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Existence results for ψ-Caputo hybrid fractional integro-differential
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Abstract. In this paper, we study the existence of solutions for hybrid fractional integro-differential equations involving ψ-
Caputo derivative. We use an hybrid fixed point theorem for a sum of three operators due to Dhage for proving the main
results. An example is provided to illustrate main results.
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1. Introduction

Fractional differential equations are a generalization of the classical ordinary differential equations, they
play a very important role in modeling of various fields of science and engineering, chemistry, physics,
economics, biology, control, etc..., see [2, 3, 11, 12, 17] and the references cited therein. The existence and
uniqueness solution of fractional differential equations are studies by many authors, with different approaches,
such as Riemann-Liouville, Caputo, Hadamard, Caputo-Hadamard, with various boundary conditions as
nonlocal, integral, multipoint and hybrid, see for example [1, 6]. In recent years, many researchers focused on
developing the theoretical aspects and methods of solution of the hybrid fractional differential equations by
using different kinds of fixed point, we refer the reader to the works [5, 9, 16].
In [8] Almeida presented a new fractional differentiation operator named ψ-Caputo fractional operator. This
type of differentiation depends on a kernel, and for particular choices of ψ, we obtain some well known
fractional derivatives like Caputo, Caputo-Hadamard or Caputo, Erdélyi-Kober fractional derivatives. One can
find some recent works on ψ-Caputo derivative in the following published papers and the references cited
therein [5, 8, 10, 18].
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However, this domain reported on the existence solution for hybrid differential equations with ψ-Caputo
fractional derivative still new.
Motivated by this fact, in this paper, we study the existence of solutions for ψ-Caputo hybrid fractional
integro-differential equations of the form

cDν;ψ
a+

[
z(τ)−

∑m
k=1 Iσk;ψ

a+
Fk(τ,z(τ))

G(τ,z(τ))

]
= H(τ, z(τ)), τ ∈ J := [a, b],

z(a) = 0,

(1.1)

where cDν;ψ
a+ is the ψ-Caputo fractional derivative of order ν ∈ (0, 1], Iθ;ψa+ is the ψ-Riemann-Liouville fractional

integral of order θ > 0, θ ∈ {σ1, σ2, . . . , σm}, σk > 0, k = 1, 2, . . . ,m. G ∈ C(J × R,R \ {0}) and Fk,H ∈
C(J× R,R),(k = 1, 2, . . . ,m).

The paper is organized as follows. In section 2, we present some definitions of fractional calculus and lemmas.
In section 3, we prove the existence of solutions for problem (1.1) via hybrid fixed point theorems in Banach
algebra due to Dhage. In section 4, an example is provided to check the applicability of the theoretical findings.

2. Background material

First, we introduce the essential functional spaces that we will adopt in this paper. We denote by C([a, b],R) the
Banach space of all continuous functions z from [a, b] into R with the supremum norm

‖z‖C = sup
τ∈[a,b]

|z(τ)|,

and the multiplication in C by
(zy)(τ) = z(τ)y(τ).

Clearly, C is a Banach algebra with respect to the supremum norm and multiplication in it.
Now, we present some facts from the theory of fractional calculus.

Definition 2.1 ([7, 12]). For ν > 0, the left-sided ψ–Riemann-Liouville fractional integral of order ν for an
integrable function z : [a, b] −→ R with respect to another function ψ : [a, b] −→ R that is an increasing
differentiable function such that ψ′(τ) 6= 0, for all τ ∈ J is defined as follows

Iν;ψ
a+ z(τ) =

1

Γ(ν)

∫ τ

a

ψ′(s)(ψ(τ)− ψ(s))ν−1z(s)ds, (2.1)

where Γ(·) is the (Euler’s) Gamma function defined by

Γ(ν) =

∫ +∞

0

τν−1e−τdτ , ν > 0.

