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Abstract. Some results in linear n-normed space have been discussed. Several nice properties of bounded b-linear functional
in linear n-normed space are presented. We see that the collection of all bounded b-linear functionals after introducing suitable
operations, is a normed space.
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1. Introduction and Background

If one is interested in the study of a certain class of mathematical objects, it is natural and fruitful to investigate
the set of operators from one such class to another which preserve some or all of the structures defined on the
objects. The linear operators from one normed space to another normed space over the same scalar field preserve
the algebraic structure. The fact that a normed space gives rise to a metric, induced by the norm, provides naturally
to the extremely important classification of linear operators into continuous and discontinuous ones. In normes
spaces, this distinction is facilitated by a very simple criterion for continuity; namely, any linear operator between
normed space is continuous if and only if it is bounded. The collection of all these bounded linear operators is a
normed space.

The idea of linear 2-normed space was first introduced by S. Gahler [5] and thereafter the geometric structure
of linear 2-normed spaces was developed by A. White, Y. J. Cho, R. W. Freese [1, 9]. The concept of 2-Banach
space is briefly discussed in [9]. In recent times, some important results in classical normed spaces have been
proved into 2-norm setting by many researchers. P. Ghosh et al. [4] studied some fundamental theorem in classical
normed space into 2-normed space. H. Gunawan and Mashadi [6] developed the generalization of a linear 2-
normed space for n ≥ 2. Some results of classical normed space with respect to b-linear functional in linear n-
normed space were established by P. Ghosh and T. K. Samanta [2]. They also studied the reflexivity of linear
n-normed space with respect to b-linear functional [3].

In this paper, some results in linear n-normed space are being described. We shall verify that the collection
of all bounded b-linear functionals after introducing suitable operations, is a normed space. Some properties of
bounded b-linear functional are going to be established.
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Some properties of b-linear functional

Definition 1.1. [7] Let X be a linear space and M be subspace of X . Then M is said to be a convex set if
x, y ∈ M , t x + ( 1 − t ) y ∈ M for 0 ≤ t ≤ 1.

Definition 1.2. [7] A set M in a linear space X is called a hyperplane if X can be expressed as a direct sum
of M and one-dimensional subspace of X , i. e., X = M + ⟨x ⟩, for some x ∈ X .

Definition 1.3. [6] Let X be a linear space over the field K, where K is the real or complex numbers field with
dimX ≥ n, where n is a positive integer. A real valued function ∥ · , · · · , · ∥ : X n → R is called an n-norm
on X if

(i) ∥x 1, x 2, · · · , xn ∥ = 0 if and only if x 1, · · · , xn are linearly dependent,

(ii) ∥x 1, x 2, · · · , xn ∥ is invariant under permutations of x 1, x 2, · · · , xn,

(ii) ∥αx 1, x 2, · · · , xn ∥ = |α | ∥x 1, x 2, · · · , xn ∥ ∀ α ∈ K,

(iv) ∥x + y, x 2, · · · , xn ∥ ≤ ∥x, x 2, · · · , xn ∥ + ∥ y, x 2, · · · , xn ∥

hold for all x, y, x 1, x 2, · · · , xn ∈ X . The pair (X, ∥ ·, · · · , · ∥ ) is then called a linear n-normed space.

Throughout this paper, X will denote linear n-normed space over the field K of complex or real numbers,
associated with the n-norm ∥ ·, · · · , · ∥.

Definition 1.4. [6] A sequence {x k } ⊆ X is said to converge to x ∈ X if

lim
k→∞

∥x k − x, e 2, · · · , en ∥ = 0

for every e 2, · · · , en ∈ X and it is called a Cauchy sequence if

lim
l , k→∞

∥x l − x k, e 2, · · · , en ∥ = 0

for every e 2, · · · , en ∈ X . The space X is said to be complete or n-Banach space if every Cauchy sequence
in this space is convergent in X .

Definition 1.5. [8] For a ∈ X , define the following open and closed ball in X:

B { e 2 , ··· , en } ( a , δ ) = {x ∈ X : ∥x − a , e 2 , · · · , en ∥ < δ } and

B { e 2 , ··· , en } [ a , δ ] = {x ∈ X : ∥x − a , e 2 , · · · , en ∥ ≤ δ } ,

for every e 2, · · · , en ∈ X and δ be a positive number.

Definition 1.6. [8] A subset G of X is said to be open in X if for all a ∈ G, there exist e 2, · · · , en ∈ X

and δ > 0 such that B { e 2 , ··· , en } ( a , δ ) ⊆ G.

