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Abstract

In this paper, we defined a new subclass of uniformly convex functions and corresponding subclass of starlike
functions with negative coefficients and obtain coefficient estimates. Further we investigate extreme points, growth and
distortion bounds, radii of starlikeness and convexity and modified Hadamard products.

Keywords: Univalent functions, convex functions, starlike functions, uniformly convex functions, uniformly starlike functions.

2010 MSC: 30C45. (©2012 MJM. All rights reserved.

1 Introduction

Denoted by S the class of functions of the form
f(z)=z+ Z anz" (1.1)
n=j+1

that are analytic and univalent in the unit disc U = {z : |2| < 1} and by ST and CV the subclasses of S that

are respectively, starlike and convex. Goodman [Bl [6] introduced and defined the following subclasses of CV
and ST.

A function f(z) is uniformly convex (uniformly starlike) in U if f(z) is in CV (ST) and has the property
that for every circular arc v contained in U, with center £ also in U, the arc f(v) is convex (starlike) with
respect to f(€). The class of uniformly convex functions denoted by UCV and the class of uniformly starlike
functions by UST (for details see [5]). It is well known from [8], [IT] that

2f"(2)
§Re{l+ 712) }

In [1I], Running introduced a new class of starlike functions related to UCV and defined as
zf (2)

2f (2)
ION { ) }

Note that f(z) € UCV < zf'(z) € S, . Further Running generalized the class S, by introducing a parameter

a, _1Sa<1a
2f'(2)
< Re { &) a}.
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Motivated by the works of Bharati et al [2], Frasin [3, 4], Murugusundaramoorthy and Magesh [I0] and
others [5l [6] 8, [TT], 12} (17, 18], we define the following class:

For >0, -1 <a<land 0<X<1,welet S(\ «,03,7) denote the subclass of S consisting of functions
f(2) of the form and satisfying the analytic criterion

2f'(2) + (23 = N)22f"(2)

— 1.2
e {4(>\ “N)z+ (22— N)zf'(2) + 22 —3A 1) [(2) O‘} (1.2)
2f'(2) + (23 = N)22f(2)
-1 . 1.
>6’4()\—)\2)z+(2>\2 TN i) ] P! (13)
We also let TS(\, o, 3,7) = S(A\, 0, 3,7) (T where T, the subclass of S consisting of functions of the form
n=j+1

introduced and studied by Silverman [I4].
We note that, by specializing the parameters j, A, a, and 3 we obtain the following subclasses studied by
various authors.

1. TS(0,,0,1) = T*(«w) and T'S(1,,0,1) = K(c) (Silverman [I4])

2. TS(0,0,0,5) =T*(r,j) and TS(1,,0,5) = K(cr,j) (Srivastava et al. [15])

3. TS(1/2,,0,1) = P(a) (Al-Amiri [I], Gupta and Jain [7] and Sarangi and Uralegaddi [13])
4. TSN\, 0,0,5) = Br(A\, a,5) (Frasin [3| 4] and Magesh [9])

5. TS(1/2,a,3,1) = TR(er, 8) (Rosy [12] and Stephen and Subramanian [16])

7. TS(0,0,8,1) =TS,(F) ( Subramanian et al. [17])
8. T'S(1,0,68,1) =UCV(H) (Subramanian et al. [18])

The main object of this paper is to obtain a necessary and sufficient conditions for the functions f(z) in
the generalized class T'S(\, a, 3, j). Further we investigate extreme points, growth and distortion bounds, radii
of starlikeness and convexity and modified Hadamard products for class T'S(A, a, 5, ).

2 Coefficient Estimates

In this section we obtain a necessary and sufficient condition for functions f(z) in the classes TS(\, «, 3, j).

Theorem 2.1. A function f(z) of the form is in S\, o, 8,7) if

D M1+ B) = (a+ B)Fyllan| <1-a, (2.1)
n=j+1
where
My, =2X2 =)0 + (L+ A =2\%)n, F, = (20 = \)n+ (1 +2)\% —3)) (2.2)

and -1 <a<1,$<A<1,8>0.
Proof. 1t suffices to show that

2f'(2) + (23% — N)22 " (2)
A=A2)z4+ (2X2 = N)zf'(2) + (2A2 = 3A+ 1) f(2)

2f'(z) + (222 = X)2° [ (2)
—Re {4()\ X224 A2 = Nzf(z) + A2 —3A+ 1) f(2) 1} <l-a.

