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1. Introduction

One of the techniques to characterize a Riemannian manifold is to review the geometry of some appropriate
vector fields. The appropriate vector fields that have been widely studied in the literature recently are torse-
forming, concircular concurrent, geodesic and recurrent vector fields, etc. The impression of concurrent vector
fields is firstly announced by K. Yano [22] in such a way:

Let (L, h) be a Riemannian manifold equipped with a metric A and D be the Riemannian connection on
(L, h). A vector field ( is entitled concurrent if

Dy(=2

holds for each tangent vector field Z.

There exist remarkable applications dealing with concurrent vector fields into submanifolds of Riemannian
manifolds admitting differential structures [10, 13, 14, 18, 23, 24], etc. Besides these facts, statistical structures on
Riemannian manifolds have been widely studied lately with interesting geometrical properties. The impression
of statistical manifolds was initially announced by S. Amari [2] and the basic properties of hypersurfaces were
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revealed by H. Furuhata in [11, 12]. Later, this concept admitting complex, contact and product structures was
examined by various authors in [4, 5, 15-17, 21].

An interesting perspective on statistical manifolds came from K. Takano’s definition of Hermite-like
manifolds, which is a generalization of Hermitian manifolds. A Riemannian manifold (L, /) included two
almost complex structures .J and J* is entitled a Hermite-like manifold [19, 20] if

h(JZ1, Z2) = —h(Z1, J* Z2)

holds for each tangent vector fields Z; and Z5. One of the interesting aspects of Hermite-like manifolds is that
although there are no examples in classical Euclidean spaces, there are examples of Hermite-like manifolds in
non-Euclidean geometry. With a similar idea, product-like manifolds were introduced and the geometry of some
special type hypersurfaces of these manifolds was investigated in [1, 7].

The primary objective of this paper is to review screen invariant lightlike hypersurfaces of an almost product-
like statistical manifold. With the aid of statistical structures, some main formulas and relations are obtained and
concurrent vector fields are examined on these hypersurfaces.

2. Almost product-like manifolds and their lightlike hypersurfaces

A differentiable manifold L is entitled an almost product manifold if it includes a tensor field providing F? = I,
where I expresses the identity transformation. We note that the eigenvalues of F' are +1 and —1. If we put

1 1
T= (I+F), @Q=3(-F)

then we find
T+Q=1,T°=T, @*=Q, TQ=QT =0
and
F=T-0Q.
If a Riemannian metric / on L provides
WFZy,Z) = W(Z1, FZ,) 2.1

for each Zy, Z, € T(TL), then (L, h, F) is called an almost product Riemannian manifold.
Now, we remind the following definition [7]:

Definition 2.1. Let F' and F™* be two almost product structures on L. If the equation
WFZy,Zs) = h(Zy, F* Z5) (2.2)
is provided then (f, 7L, F) is entitled an almost product-like semi-Riemannian manifold.

If we indite F'Z; in place of of Z; in (2.2), we obtain that

WFZy,F*Zy) = h(Z1, Zs) 2.3)
is provided.
Example 2.2. Let F be a tensor field on R} such that

0001
0010
0100
1000
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Then we find (R%, F) is an almost product manifold. If we write

" 0 0 0 000-1
~ 0 e 0 0 . _|loo1o0
h=1 "0 0er 0| ™ =|0100]|

0 0 0 en ~100 0

then we obtain (R, E, F) is provided (2.2).
Presume that D is a torsion-free connection on (E, 7&}1) If l~)g is symmetric, then (Z,ﬁ, l~), F) is entitled

an almost product-like statistical manifold. For each (L, h, D, F'), we indite another torsion-free connection
satisfying

Z3h(Zy1, Zo) = W(Dz,Z1, Za) + W(Z1, Dy, Zo) (2.4)

foreach Z,,7Z — 2,Z5 ¢ F(TE). D* is called the dual connection of D. In addition, we indite
0 L~ Y*
Dy Zy = §(Dleg + D%, Zs), (2.5)

where D is the Levi-Civita connection of (L, h, F).

Definition 2.3. Let (57 E, ﬁ, F) be an almost product-like statistical manifold. If F is parallel with regard to D,
then (L, h, D, F) is entitled a locally product-like statistical manifold.