Definition 1.7. [8] Let A ⊆ X . Then the closure of A is defined as

A =

{
x ∈ X | ∃ {x k } ∈ A with lim

k→∞
x k = x

}
.

The set A is said to be closed if A = A.

Definition 1.8. [2] Let W be a subspace of X and b 2, b 3, · · · , bn be fixed elements in X and ⟨ b i ⟩ denote
the subspaces of X generated by b i, for i = 2, 3, · · · , n. Then a map T : W × ⟨ b 2 ⟩ × · · · × ⟨ bn ⟩ → K
is called a b-linear functional on W × ⟨ b 2 ⟩ × · · · × ⟨ bn ⟩, if for every x, y ∈ W and k ∈ K, the following
conditions hold:
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(i) T (x + y, b 2, · · · , bn ) = T (x, b 2, · · · , bn ) + T ( y, b 2, · · · , bn )

(ii) T ( k x, b 2, · · · , bn ) = k T (x, b 2, · · · , bn ).

A b-linear functional is said to be bounded if ∃ a real number M > 0 such that

|T (x, b 2, · · · , bn ) | ≤ M ∥x, b 2, · · · , bn ∥ ∀ x ∈ W.

The norm of the bounded b-linear functional T is defined by

∥T ∥ = inf {M > 0 : |T (x, b 2, · · · , bn ) | ≤ M ∥x, b 2, · · · , bn ∥ ∀ x ∈ W } .

2. Main Results

Theorem 2.1. Let X be a linear n-normed space . Then

| ∥x, e 2, · · · , en ∥ − ∥ y, e 2, · · · , en ∥ | ≤ ∥x − y, e 2, · · · , en ∥

hold for all x, y, e 2, e 3, · · · , en ∈ X .

Proof. Take x, y, e 2, · · · , en ∈ X . Then

∥x , e 2 , · · · , en ∥ = ∥x − y + y , e 2 , · · · , en ∥
≤ ∥x − y , e 2 , · · · , en ∥ + ∥ y , e 2 , · · · , en ∥
⇒ ∥x , e 2 , · · · , en ∥ − ∥ y , e 2 , · · · , en ∥ ≤ ∥x − y , e 2 , · · · , en ∥ .

Also interchanging x and y we get

− ( ∥x, e 2, · · · , en ∥ − ∥ y, e 2, · · · , en ∥ ) ≤ ∥x − y, e 2, · · · , en ∥ .

Combining the above two inequality the result follows . ■

Theorem 2.2. Let M be a subspace of a linear n-normed space X . Then the closure M of M is also subspace.

Proof. Let x, y ∈ M . Then corresponding to ϵ > 0, ∃ u, v ∈ M such that

∥x − u , e 2 , · · · , en ∥ < ϵ and ∥ y − v , e 2 , · · · , en ∥ < ϵ

for every e 2, e 3, · · · , en ∈ X . Now, for non zero scalars α, β,

∥ (αx + β y )− (αu + β v ), e 2, · · · , en ∥
= ∥α (x − u ) + β ( y − v ), e 2, · · · , en ∥
≤ |α | ∥x − u , e 2 , · · · , en ∥ + |β | ∥ y − v , e 2 , · · · , en ∥
< ϵ ( |α | + |β | ) = ϵ ′, say

This shows that αu + β v ∈ B { e 2 , ··· , en } (αx + β y , ϵ ′ ). As αu + β v ∈ M and ϵ ′ > 0 is arbitrary,
it follows that αx + β y ∈ M . Hence the proof. ■

Theorem 2.3. The sets B { e 2 , ··· , en } [ a , δ ] and B { e 2 , ··· , en } ( a , δ ) in a linear n-normed space X are
convex.
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Proof. Let x, y ∈ B { e 2 , ··· , en } [ a , δ ]. Then

∥x − a , e 2 , · · · , en ∥ ≤ δ and ∥ y − a , e 2 , · · · , en ∥ ≤ δ.

Take z = t x + ( 1 − t ) y ∈ M for 0 ≤ t ≤ 1. Then we have

∥ z − a , e 2 , · · · , en ∥ = ∥ t x + ( 1 − t ) y − a , e 2 , · · · , en ∥
= ∥ t x + ( 1 − t ) y − t a − ( 1 − t ) a , e 2 , · · · , en ∥
≤ ∥ t x − t a , e 2 , · · · , en ∥ + ∥ ( 1 − t ) y − ( 1 − t ) a , e 2 , · · · , en ∥
= t ∥x − a, e 2, · · · , en ∥+ ( 1 − t ) ∥ y − a, e 2, · · · , en ∥ ≤ t δ + ( 1 − t ) δ = δ.