Definition 2.2 ([7]). Let n ∈ N and let ψ, z ∈ Cn([a, b],R) be two functions such that ψ is increasing and
ψ′(τ) 6= 0, for all τ ∈ J. The left-sided ψ–Riemann–Liouville fractional derivative of a function z of order ν is
defined by

Dν;ψ
a+ z(τ) =

(
1

ψ′(τ)

d

dt

)n
In−ν;ψ
a+ z(τ)

=
1

Γ(n− ν)

(
1

ψ′(τ)

d

dt

)n ∫ τ

a

Ξ(s)ds,

where n = [ν] + 1 and Ξ(s) = ψ′(s)(ψ(τ)− ψ(s))n−ν−1z(s).
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Definition 2.3 ([7]). Let n ∈ N and let ψ, z ∈ Cn([a, b],R) be two functions such that ψ is increasing and
ψ′(τ) 6= 0, for all τ ∈ J. The left-sided ψ-Caputo fractional derivative of z of order ν is defined by

cDν;ψ
a+ z(τ) = In−ν;ψ

a+

(
1

ψ′(τ)

d

dt

)n
z(τ),

where n = [ν] + 1 for ν /∈ N, n = ν for ν ∈ N.

Lemma 2.4 ([7]). Let ν, β > 0, and z ∈ C([a, b],R). Then for each τ ∈ J we have
(1) cDν;ψ

a+ Iν;ψ
a+ z(τ) = z(τ),

(2) Iν;ψ
a+

cDν;ψ
a+ z(τ) = z(τ)− z(a), 0 < ν ≤ 1,

(3) Iν;ψ
a+ (ψ(τ)− ψ(a))β−1 = Γ(β)

Γ(β+ν) (ψ(τ)− ψ(a))β+ν−1,

(4) cDν;ψ
a+ (ψ(τ)− ψ(a))β−1 = Γ(β)

Γ(β−ν) (ψ(τ)− ψ(a))β−ν−1,

(5) cDν;ψ
a+ (ψ(τ)− ψ(a))k = 0, for all k ∈ {0, . . . , n− 1}, n ∈ N.

Theorem 2.5. Let S be a closed convex , bounded and nonempty subset of a Banach algebra X , and let A, C :

X −→ X and B : S −→ X be three operators such that
(a) A and C are Lipschitzian with Lipschitz constants δ and ξ, respectively,
(b) B is compact and continuous,
(c) x = AxBy + Cx⇒ x ∈ S for all y ∈ S,
(d) δM + ξ < 1 where M =

∥∥B(S)
∥∥.

Then the operator equation AxBx+ Cx = x has a solution in S.

3. Main Results

Before proceeding to the main results, we start by the following lemma.

Lemma 3.1. Let ν ∈ (0, 1] be fixed and functions Fi, (i = 1, · · · , n),G,H satisfy problem (1.1). Then the
function z ∈ C([a, b],R) is a solution of the hybrid fractional integro-differential problem (1.1) if and only if it
satisfies the integral equation

z(τ) = G(τ, z(τ))
[
Mψ + Iν;ψ

a+ H(τ, z(τ))
]

+

m∑
k=1

Iσk;ψ
a+ Fk(τ, z(τ)), τ ∈ [a, b], (3.1)

where

Mψ =
−
∑m
k=1 I

σk;ψ
a+ Fk(a, 0)

G(a, 0)
(3.2)

For the proof of Lemma 3.1, it is useful to refer to [13, 14].

Theorem 3.2. Assume that:

(H1) Let the functions G : J× R→ R \ {0} and, Fk,H : J× R→ R, k = 0, 1, 2, ...,m are continuous

(H2) There exists two positive functions LFk ,LG, k = 0, 1, ...,m with bounds ‖LFk‖ and ‖LG‖,
k = 0, 1, 2, ...,m, respectively, such that
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|Fk(τ, z(τ))− Fk(τ, z(τ))| ≤ LFk(τ)|z − z| (3.3)

k = 0, 1...,m

and

|G(τ, z(τ))−G(τ, z(τ))| ≤ LG(τ)|z − z|, (3.4)

for all (τ, z, z) ∈ J× R× R.