In view of (2.4), we find the following equation is satisfied:
(D7, F)Z2, Z3) = h(Za, (D3, F*) Zs). (2.6)

From (2.6), it is clear that
DF =0« D*F* =0.

Therefore, (E, 7L, 5, F) is a locally product-like statistical manifold if and only if so is (E, ?L, 5*, F).

Example 2.4. Let (R}, E, F) be an almost product-like Lorentzian manifold of Example 2.2. By a straightforward
computation, we put

Dy, 8y = Dy, 04 = %517
Dy, 8y = Dy, 01 = Dp,dy = Dy, 05 = %527
Dy, 85 = Dy, 01 = Dp,dy = Dy, 0 = %337
Dy, 0y = Dp,01 = %5’47

~ ~ 1
D5282 = D8383 = 581 + F§262 + Fgga?n

~ ~ 1
Dy, 03 = Dp,02 = T3505 + '5,05 + 584
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and
* y* 1
Dalal == Da4a4 = 581,
- - - 1
Dj,02 = D3,00 = —Dj, 04 = ~Dj, 0 = 50,
- - - 1
Dj,05 = Dj,00 = —Dj, 04 = ~Dj, 0 = s,
- - 1
Dj,04 = D3,01 = 504,
- - 1
D3, 0 = D3, 05 = 50 — Tha0s — Thos,

~ ~ 1
Dj,05 = Dj, 05 = ~T5,05 = T3,05 — 50,

where T'5, and T3, are any functions on Rt and {0y, 0y, 33, 04} is the natural basis of R}. Then we obtain that
(R, h, D, F) is a locally product-like statistical manifold.

Let (L, k) be a hypersurface of (L, h, F) with the induced metric i from k. If h is degenerate on L, then
(L, h) is entitled a lightlike hypersurface. For any lightlike hypersurface, the radical distribution Rad(TL) is

given as follows:
Rad(TL) =span{¢ : h(¢,Z2) =0,YZ € T'(TL)}.

Denote a complementary vector bundle of Rad(TL) in TL by S(TL). The distribution S(T'L) is called a
screen distribution of (L, h) and thus we write

TL = Rad(TL) Goper, S(TL),

where @+, stands for the orthogonal direct sum. It is known that the screen distribution is not unique since 5 is
degenerate. There is a unique null section N providing

h(&,N)=1, h(N,N)=h(N,Z) =0

for any Z € T'(S(TL)). We note that the vector bundle ltr(T L) = span{NN} is called the transversal bundle of
(L,h,S(TL))[8,9]. B
The Gauss and Weingarten formulas with regard to the Levi-Civita connection V° are formulated by

DY Y =D% Y +B%Z,Y)N Q2.7)

and B
DY N = —AYZ, + 7°(Z1)N, (2.8)

where DV is the induced connection, A%; is the shape operator and 7 is a 1—form.
The hypersurface (L, h, S(T'L)) is called

i) totally geodesic if B® = 0,
ii) totally umbilical if there is a differentiable function y such that BY(Zy, Z5) = uh(Zy, Z5),
iii) minimal if traceg(r L)BO = 0, where traceg(rar) is the trace with regard to S(T'L).

Similar formulas and definitions could be given with regard to D.

The Gauss and Weingarten type formulas with regard to D and D* is written by

Dy Y =Dy Y + B(Zy, Z5)N, (2.9)

Dy N = —A%Z1 + 7%(Z)N (2.10)
S
[\V =]
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and
DYy Zo = D, Zs + B*(Z1, Z2)N, 2.11)
DYy N = —AxZi +7(Z1)N, (2.12)

where DxY,DZ,*Zy, ANZ1,ANZy € T(TL), 7 and 7* are 1—forms. Also, the Gauss and Weingarten type
formulas on S(T'L) could be given as follows:

Dy, PZy =Dy PZy+ C(Z1, PZ)E, (2.13)
Dyz,& = —A¢Zy — 7(Z1)€ (2.14)
and
DY PZy =Dy PZs + C*(Zy, PZs)t, (2.15)
5.6 = —AcZi — T (Z0)E, (2.16)

where P is the projection morphism from I'(T'L) onto I'(S(T'L)), ﬁzlijQ,E;lPZQ € T'(S(TL)) and
A¢, Ay e T(S(TL)).
A lightlike hypersurface (L, h, S(T'L)) is called screen conformal with regard to D if there exists a smooth

function a satisfying
AN = aAg (217)

and it is called screen conformal with regard to D~ if there exists a smooth function o* satisfying
N =oAL (2.18)

Furthermore, the following concepts could be given:
A lightlike hypersurface (L, h, S(TL)) of (L, h, D, F') is called

i) totally geodesic with regard to Dif B=0,
ii) totally geodesic with regard to D* if B* =0,
iii) S(TL)—geodesic with regard to D if C' = 0,
iv) S(TL)—geodesic with regard to D* if C* = 0,
v) totally tangential umbilical with regard to D if B(Zy, Zs) = kh(Z1, Z3),
vi) totally tangential umbilical with regard to D* if B*(Z1, Zs) = k*h(Z1, Z2),
vii) totally normally umbilical with regard to D if A\, Z; = kZ;,
viii) totally normally umbilical with regard to D* if Ay 71 = k* 71,

where k and k* are smooth functions on L.
For any lightlike hypersurface (M, g, S(T'M)), the following equalities are satisfied [6]:

B(Zy,8) + B*(21,6) =0, h(AnZy + ANZ1,Z5) =0, (2.19)
C(Z1,PZs) = W(ANZ1, PZs), C*(Zy,PZ3) = h(ANZy, PZs), (2.20)
B(Zy,Z5) = WA; Zy, Zs) + B*(Z1,€)h(Za, N), 2.21)
B*(Zy, Z2) = WA Z1, Z3) + B(Z1,€)h(Za, N). (2.22)

e
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3. Screen invariant lightlike hypersurfaces

Definition 3.1. Let (L, h, S(TL)) be a lightlike hypersurface of (L, h, F). If F(S(TL)) belongs to S(TL), then
(L, h, S(TL)) is called a screen invariant lightlike hypersurface.

In view of (2.2), we obtain that if (L, h, S(T'L)) is a screen invariant lightlike hypersurface, then F*(S(T'L))
belongs to S(7T'L). Thus, we can write

F§& =M+ N, F*¢ = pa&+mN, (3.1
FN:)\gﬁ—O—ugN, F*N:)\2§+)\1N, (3.2)

where A1, Ao, jt1, tio are smooth functions. Using the fact that F2¢ = £, we find
§=F(M\&+ uN)
= ME+ AN + Xl + prpeN

which yields
A f o =1 and gy 4 pape = 0. (3.3)

Moreover, using the fact that (F*)2¢ = £, we find
p5+ e =1 and popy + Ay = 0. (34
Now, we write a tangent vector field Z in I'(T'L) by
Z=PZ+n(Z)¢, (3.5)

where 7(Z) = §(Z, N) and P is the projection morphism from I'(T'L) onto I'(S(T'L)).
In view of (3.1), (3.2) and (3.5), we put
FZ=FPZ +n(2)F¢
= 0Z +n(Z)ME+n(Z)m N (3.6)
and
F*Z = ¢*Z + n(Z)m€ + n(Z)m N, 3.7
where ¢©Z and ¢*Z belong to T'(S(TM)). Using (2.2), (3.6) and (3.7), we find

h(pZ1, Z2) = W Z1, 9" Z2) (3.8)
forany Z1,Zy € T'(T'M).

Example 3.2. Let (R%,E,F ) be an almost product-like Lorentzian manifold of Example 2.2. Consider a
hypersurface M given by
L={(x1,2,23,24) : 1 = x4} .
Then the induced metric of M becomes
00 O
h=10e" 0
0 0 e™

By a straightforward computation, we obtain

Rad(TL) = span{{ =01 + 04},
S(TL) = span{e; = 02, €3 = O3}
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and

ltr(TL) = span {N = o (=01 + 84)} )

Then, we find F(S(T'L)) C S(TL), which yields to (L, h, S(T L)) is a screen invariant lightlike hypersurface of
(R, h, D, F).