So, z ∈ B { e 2 , ··· , en } [ a , δ ]. This shows that B { e 2 , ··· , en } [ a , δ ] is a convex set. Similarly, it can be shown
that B { e 2 , ··· , en } ( a , δ ) is also a convex set. This completes the proof. ■

Theorem 2.4. Let X be a linear n-normed space and M be a convex subset of X . Then the closure of M , M
is convex.

Proof. Let x, y ∈ M . Then corresponding to ϵ > 0, ∃ u, v ∈ M such that

∥x − u , e 2 , · · · , en ∥ < ϵ and ∥ y − v , e 2 , · · · , en ∥ < ϵ

for every e 2, e 3, · · · , en ∈ X . Let 0 ≤ t ≤ 1, then

∥ { t x + ( 1 − t ) y } − { t u + ( 1 − t ) v } , e 2 , · · · , en ∥

≤ t ∥x − u, e 2, · · · , en ∥+ ( 1 − t ) ∥ y − v, e 2, · · · , en ∥ < t ϵ + ( 1 − t ) ϵ = ϵ.

Since M is convex, t u + ( 1 − t ) v ∈ M and because ϵ > 0 is arbitrary, t x + ( 1 − t ) y ∈ M . Hence,
M is convex. ■

Theorem 2.5. Let X be a linear n-normed space and x 0 be a fixed element in X and α ̸= 0 be a fixed
scalar. Then the mappings x → x 0 + x and x → αx are sequentially continuous.

Proof. Let {x k } be a sequence in X such that x k → x as k → ∞. Then

lim
k→∞

∥x k − x , e 2 , · · · , en ∥ = 0 ∀ e 2, · · · , en ∈ X. (2.1)

Firstly, we consider the mapping, f (x ) = x 0 + x. Then,

∥ f (x k ) − f (x ) , e 2 , · · · , en ∥ = ∥ (x 0 + x k ) − (x 0 + x ) , e 2 , · · · , en ∥

= ∥x k − x , e 2 , · · · , en ∥
Taking limit both sides as k → ∞, we get

lim
k→∞

∥ f (x k ) − f (x ) , e 2 , · · · , en ∥ = lim
k→∞

∥x k − x , e 2 , · · · , en ∥

= 0 [ using ( 2.1 ) ].

This shows that f (x k ) → f (x ) as k → ∞.

Now, take g (x ) = αx. Then, for each e 2, · · · , en ∈ X , we have

∥ g (x k ) − g (x ) , e 2 , · · · , en ∥ = ∥αx k − αx , e 2 , · · · , en ∥

= ∥α (x k − x ) , e 2 , · · · , en ∥
= |α | ∥x k − x , e 2 , · · · , en ∥

So by (2.1), g (x k ) → g (x ) as k → ∞. Therefore, the mappings x → x 0 + x and x → αx are
sequentially continuous. ■
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3. Main results

In this section, some properties of bounded b-linear functional defined on X × ⟨ b 2 ⟩ × · · · × ⟨ bn ⟩ are
discussed.

Theorem 3.1. Let T be a bounded b-linear functional defined on X × ⟨ b 2 ⟩ × · · · × ⟨ bn ⟩. Then

(i) |T (x , b 2 , · · · , bn ) | ≤ ∥T ∥ ∥x , b 2 , · · · , bn ∥ ∀ x ∈ X .

(ii) ∥T ∥ = sup { |T (x , b 2 , · · · , bn ) | : ∥x , b 2 , · · · , bn ∥ ≤ 1 }.

(iii) ∥T ∥ = sup { |T (x , b 2 , · · · , bn ) | : ∥x , b 2 , · · · , bn ∥ = 1 }.

(iv) ∥T ∥ = sup

{
|T (x , b 2 , · · · , bn ) |
∥x , b 2 , · · · , bn ∥

: ∥x , b 2 , · · · , bn ∥ ̸= 0

}
.

Proof. (i) For arbitrary ϵ > 0, it follows by the definition of norm of T that

|T (x , b 2 , · · · , bn ) | ≤ ( ∥T ∥ + ϵ ) ∥x , b 2 , · · · , bn ∥ ∀ x ∈ X. (3.1)

If possible, suppose that there exists x 1 ∈ X such that

|T (x 1, b 2, · · · , bn ) | > ∥T ∥ ∥x 1, b 2, · · · , bn ∥ .

Then for some ϵ > 0,

|T (x 1, b 2, · · · , bn ) | > ∥T ∥ ∥x 1, b 2, · · · , bn ∥ + ϵ ∥x 1, b 2, · · · , bn ∥

= ( ∥T ∥ + ϵ ) ∥x 1 , b 2 , · · · , bn ∥

which contradicts (3.1). Hence

|T (x , b 2 , · · · , bn ) | ≤ ∥T ∥ ∥x , b 2 , · · · , bn ∥ ∀ x ∈ X.

