, ,by) — T ybo, - b,) = 0.
(2, b2 ) T(xg, b, -, bn) (z0, b )

Thus y € Ker (7). For the uniqueness, we assume that x = y + ax and © = y; + a1 xo.If @« = «y,
Yy — Y1
o — (X1

1
T(Jj07b27 "'7bn) = {T(y7b27 7b71) - T(ylvan "'7b7l)} = 0.

o — (vq

then y = y1.If @ # a1, then g = and

Therefore z(y € Ker(7'), which contradicts the assumption that xo € X — Ker (7). This completes the
proof. |

Theorem 3.7. Let X be a linear n-normed space and 0 # T € X and

My ={2z€ X :T(x,by,---,b,) =1}.
1
Then My is a hyperplane and inf | z,ba, -, b,| = .
x € Mt ” H

e

<

MJ
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Proof. Since 7' be a non-zero b-linear functignal, there exists 7 € X — Ker(7T) such that
T(x1,ba,-,b,) # 0. Take ¢ = T(ml,b2,1~-,bn)’then
T(xg,ba, - ,b,) = 1. Now,
Mr={2xe X  :T(x,by, -, bp)=1=T(xzg,b2, - ,bn)}
={zeX:T(x —209,b2,-+,b,) =0} =z + Ker(T)

and therefore My is a hyperplane. Since 7' is a bounded b-linear functional,
[T (x,ba, -, 0,)| < |IIT| Iz, b2, -,bs] V2 e X.

In particular, for all x € My,

1
[T [z, b2, bnl =1 = [z,ba, -, bnl = T
. 1
= inf |z,ba, -, byl > —.
o Ehtr IT7
Further,
|T(£L’,b2,~~',bn)| }
T sup{ cx e X, ||x,ba, -, b, 0
it follows that, there exists 0 # y € X such that
1 y
> 7b27"'7bn
17l HIT(y7b2,~~,bn)|
> inf ||z, ba, -+, by | since Y € Mr
~ xe€Mr |T(y,b27abn)‘
and hence the result follows. [ |
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