Proposition 3.3. Let (L,h,S(T'L)) be a screen invariant lightlike hypersurface of a locally product-like
statistical manifold (L, h, D, F'). Then we have the following equalities:

(DzX2)é + XDz — pANZ = —pANZ — n(Ax Z)ME + 7 (Z) Ao (3.9)

and
Mo B(Z,&) + Dzpa = —n(ANZ)pia- (3.10)

Proof. From (3.2), we have
EzFN = 52()\25 + ,lLQN)
= (DzA2)€ + AaDz& + (Dzp2)N + pia Dz N. 3.11)
Putting (2.9) in (3.11), we obtain
Dz FN = (DzXo)§ + AV z€ + M B(Z,6N + (Dzpua)N — o Ay Z
+ pem(Z)N. (3.12)
Besides this fact, using (2.10) we have
FDyzN = F(=ANZ 4+ 7 (Z)N)
=—FANZ + 7 (Z)FN. (3.13)
Putting (3.2) and (3.6) in (3.13), we find
FDzN = —pANZ — (AN Z)M& — (AN Z) i N + 7 (Z) Xa€
+ 7(Z)paN. (3.14)
Using the fact that (Z, 71, ZND, F) is alocally product-like statistical manifold in (3.14), we get (3.9) and (3.10). H
As a result of Proposition 3.3, we find

Theorem 3.4. Let (L, h, S(TL)) be a screen invariant lightlike hypersurface of a locally product-like statistical
manifold. If Ay = 0, then £ is a recurrent vector field with regard to D and
1

D 3.15
e Z M2 (3.15)

B(Z,§) =

is satisfied.
Proof. Under the assumption, if we write A}, Z = 0 in (3.9), we obtain

1 _
Dz¢ = E(T*(Z)Az — DzA)§, (3.16)

which shows that £ is a recurrent vector field. Putting A%, Z = 0 in (3.10), we obtain (3.15). ]

Corollary 3.5. Let (L, h, S(TH)) be a screen invariant lightlike hypersurface of a locally product-like statistical
manifold. If £ is a recurrent vector field, then one of the following situations occurs:

3
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i) ANZ is in the direction of €.
ii) AyZ = 0.

Corollary 3.6. Let (L, h, S(TL)) be a screen invariant lightlike hypersurface of a locally product-like statistical
manifold. Then, A}, = 0 and Ay is constant if and only if B vanishes on Rad(TL).

With similar arguments in the proof of Proposition 3.3, we find

Proposition 3.7. Let (L,h,S(TL)) be a screen invariant lightlike hypersurface of a locally product-like
statistical manifold. Then the following equalities hold for any Z € T'(TL):

(D3A2)€ + Ao Dy — MANZ = —p* ANZ — (AN Z) i€ + T(Z) Aok (3.17)

and
MB*(Z,§) + Dz = —n(ANZ) - (3.18)

Theorem 3.8. Let (L, h, S(TL)) be a screen invariant lightlike hypersurface of a locally product-like statistical
manifold. If AN X = 0, then & is a recurrent vector field with regard to D* and the following equality is satisfied:

B*(2,6) = —%

: (DAL, (3.19)
Corollary 3.9. Let (L, h, S(TL)) be a screen invariant lightlike hypersurface of a locally product-like statistical
manifold. If £ is a recurrent vector field, then one of the following situations occurs:

i) An is in the direction of €.

ii) Ay = 0.

Corollary 3.10. Let (L, h, S(TL)) be a screen invariant lightlike hypersurface of a locally product-like statistical
manifold. Axy = 0 and )y is constant if and only if B* vanishes on Rad(TL).

Proposition 3.11. Let (L, h, S(TL)) be a screen invariant lightlike hypersurface. Then the following relations
are satisfied: B
(DzM)E+ M DzE€ — mANZ = pDzE +n(DzE)ME + B(Z,§) A€ (3.20)

and
MB(Z,€) + Dz + m*(Z) = 9(Dz€)p + B(Z,€) . (3.21)

Proof. From (3.1), we have N N
DzF¢ = Dz(M&+ ). (3.22)

Using (2.9) and (2.10) in (3.22), we obtain

DzF¢ = (Dz\)E+MDzE+ M B(Z,E)N + (Dzu)N — Ay Z
+ 7 (Z)N. (3.23)

On the other hand, using (2.9), (2.10) and (3.1), we have

FDz& = oV 26 + n(DzE)ME +n(Dz€)mN + B(Z,€)Aa€
+ B(Z,&)uaN. (3.24)

Using the fact that (E,E,ZND,F) is a locally product-like statistical manifold, we find (3.20) and (3.21)
immediately. |
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As a result of (3.20), we find

Theorem 3.12. If ¢ is a parallel vector field with regard to D, then one of the following relations holds:
i) Ay is in the direction of €.
ii) Ay =0.