(ii) If ∥x , b 2 , · · · , bn ∥ ≤ 1, then

|T (x , b 2 , · · · , bn ) | ≤ ∥T ∥ ∥x , b 2 , · · · , bn ∥ ≤ ∥T ∥

⇒ sup { |T (x , b 2 , · · · , bn ) | : ∥x , b 2 , · · · , bn ∥ ≤ 1 } ≤ ∥T ∥. (3.2)

On the other hand, by definition, for every ϵ > 0 there exists x ′ ̸= θ such that

|T (x ′, b 2, · · · , bn ) | > ( ∥T ∥ − ϵ ) ∥x ′, b 2, · · · , bn ∥ .

Take x 1 =
x ′

∥x ′, b 2, · · · , bn ∥
, then we get

|T (x 1 , b 2 , · · · , bn ) | =
1

∥x ′, b 2, · · · , bn ∥
|T (x ′ , b 2 , · · · , bn ) |

>
1

∥x ′, b 2, · · · , bn ∥
( ∥T ∥ − ϵ ) ∥x ′, b 2, · · · , bn ∥ = ∥T ∥ − ϵ.

Since ∥x 1, b 2, · · · , bn ∥ = 1, we get

sup { |T (x , b 2 , · · · , bn ) | : ∥x , b 2 , · · · , bn ∥ ≤ 1 } ≥ |T (x 1 , b 2 , · · · , bn ) |
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> ∥T ∥ − ϵ ≥ ∥T ∥ [ since ϵ > 0 is arbitrary ].

Combining this with (3.2), the proof of (II) is complete.

(iii) The proof is follows from (II), replacing ∥x , b 2 , · · · , bn ∥ ≤ 1 by ∥x , b 2 , · · · , bn ∥ = 1.

(iv) Let α = sup

{
|T (x , b 2 , · · · , bn ) |
∥x , b 2 , · · · , bn ∥

: ∥x , b 2 , · · · , bn ∥ ̸= 0

}
. Now, for arbitrary ϵ > 0, there

exists an elements x 1 ̸= θ with x 1, b 2, · · · , bn are linearly independent such that

|T (x 1 , b 2 , · · · , bn ) | > (α − ϵ ) ∥x 1 , b 2 , · · · , bn ∥ .

It follows from the definition of norm that ∥T ∥ > α − ϵ and since ϵ > 0 is arbitrary, we obtain ∥T ∥ ≥ α. If
possible, suppose that ∥T ∥ > α.
Let ϵ = |T (x 1 , b 2 , · · · , bn ) | − α, then α < ∥T ∥ − ϵ

2
. So, for arbitrary x,

|T (x , b 2 , · · · , bn ) |
∥x , b 2 , · · · , bn ∥

≤ α < ∥T ∥ − ϵ

2

⇒ |T (x , b 2 , · · · , bn ) | <
(
∥T ∥ − ϵ

2

)
∥x , b 2 , · · · , bn ∥ ∀ x ∈ X.

This contradicts the fact that ∥T ∥ is the lower bound of all those M for which

|T (x , b 2 , · · · , bn ) | ≤ M ∥x , b 2 , · · · , bn ∥ ∀ x ∈ X.

So ∥T ∥ cannot be greater that α, i. e., ∥T ∥ = α. This proves the theorem. ■

Theorem 3.2. The set X ∗
F of all bounded b-linear functional defined on X × ⟨ b 2 ⟩ × · · · × ⟨ bn ⟩ is a linear

space.

Proof. Let S, T ∈ X ∗
F . Then there exists L, M > 0 such that

|S (x , b 2 , · · · , bn ) | ≤ L ∥x , b 2 , · · · , bn ∥ , and

|T (x , b 2 , · · · , bn ) | ≤ M ∥x , b 2 , · · · , bn ∥ ∀ x ∈ X.

⇒ | (S + T ) (x , b 2 , · · · , bn ) | ≤ |S (x , b 2 , · · · , bn ) | + |T (x , b 2 , · · · , bn ) |

≤ (L + M ) ∥x , b 2 , · · · , bn ∥ ∀ x ∈ X, and

⇒ | (λT ) (x , b 2 , · · · , bn ) | ≤ |λ |M ∥x , b 2 , · · · , bn ∥ ∀ x ∈ X and λ ∈ K.