(H3) There exist a function p ∈ C(J,R+) and a continuous nondecreasing function Ω : [0,∞) → (0,∞) such
that

|H(τ, z(τ))| ≤ p(τ)Ω(|z|), (3.5)

for all τ ∈ J and z ∈ R.

(H4) There exists a number r > 0 such that

r ≥
G∗Λ + `σkψ F∗k

1− ‖LG‖Λ− `σkψ ‖LFk‖
, (3.6)

and

‖LG‖Λ + lσkψ F∗k < 1, (3.7)

where F∗k = supτ∈J|Fk(τ, 0)|, and G∗ = supτ∈J|G(τ, 0)|, k = 0, 1, 2, ...,m, and

Λ = |Mψ|+ Ω(r)‖p‖lνψ, (3.8)

Then hybrid fractional integro-differential problem (1.1) has a least one solution defined on J.

Proof. In order to use Dhage’s fixed-point theorem to prove our main result, we define a subset Sr of C by

Sr = {z ∈ C : ‖z‖C ≤ r} ,

with r is a constant defined by hypothesis H4.
Notice that Sr is closed, convex and bounded subset of C. Define three operators A,C : C −→ C and B : Sr −→ C

by {
Az(τ) = G(τ, z(τ)),

Bz(τ) = Mψ + Iν;ψ
a+ H(τ, z(τ)),

τ ∈ J,

and

Cz(τ) =

m∑
k=1

Iσk;ψ
a+ Fk(τ, z(τ)), τ ∈ J.

Then (3.1) in operator form becomes

z(τ) = Az(τ)Bz(τ) + Cz(τ), τ ∈ J.
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We shall prove that the operators A,B and C satisfy the conditions of Theorem 2.5. For the sake of clarity, we
split the proof into a sequence of steps.
Step 1: First, we show that A and C are Lipschitzian on C. Let z, z̄ ∈ C. then by (H2), for τ ∈ [a, b], we have

|Az(τ)− Az̄(τ)| = |G(τ, z(τ))−G(τ, z̄(τ))|
≤ LG(τ)‖z(τ)− z̄(τ)‖C.

Taking supremum over τ ∈ [a, b], we obtain

‖Az − Az̄‖C ≤ ‖LG‖‖z(τ)− z̄(τ)‖C,

for all z, z̄ ∈ C. Therefore, A is a Lipschitzian on C with Lipschitz constant LG. Also, for any z, z̄ ∈ C., we have

|Cz(τ)− Cz̄(τ)| ≤
m∑
k=1

Iσk;ψ
a+ |Fk(τ, z(τ))− Fk(τ, z̄(τ))|

≤
m∑
k=1

Iσk;ψ
a+ LFk(τ)‖z(τ)− z̄(τ)‖C

≤
m∑
k=1

(ψ(b)− ψ(a))σk

Γ(σk + 1)
‖LFk‖‖z(τ)− z̄(τ)‖C.

Hence, we have
‖Cz − Cz̄‖C ≤ `σkψ ‖LFk‖‖z(τ)− z̄(τ)‖C.

Which means that C is a Lipschitzian on C with Lipschitz constant `σkψ ‖LFk‖.
Step 2: We show that B is completely continuous on Sr. The continuity of B follows by the continuity of H.
Now, it is sufficient to show that B is uniformly bounded and equicontinuous on Sr. On the other hand, Keeping
in mind the definition of the operator B on [a, b] together with assumption (H3). For any z ∈ Sr we can get

|Bz(τ)| ≤|Mψ|+
∫ τ

a

ψ′(s)(ψ(τ)− ψ(s))ν−1

Γ(ν)
|H(s, z(s)|ds

≤|Mψ|
∫ τ

a

ψ′(s)(ψ(τ)− ψ(s))ν−1

Γ(ν)
Ω(r)p(s)ds

≤|Mψ|+ Ω(r)‖p‖
∫ τ

a

ψ′(s)(ψ(τ)− ψ(s))ν−1

Γ(ν)
ds

≤|Mψ|+
(ψ(b)− ψ(a))ν

Γ(ν + 1)
Ω(r)‖p‖

=|Mψ|+ Ω(r)‖p‖`νψ.