Proof. Under the assumption, if £ is a parallel vector field with regard to D, we obtain from (3.20) that

* I~
ANZ = ;(DZ)W + B(Z7£)>\2)£a
1
which shows that A%, is in the direction of { or A}, = 0. |

With similar arguments as in the proof of Proposition 3.11, we get the followings:

Proposition 3.13. Let (L, h,S(TL)) be a screen invariant lightlike hypersurface of a locally product-like
statistical manifold. Then the following relations hold:

(Dy2)€ + paDy€ — mANZ = 9" D€ + n(D5E) € + B*(Z,6) Mok (3.25)

and
p2B*(Z,€) + Dypy + in(Z) = n(Dy€)p1 + B*(Z, €)1 (3.26)

Theorem 3.14. If £ is a parallel vector field with regard to D*, then one of the following situations holds:
i) Ay is in the direction of €.
ii) Ay =0.

Proposition 3.15. Ler (L, h,S(TL)) be a screen invariant lightlike hypersurface of a locally product-like
statistical manifold. Then we have the following formulas:

(Vz,0)Z2 = n(Dz,Z2)M& + B(Z1, Za) o€ — C(Z1, PZ2)M& + g(AN 21, Z2) M€
—0(Z2)M Dz, &+ n(Z2)m AN Z1 (3.27)

and

B(Z1,0Z3) + 1(Z2)MB(21,€) + C(Z1, PZa)ua — g(A Z1, Zo) s + Dz, pan(Zs)
+0(Z2)p1m*(Z1) = (Dz, Z2)pa + B(Z1, Za) pa. (3.28)

Proof. Using (3.6), we have

Dy, FZy = Dz, 0Zs + Z19(Za, N)M& + Dz, M\in(Za)€ + n(Z2)Mi Dz, €
+ Z19(Za, N)pu N + Dz, jun(Z2)N + 1(Z2)p1 Dz, N. (3.29)
Considering (2.4), (2.9) and (2.10) in (3.29), it follows that
Dz, FZy = Dz,0Zs + B(Zy,9Zs)N + C(Z1, PZo)Mi& — g(ANZ1, Z2)Mi€
+ Dz, Mn(Z2)€ + (Y )M Dz, € + n(Z2)\ B(Zy1,6)N

+C(Z1,PZ)maN — g(AN 21, Zo)ia N + Dz, pun(Z2)N
777(22)/11A?VZ1 +77(Z2)/~L17*(21)N (330)
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Besides the above fact, we have from (3.6) that

FDgy, Zy = FDy Zy + B(Z1, Z3)FN
=Dz, Zy +n(Dz,Z2) M€ +n(Dz, Z2)p1 N + B(Z1, Z2) A28

Considering the tangential and transversal parts of (3.30), (3.31) and using the fact that D 2. FZy = FD 7,22,
we get (3.27) and (3.28) immediately. |

As aresult of (3.27), we get the following theorem:

Theorem 3.16. Let (L, h, S(TL)) be a screen invariant lightlike hypersurface of a locally product-like statistical
manifold. Then ¢ is parallel with regard to D.