This shows that S + T ∈ X ∗
F and λT ∈ X ∗

F . Hence, X ∗
F is a linear space. ■

Theorem 3.3. Let X ∗
F be the linear space of all bounded b-linear functional defined on X × ⟨ b 2 ⟩ × · · · ×

⟨ bn ⟩. Define ∥ · ∥ : X ∗
F → R by

∥T ∥ = sup { |T (x , b 2 , · · · , bn ) | : x ∈ X, ∥x , b 2 , · · · , bn ∥ ≤ 1 } .

Then (X ∗
F , ∥ · ∥ ) is a Banach space.

Proof. Since every T ∈ X ∗
F is bounded b-linear functional, the norm ∥ · ∥ on X ∗

F is well defined.

(i) ∥T ∥ ≥ 0 ∀ T ∈ X ∗
F .
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(ii) ∥T ∥ = 0 ⇒ |T (x, b 2, · · · , bn ) | = 0, ∀ x ∈ X, ∥x , b 2 , · · · , bn ∥ ≤ 1

⇒ T (x, b 2, · · · , bn ) = 0, ∀ x ∈ X, ∥x , b 2 , · · · , bn ∥ ≤ 1.

Let x ∈ X with ∥x , b 2 , · · · , bn ∥ = α > 1 and suppose y =
x

β
, where β > α. Then

∥ y , b 2 , · · · , bn ∥ =
∥x , b 2 , · · · , bn ∥

β
=

α

β
< 1

and so T ( y, b 2, · · · , bn ) = 0. But

0 = T ( y, b 2, · · · , bn ) = T

(
x

β
, b 2, · · · , bn

)
=

1

β
T (x, b 2, · · · , bn ).

Therefore T (x, b 2, · · · , bn ) = 0. So, T (x, b 2, · · · , bn ) = 0, ∀ x ∈ X and therefore T = 0.

Conversely, if T = 0, then clearly ∥T ∥ = ∥ 0 ∥ = 0.

(iii) For any λ ∈ K, we have

∥λT ∥ = sup { | (λT ) (x , b 2 , · · · , bn ) | : x ∈ X, ∥x , b 2 , · · · , bn ∥ ≤ 1 }

= sup { |λ | |T (x, b 2, · · · , bn ) | : x ∈ X, ∥x, b 2, · · · , bn ∥ ≤ 1 } = |λ | ∥T ∥.

(iv) For T, S ∈ X ∗
F , we have

∥T + S ∥ = sup { | (T + S ) (x, b 2, · · · , bn ) | : x ∈ X, ∥x, b 2, · · · , bn ∥ ≤ 1 }

≤ sup { |T (x , b 2 , · · · , bn ) | : x ∈ X, ∥x , b 2 , · · · , bn ∥ ≤ 1 } +

sup { |S (x , b 2 , · · · , bn ) | : x ∈ X, ∥x , b 2 , · · · , bn ∥ ≤ 1 }

= ∥T ∥ + ∥S ∥.

Therefore ∥ · ∥ defines a norm on X ∗
F .

To prove the completeness of X ∗
F under the norm ∥ · ∥, let {T k } be a Cauchy sequence in X ∗

F . Now, for
every x ∈ X , we have

|T l (x, b 2, · · · , bn ) − T k (x, b 2, · · · , bn ) | = | (T l − T k ) (x, b 2, · · · , bn ) |

≤ ∥T l − T k ∥ ∥x, b 2, · · · , bn ∥ .

This calculation shows that {T k (x , b 2 , · · · , bn ) } is a Cauchy sequence in K for each x ∈ X . Since K is
complete, {T k (x , b 2 , · · · , bn ) } converges in K. Let T k (x , b 2 , · · · , bn ) → T (x , b 2 , · · · , bn ). We
shall now show that T ∈ X ∗

F .

(i) T is b-linear: For x, y ∈ X and λ ∈ K, we have

T (x + y , b 2 , · · · , bn ) = lim
k→∞

T k (x + y , b 2 , · · · , bn )

= lim
k→∞

T k (x, b 2, · · · , bn ) + lim
k→∞

T k ( y, b 2, · · · , bn ) [ since T k is b-linear ]

= T (x , b 2 , · · · , bn ) + T ( y , b 2 , · · · , bn ) ,

and T (λx, b 2, · · · , bn ) = lim
k→∞

T k (λx, b 2, · · · , bn )

= λ lim
k→∞

T k (x, b 2, · · · , bn ) = λT (x, b 2, · · · , bn ) .

This verifies that T is a b-linear functional defined on X × ⟨ b 2 ⟩ × · · · × ⟨ bn ⟩.
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(ii) Since for each k, T k is bounded b-linear functional, it follows that

|T k (x , b 2 , · · · , bn ) | ≤ ∥T k ∥ ∥x , b 2 , · · · , bn ∥ ∀ x ∈ X.