Hence

‖Bz‖C ≤ |Mψ|+ Ω(r)‖p‖`νψ.

Thus ‖Bz‖ ≤ Λ with Λ given in (3.8), for all z ∈ Sr. This shows that B is uniformly bounded on Sr.
Now, we will show that B(Sr) is an equicontinuous set in C.
Let τ1, τ2 ∈ J with τ1 < τ2 . Then for any z ∈ Sr, by (3.5) we get

|Bz(τ2)− Bz(τ1)| ≤
∣∣∣∣∫ τ2

a

Θτ2(s)ds−
∫ τ1

a

Θτ1(s)ds

∣∣∣∣
≤ Ω(r)‖p‖

Γ(ν)

∫ τ1

a

∆1(s)ds +
Ω(r)‖p‖

Γ(ν)

∫ τ2

τ1

∆2(s)ds, (3.9)
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where Θτ2(s) = ψ(s)(ψ(τ2)−ψ(s))ν−1

Γ(ν) H(τ, z(τ)), Θτ1(s) = ψ(s)(ψ(τ1)−ψ(s))ν−1

Γ(ν) H(τ, z(τ)),

∆1(s) = ψ′(s)
[
(ψ(τ1)− ψ(s))ν−1 − (ψ(τ2)− ψ(s))ν−1

]
and ∆2(s) = ψ′(s) (ψ(τ2)− ψ(s))

ν−1.
It is clear that the right-hand side of (3.9) is independent of z. Therefore, as τ2 → τ1, inéquality (3.9) tends zeros.
As consequence of the Arzela-Ascoli theorem, B is a completely continuous operator on Sr.
Step 3: The hypothesis (c) of Theorem 2.5 is satisfied.
Let z ∈ C and y ∈ Sr be arbitrary elements such that z = AzBy + Cz. Then we have

|z(τ)| ≤ |Az(τ)| |By(τ)|+ |Cz(τ)|

≤ |G(τ, z(τ))|
{
Mψ + Iν;ψ

a+ |H(τ, y(τ))|
}

+

m∑
k=1

Iσk;ψ
a+ |Fk(τ, z(τ))|

≤
(
|G(τ, z(τ))−G(τ, 0)|

+ |G(τ, 0)|
){

Mψ + Iν;ψ
a+ |H(τ, y(τ))|

}
+

m∑
k=1

Iσk;ψ
a+ |

(
|Fk(τ, z(τ))− Fk(τ, 0)|+ |Fk(τ, 0)|

)
≤
(
‖LG‖‖z‖C + G∗

)[
|Mψ|+ Ω(r)‖p‖`νψ

]
+ `σkψ

(
‖LFk‖‖z‖C + F∗k

)
.

Thus,
|z(τ)| ≤

(
‖LG‖‖z‖C + G∗

)
Λ + `σkψ

(
‖LFk‖‖z‖C + F∗k

)
.

Taking the supremum over τ ,

‖z‖ ≤
G∗Λ + `σkψ F∗k

1− ‖LG‖Λ− `σkψ ‖LFk‖
≤ r.

Step 4: Finally we show that δM + ξ < 1, that is, (d) of Theorem 2.5 holds.
Since

M = ‖B(S)‖ = sup
z∈S

{
sup
τ∈J
|Bz(t)|

}
≤ Λ,

and so
‖LG‖M + `σkψ ‖LFk‖ ≤ ‖LG‖Λ + `σkψ ‖LFk‖ < 1,

with δ = ‖LG‖, ξ = `σkψ ‖LFk‖. Thus all the conditions of Theorem 2.5 are satisfied and hence the operator
equation z = AzBz + Cz has a solution in Sr. As a result, problem (1.1) has a solution on J. �

4. Application

In this section, we present an example to show the applicability of the main result.