Proof. For a special case, if we choose Zy € T'(T'L) in (3.27), then we get
(Dz,0)Z2 = N(Dz, Za) M + B(Z1, Z2)As — C(Z1, Z2) M1 + W(AR Z1, Zo) M ¢,
which is a contradiction to Z, belonging I'(S(T'L)). Thus, ¢ is parallel with regard to D. [ |

Proposition 3.17. Let (L, h, S(TL)) be a totally geodesic screen invariant lightlike hypersurface with regard to
D. Then the following relation is satisfied:

C(Zl, PZQ) = 77(DZ1 ZQ) + h(A}(VZh ZQ) (332)

Proof. Putting B(Z1, Z3) = 0 for any Z1, Zy € I'(T'L), the proof is easy to follow from (3.27) or (3.28). |

4. Concurrent vector fields

Let (E,ZL, 5) be a statistical manifold. A vector field ¢ is called a concurrent vector field with regard to D (resp.
D*)if Dz( = Z (resp. D3¢ = Z) for each Z € T'(T'L).

If ¢ is a concurrent vector field with respect to D and 15*, we obtain from (2.4) that
%(5Z2Zh C) = %(5}2217 C)

ii satisﬁ~ed for each 71, Zs € F(TE). Also, we get from (2.5) that if ( is a concurrent vector field with regard to
D and D*, then it is also concurrent with regard to the Levi-Civita connection D°.
Now, we recall the definition of rigged metric for lightlike hypersurfaces [3]:

Definition 4.1. Let (L, h, S(T'L)) be a lightlike hypersurface and 1 be a vector field such that 1, ¢ T, L for any
p € L. If we define a 1—form n satisfying _
n(X) = h(Z,¢)

then v is called a rigging vector field.

If we choose 1) = N, then a rigged metric h with regard to N is defined by

E(Zl, Zy) = h(Z1, Zs) + n(Z1)n(Z2) “.1)

for each 7y, Z, € I'(TL). It is easy to see that h is non-degenerate and the following relations are satisfied:

E(N7 Z) = 77(2)7 E(&&) =1 4.2)

3
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and

h(Zl7 ZQ) = h(Zl7 ZQ), VZl, ZQ S F(TL) (43)

It is known that the gradient of a smooth function could not be defined on a degenerate metric h since the
inverse of h does not exist. But the gradient of a function f could be defined by using a rigged metric as follows:

~ ;0f of
gradf =3 WG oy
i=1

where [h*/] is the inverse of k. We note that [h*/] is also known as the pseudo-inverse of / [3].
_ Let (L,h, S(TL)) be a lightlike hypersurface of (L, h, D) and ¢ be a concurrent vector field with regard to

D and D*. Then we can write
¢=¢"+¢, (4.4)

where (7 is the tangential part, while ¢V is the transversal part of (. In view of (4.1) and (4.4), we obtain
AT, €) = h(CT,€) +n(¢T)n(E).
— (¢, N).
In view of (2.4), we find
Zh(CT,€) = X((,N)
= h(Dz(, N) + h(DN,¢)
=1(Z) = (AN Z,¢) + 7(Z)n(C). 4.5)
Moreover, (4.5) could be written as
Zh(¢",€) = (D3¢, N) + h(DzN, ¢)
=n(Z) = g(ANZ,¢) + T (Z)n(C). (4.6)
From (4.5) and (4.6), we find

Proposition 4.2. Let (L, h, S(T'L)) be a lightlike hypersurface of (Z, h, 5) If C is a concurrent vector field with
regard to D and D*, then

MANZ, ¢) = T(Z)n(C) = WAx Z, ) — 77(Z)n(C) 4.7
is satisfied for any Z € T'(TL). In particular, if n(¢) = 0 then
WANZ,¢) = h(ANZ,) 4.8)
is satisfied.
As aresult of (2.20) and Proposition 4.2, we have

Corollary 4.3. Let (L, h, S(TL)) be an S(T'L)—geodesic lightlike hypersurface of(z7 h, IND) If C is a concurrent
vector field with regard to D and D*, then
7(Z)=1(2) 4.9

is satisfied for any Z € T'(T'L).

Proposition 4.4. Let (L, h,S(TL)) be a lightlike hypersurface of (E,E,ﬁ) Then we have the following
situations:

3
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i) If ¢ is a concurrent vector field with regard to D, then B(Z,¢) = 0 is satisfied for any Z € T'(T'L).
ii) If ¢ is a concurrent vector field with regard to D*, then B*(Z,¢) = 0 is satisfied for any Z € T'(TL).

As aresult of Proposition 4.4, (2.9) and (2.11), we see that if v is a concurrent vector field with regard to D
(resp. D*), then it is also concurrent with regard to D (resp D*). We note that the converse part of this claim is
not correct in general.