Also, the sequence {T k } being Cauchy sequence in X ∗
F , it is bounded and hence there is a constant

K > 0 such that ∥T k ∥ ≤ K ∀ k ∈ N. Consequently,

|T k (x , b 2 , · · · , bn ) | ≤ K ∥x , b 2 , · · · , bn ∥ ∀ x ∈ X and k ∈ N.

Thus, for each x ∈ X and k ∈ N, we have |T (x , b 2 , · · · , bn ) |

≤ |T (x , b 2 , · · · , bn ) − T k (x , b 2 , · · · , bn ) | + |T k (x , b 2 , · · · , bn ) |

≤ |T (x , b 2 , · · · , bn ) − T k (x , b 2 , · · · , bn ) | + K ∥x , b 2 , · · · , bn ∥ .

Since k is arbitrary, letting k → ∞ and using T k (x , b 2 , · · · , bn ) → T (x , b 2 , · · · , bn ), we
obtain

|T (x , b 2 , · · · , bn ) | ≤ K ∥x , b 2 , · · · , bn ∥ ∀ x ∈ X.

Hence, T is bounded. Therefore (i) and (ii) verify that T ∈ X ∗
F .

Finally, we show that T k → T in (X ∗
F , ∥ · ∥ ). Since {T k } is a Cauchy sequence in X ∗

F , for each ϵ > 0,
there exists an integer N > 0 such that

∥T l − T k ∥ < ϵ ∀ k, l ≤ N. Therefore

|T l (x, b 2, · · · , bn ) − T k (x, b 2, · · · , bn ) | < ϵ ∥x , b 2 , · · · , bn ∥ ∀ x ∈ X.

Taking l → ∞, for all k ≥ N , we get

|T (x, b 2, · · · , bn ) − T k (x, b 2, · · · , bn ) | < ϵ ∥x, b 2, · · · , bn ∥ ∀ x ∈ X.

This gives, ∥T k − T ∥

= sup { |T k (x, b 2, · · · , bn ) − T (x, b 2, · · · , bn ) | : x ∈ X, ∥x, b 2, · · · , bn ∥ ≤ 1 }

≤ ϵ ∀ k ≥ N.

Hence, T k → T , as k → ∞, in (X ∗
F , ∥ · ∥ ). This completes the proof. ■

Theorem 3.4. Let X be a linear n-normed space and T be a b-linear functional defined on X × ⟨ b 2 ⟩ ×· · · ×
⟨ bn ⟩. Then T is bounded if and only if T maps bounded sets in X into bounded sets in K.

Proof. Suppose T is bounded and S is any bounded subset of X . Then, there exists M 1 > 0 such that

|T (x , b 2 , · · · , bn ) | ≤ M 1 ∥x , b 2 , · · · , bn ∥ ∀ x ∈ X

and in particular, ∀x ∈ S. The set S being bounded, for some real number M > 0, we have

|T (x, b 2, · · · , bn ) | ≤ M ∀ x ∈ S ⇒ the set {T (x, b 2, · · · , bn ) : x ∈ S }

is bounded in K and hence T maps bounded sets in X into bounded sets in K .

Conversely, for the closed unit ball

B { e 2 , ··· , en } [ 0 , 1 ] = {x ∈ X : ∥x , e 2 , · · · , en ∥ ≤ 1 } ,
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the set
{
T (x , b 2 , · · · , bn ) : x ∈ B { e 2 , ··· , en } [ 0 , 1 ]

}
is bounded set in K. Therefore, there exists K >

0 such that
|T (x , b 2 , · · · , bn ) | ≤ K ∀ x ∈ B { e 2 , ··· , en } [ 0 , 1 ].

If x = 0, then T (x , b 2 , · · · , bn ) = 0 and the assertion

|T (x, b 2, · · · , bn ) | ≤ K ∥x, b 2, · · · , bn ∥ is obviouly true. If x ̸= 0, then

x

∥x, e 2, · · · , en ∥
∈ B{ e 2, ··· , en } [ 0 , 1 ], and for particular e 2 = b 2, · · · , en = bn∣∣∣∣T (

x

∥x , b 2 , · · · , bn ∥
, b 2 , · · · , bn

) ∣∣∣∣ ≤ K

⇒ |T (x , b 2 , · · · , bn ) | ≤ K ∥x , b 2 , · · · , bn ∥ ∀ x ∈ X.

Hence, T is a bounded b-linear functional. ■

Theorem 3.5. Let X be a linear n-normed space and T be a b-linear functional defined on X × ⟨ b 2 ⟩ ×· · · ×
⟨ bn ⟩. Then T is bounded if the set Ker (T ) = {x ∈ X : T (x , b 2 , · · · , bn ) = 0 } is closed.