Example 4.1. Consider the following hybrid fractional integro-differential equation:
cD

1
2 ;ψ

a+

[
z(τ)−

∑m
k=1 Iσk;ψ

a+
Fk(τ,z(τ))

G(τ,z(τ))

]
= 1√

25+t2

(
|z|

(4|z|+1) + z2

|z|+1 + 1
4

)
,

τ ∈ J := [0, 1],

z(a) = 0.

(4.1)

We take

ν =
1

2
, m = 3, σ1 =

1

2
, σ2 =

3

2
, σ3 =

5

2
,
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3∑
k=1

Iσk;ψ
a+ Fk(τ, z(τ)) = I

1
2 ;ψ

a+
τ

10

(
z(τ) + e−τ

)
+ I

3
2 ;ψ

a+
τ cos τ

12(1 + eτ )

(
|z(τ)|

1 + |z(τ)|
+

τ

τ + 1

)
+ I

5
2 ;ψ

a+
3 sinπτ

4 + τ

(
|z(τ)|

5 + |z(τ)|
+ cos τ

)
,

ψ(τ, z(τ)) =
τ

2
(τ + 1), τ ∈ [0, 1],

G(τ, z(τ)) =
6
√
π sin2(πτ)

(τ + 5)

z(τ)

1 + z(τ)
+

1

2
,

H(τ, z(τ))) =
1√

36 + t2

(
|z|

(4|z|+ 1)
+

z2

|z|+ 1
+

1

4

)
.

We can show that

|F1(τ, z(τ))− F1(τ, z(τ))| ≤ τ

10
|z − z|,

|F2(τ, z(τ))− F2(τ, z(τ))| ≤ τ

12(1 + eτ )
|z − z|,

|F3(τ, z(τ))− F3(τ, z(τ))| ≤ 3

20 + 5τ
|z − z|,

|G(τ, z(τ))G(τ, z(τ))−| ≤ 6
√
π

(τ + 5)
|z − z|,

|H(τ, z(τ)))−H(τ, z(τ)))| = 1√
36 + t2

(|z|+ 1

2
),

where
Ω(|z|) = |z|+ 1, p(τ) =

1√
36 + t2

.

Hence we have

LG(τ) =
6
√
π

(τ + 5)
, F1 =

τ

10
, F2 =

τ

12(1 + eτ )
, F3 =

3

20 + τ
.

Then

‖LG‖ =
6
√
π

5
, ‖LF1

‖ =
1

10
, ‖LF2

‖ =
1

12(1 + e)
,

‖LF3
‖ =

3

20
, ‖p‖ =

1

6
, lνψ =

2√
π
,

lσkψ ‖LFk‖ =
81(1 + e) + 25

450
√
π(1 + e)

, lσkψ F∗k =
58

75
√
πe2

Mψ =
234(1 + e) + 100

225
√
π(1 + e)

,

and
F∗k = sup

z∈J
|Fk(τ, 0)| = 1

5e2
, G∗ = sup

z∈J
|G(τ, 0)| = 1

2
, k = 1, 2, 3.

By using Matlab program, it follows by (3.6) and (3.7) that the constant r satisfies the inequality 0.7411 < r <

0.9970. As all the assumptions of Theorem (3.2) are satisfied then the problem (4.1) has at least one solution on
J.

52



Existence results for ψ-Caputo hybrid fractional integro-differential equations

References

[1] M.I. ABBAS, Existence results for Hadamard and Riemann-Liouville functional fractional neutral
integrodifferential equations and finite delay, Filomat, 32(13) (2018), 4611–4618.
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