Example 4.5. Let (L, h, S(T'L)) be a screen invariant lightlike hypersurface of Example 3.2. In view of Example
2.4, it is clear that { = 01 is a concurrent vector field with regard to D and D*.

Now, suppose that ¢ belongs to I'(T'L). Then we write
¢ = P(+at, (4.10)
where P¢ € I'(S(TL)) and n(¢) = a. Thus, we find

Proposition 4.6. Let ¢ be a concurrent vector field with regard to D. Then we have

1
h(ANC,C) = §aT(C). 4.11)
Proof. From (4.5), it follows that

Ch(¢, &) = n(¢) — 9(AnC, ¢) + T(C)n(C)
= a— g(An¢, ) + ar(Q). 4.12)

Now, we compute the left-hand side of (4.12). From (4.1), we find

Ch(¢,€) = n(C) + h(ANC, Q). (4.13)
The proof is easy to follow from (4.12) and (4.13). |
In a similar way to Proposition 4.6, we find

Proposition 4.7. Let  be a concurrent vector field with regard to D. Then we have
* 1 *
h(ANG,€) = Far*(0)- (4.14)

Theorem 4.8. Let (L, h, S(TL)) be an S(TL)—geodesic lightlike hypersurface with regard to D and  be a
concurrent vector field with regard to D such that ¢ € I(TL). Then ¢ could not be concurrent with regard to
D*.

Proof. Under the assumption and from (4.13), we get Ax¢ = 7(¢) = 0. If we put this equation in (2.12), we
find DN = 0, which shows that ¢ could not be concurrent with regard to D*. |

In a similar way to Theorem 4.8, we obtain

Theorem 4.9. Let (L, h, S(T'L)) be an S(T L)—geodesic lightlike hypersurface with regard to D* and (bea
concurrent vector field with regard to D* such that ¢ € [(TL). Then ¢ could not be concurrent with regard to
D.

Now, we shall investigate concurrent vector fields in screen invariant lightlike hypersurfaces.
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Proposition 4.10. Let (L,h,S(TL)) be a screen invariant lightlike hypersurface of a locally product-like
statistical manifold and { be a concurrent vector field with regard to D. Then we have the following relations:

* 1, ~
AN(C) = —(DuA1)§ (4.15)
M1

and )
T*(v) =1— —(Dc¢pr)- (4.16)

H1

Proof. Since ( is concurrent with regard to f), we write

D¢F¢ = FE. 4.17)

Using the fact that if ¢ is a concurrent vector field with regard to D, then it is also concurrent with regard to D
and using (3.23), we obtain

D¢FE = (D)€ + Mé + (Depn)N — iy A% C + i (C)N. (4.18)
From (3.1), (4.17) and (4.18), the proof is easy to follow. |

As a result of Proposition 4.10, we obtain

Corollary 4.11. Let (L, h, S(T'L)) be a screen invariant lightlike hypersurface of a locally product-like statistical
manifold and ¢ be a concurrent with regard to D, then the following situations occur:

i) If Dchy = 0, then A%,(¢) = 0.
ii) If Depn = 0, then 7+(¢) = 1.
iii) If 1 = 0O, then 54)\1 =0 and ™(() =1
By a similar arguments to Proposition 4.10, we get

Proposition 4.12. Let (L,h,S(TL)) be a screen invariant lightlike hypersurface and ¢ be a concurrent vector
field with regard to D*. Then we have the following relations:

1 -
ANC = —(D¢p2)é (4.19)
M1

and )
() =1— —(D¢pa). (4.20)
2

Corollary 4.13. Let ¢ be concurrent with regard to D*. Then the following situations occur:
i) If Depig = 0, then An¢ = 0.
ii) If Depy = 0, then 7(¢) = 1.
iii) If 1 = 0, then D¢jig = 0 and 7(¢) = 1.

Corollary 4.14. Let (L, h, S(T'L)) be an S(T L)—umbilical screen invariant lightlike hypersurface with regard
to D* (resp. D) and ¢ ¢ T'(Rad(TL)). Then ( is not concurrent with regard to D (resp D*).
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