Proof. Let T : X × ⟨ b 2 ⟩ × · · · × ⟨ bn ⟩ → K be a b-linear functional. Suppose T is not the zero b-linear
functional. Clearly, X − Ker (T ) ̸= ϕ. Then, there exists y ∈ X − Ker (T ) such that
T ( y , b 2 , · · · , bn ) ̸= 0. Letting z =

y

T ( y , b 2 , · · · , bn )
, note that T ( z , b 2 , · · · , bn ) = 1 and

z ∈ X − Ker (T ). Since X − Ker (T ) is open, there exist e 2, · · · , en ∈ X and r > 0 such that

B{ e 2 , ··· , en } ( z , r ) ⊂ X − Ker (T ).

Now, we shall first prove that

|T (x , b 2 , · · · , bn ) | < 1 ∀ x ∈ B{ e 2 , ··· , en } ( 0 , r ).

If possible suppose there exists some x 1 ∈ B{ e 2 , ··· , en } ( 0 , r ) such that

|T (x 1 , b 2 , · · · , bn ) | ≥ 1.

Then, for t =
−x 1

T (x 1 , b 2 , · · · , bn )
, we have T ( t , b 2 , · · · , bn ) = − 1 and

∥ t , e 2 , · · · , en ∥ =

∥∥∥∥ −x 1

T (x 1 , b 2 , · · · , bn )
, e 2 , · · · , en

∥∥∥∥
=

1

|T (x 1, b 2, · · · , bn ) |
∥x 1, e 2, · · · , en ∥ ≤ ∥x 1, e 2, · · · , en ∥ .

Thus, t ∈ B{ e 2 , ··· , en } ( 0 , r ) and this implies z + t ∈ B{ e 2 , ··· , en } ( z , r ). Also,

T ( z + t , b 2 , · · · , bn ) = T ( z , b 2 , · · · , bn ) + T ( t , b 2 , · · · , bn ) = 0

⇒ z + t ∈ Ker (T )

Therefore,
Ker (T ) ∩ B{ e 2 , ··· , en } ( z , r ) ̸= ϕ

This contradicts the fact that B{ e 2 , ··· , en } ( z , r ) ⊂ X − Ker (T ). Thus

|T (x , b 2 , · · · , bn ) | < 1 ∀ x ∈ B{ e 2 , ··· , en } ( 0 , r ). (3.3)
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Now, take any x ̸= 0. Then∥∥∥∥ r x

2 ∥x, e 2, · · · , en ∥
, e 2, · · · , en

∥∥∥∥ =
r

2 ∥x, e 2, · · · , en ∥
∥x, e 2, · · · , en ∥ =

r

2
< r

⇒ r x

2 ∥x, e 2 , · · · , en ∥
∈ B{ e 2 , ··· , en } ( 0 , r ).

Then by (3.3), for particular e 2 = b 2, · · · , en = bn∣∣∣∣T (
r x

2 ∥x , b 2 , · · · , bn ∥
, b 2 , · · · , bn

) ∣∣∣∣ < 1

⇒ r

2 ∥x , b 2 , · · · , bn ∥
|T (x , b 2 , · · · , bn ) | < 1

⇒ |T (x , b 2 , · · · , bn ) | <
2

r
∥x , b 2 , · · · , bn ∥ .

Also, if x = 0, we have
|T (x , b 2 , · · · , bn ) | = 0 = ∥x , b 2 , · · · , bn ∥

⇒ |T (x , b 2 , · · · , bn ) | ≤
2

r
∥x , b 2 , · · · , bn ∥ .

Thus, we have shown that

|T (x , b 2 , · · · , bn ) | ≤
2

r
∥x , b 2 , · · · , bn ∥ ∀ x ∈ X.

Hence, T is a bounded b-linear functional defined on X × ⟨ b 2 ⟩ × · · · × ⟨ bn ⟩. ■

Theorem 3.6. Let T be a non-zero b-linear functional defined on X × ⟨ b 2 ⟩ × · · · × ⟨ bn ⟩, where X be a
linear n-normed space and let x 0 ∈ X − Ker (T ). Then any x ∈ X can be expressed uniquely in the form
x = y + αx 0, where y ∈ Ker (T ) and α is some scalar.

Proof. Since x 0 ∈ X − Ker (T ) , so T (x 0 , b 2 , · · · , bn ) ̸= 0. Take

α =
T (x , b 2 , · · · , bn )

T (x 0 , b 2 , · · · , bn )
and define y = x − T (x , b 2 , · · · , bn )

T (x 0 , b 2 , · · · , bn )
x 0.

Then x = y + αx 0 and T ( y, b 2, · · · , bn )

= T (x, b 2, · · · , bn ) − T (x, b 2, · · · , bn )

T (x 0, b 2, · · · , bn )
T (x 0, b 2, · · · , bn ) = 0.

Thus y ∈ Ker (T ). For the uniqueness, we assume that x = y + αx 0 and x = y 1 + α 1 x 0. If α = α 1,

then y = y 1. If α ̸= α 1, then x 0 =
y − y 1

α − α 1
and

T (x 0, b 2, · · · , bn ) =
1

α − α 1
{T ( y, b 2, · · · , bn ) − T ( y 1, b 2, · · · , bn ) } = 0.

Therefore x 0 ∈ Ker (T ), which contradicts the assumption that x 0 ∈ X − Ker (T ). This completes the
proof. ■

Theorem 3.7. Let X be a linear n-normed space and 0 ̸= T ∈ X ∗
F and

MT = {x ∈ X : T (x , b 2 , · · · , bn ) = 1 } .

Then MT is a hyperplane and inf
x∈MT

∥x , b 2 , · · · , bn ∥ =
1

∥T ∥
.
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Proof. Since T be a non-zero b-linear functional, there exists x 1 ∈ X − Ker (T ) such that
T (x 1 , b 2 , · · · , bn ) ̸= 0. Take x 0 =

x 1

T (x 1 , b 2 , · · · , bn )
, then

T (x 0 , b 2 , · · · , bn ) = 1. Now,

MT = {x ∈ X : T (x , b 2 , · · · , bn ) = 1 = T (x 0 , b 2 , · · · , bn ) }

= {x ∈ X : T (x − x 0 , b 2 , · · · , bn ) = 0 } = x 0 + Ker (T )

and therefore MT is a hyperplane. Since T is a bounded b-linear functional,

|T (x , b 2 , · · · , bn ) | ≤ ∥T ∥ ∥x , b 2 , · · · , bn ∥ ∀ x ∈ X.

In particular, for all x ∈ MT ,

∥T ∥ ∥x , b 2 , · · · , bn ∥ ≥ 1 ⇒ ∥x , b 2 , · · · , bn ∥ ≥ 1

∥T ∥

⇒ inf
x∈MT

∥x , b 2 , · · · , bn ∥ ≥ 1

∥T ∥
.

Further,

∥T ∥ = sup

{
|T (x , b 2 , · · · , bn ) |
∥x , b 2 , · · · , bn ∥

: x ∈ X , ∥x , b 2 , · · · , bn ∥ ̸= 0

}
it follows that, there exists 0 ̸= y ∈ X such that

1

∥T ∥
>

∥∥∥∥ y

|T ( y , b 2 , · · · , bn ) |
, b 2 , · · · , bn

∥∥∥∥
≥ inf

x∈MT

∥x , b 2 , · · · , bn ∥
[

since
y

|T ( y , b 2 , · · · , bn ) |
∈ MT

]
and hence the result follows. ■

References

[1] R. Freese, Y. J. Cho, Geometry of Linear 2-normed Spaces, Nova Science Publishers,New York (2001).

[2] P. Ghosh, T. K. Samanta, Representation of uniform boundedness principle and Hahn-Banach theorem in
linear n-normed space, DOI https://doi.org/10.1007/s41478-021-00358-x.

[3] P. Ghosh, T. K. Samanta, Reflexivity of linear n-normed space with respect to b-linear functional,
Submitted, arXiv: 2101.09661.

[4] P. Ghosh, S. Roy and T. K. Samanta, Uniform boundedness principle and Hahn-Banach theorem for b-
linear functional related to linear 2-normed space, South East Asian J. of Mathematics and Mathematical
Sciences, Vol. 16, No. 2 (2020), pp. 131-150.

[5] S. Gahler, Lineare 2-normierte raume, Math. Nachr. 28 (1964), 1–43.

[6] H. Gunawan, Mashadi, On n-normed spaces, Int. J. Math. Math. Sci. 27, 2001, 631-639.

[7] P. K. Jain, O. P. Ahuja, Functional Analysis, New Age International Publisher, 1995.

[8] A. L. Soenjaya, The Open Mapping Theorem in n-Banach space, International Journal of Pure and Applied
Mathematics, Vol. 76, No. 4, 2012, 593-597.

384



Some properties of b-linear functional

[9] A. White, 2-Banach spaces, Math. Nachr., 42 (1969), 43–60.

This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium,
provided the original work is properly cited.

385