'l |
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We have
ﬂ’ 2f'(2) + (20 = V)22 f"(2)
AN= Az + (202 = N)zf'(2) + A2 = 3A + 1) f(2)
2f'(2) + (23 = N2 f"(2)
- Re {4@ A2z + (2N — N)zf'(2) + (22— BA+ 1) f(2) 1}
2f'(2) + (20 = V)22 f"(2)

:

< (1 -1
s (1+5) '4()\ )+ 20 Nl () + (22 —BA+ DJ(2) ‘
(1 + ﬁ) E (Mn - Fn)|an|
S n:j+100
1= > fan
n=j+1

This last expression is bounded above by (1 — «) if

Y IMu(1+ ) — (a+ B)Fullan| <1—a,

n=j5+1

and hence the proof is complete. O

Theorem 2.2. A necessary and sufficient condition for f(z) of the form to be in the class TS(\, «, 3, 7),
is that

o0

> M1+ 8) = (a4 B)F] an <1—a. (2.3)
n=j5+1

Proof. In view of Theorem we need only to prove the necessity. If f(z) € TS(A, @, 3,7) and z is real then

o0 o0

1— > M, a2zt > (M, — F,) apz""1
n=j+1 n=j+1
00 —az ﬁ 00
1— > F,apz"! 1— > F,apz"!
n=j+1 n=j+1

Letting z — 1 along the real axis, we obtain the desired inequality

oo

> IM,(1+8) = (a+B)Fan<1—a, -1<a<1, §>0.
n=j+1

Finally, the function f(z) given by

l-a ;
z)=2z— 2t 2.4
/&) [Mj1(1+ B) = (o + B) Fjt1] 24)
where M; 1 and Fj4 as written in (2.2)), is extremal for the function. O

Corollary 2.3. Let the function f(z) defined by be in the class TS(\, «, 3,7). Then

l-a

This equality in is attained for the function f(z) given by .

an < n>j+1 (2.5)

3 Growth and Distortion Theorem

Theorem 3.1. Let the function f(z) defined by be in the class TS(\, a, 8,7). Then for |z| <r =1

— l-a J+1 11—« i+
' [Mj1(1+3) = (o + 5)Fj+1]r sW@l<r+ Mjt1(14+08) — (« —i—ﬂ)FjH]r ' (3:-1)

The result is attained for the function f(z) given by for z = £r.
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Proof. Note that

[Mj1(1+8) — (a+ B)Fji] Z an < Z W(14+8) = (a+B)F] an <1 -«

n=j+1 n=j5+1

this last inequality follows from Theorem Thus

S j - 11—« )
If(2)] > |2] — an|Z|nZT—TJ+1 ap > 1 — pitl
ngkl n;rl [ ]+1( + ﬂ) ( + 6) j+1]
Similarly,
c- j - 1—« .
1f(2)] < |z + an|2|" <r it an <7+ IEAR
n=zj;—1 n;—l [Mj41(1+ 8) — (a + B)Fji1]
This completes the proof. 0

Theorem 3.2. Let the function f(z) defined by be in the class TS(\,a, 8,7). Then for |z| <r =1

G+ —-a) iolf G+ —-aq) ;
r— < |f ()] <7+ rl. (3:2)
[Mj11(1 + B) — (o + B) Fjt] [Mjt1(1 + B) — (o + B) Fjta]
Proof. We have
lf'(z)]>1- Z nan|z|" "t >1 -1 Z nay, (3.3)
n=j+1 n=j+1
and - -
FEIS1+ Y nald ™ <1409 Y na,. (3.4
n=j+1 n=j+1
In view of Theorem
M 1(1
(M ( +ﬂ) l(Oz-i-ﬂ j+1] Z na, < Z (14 8) = (a+ B)Fplan <1— (3.5)
I+ n=j+1 n=j+1
or, equivalently
f+1)(1 —
nejt1 [Mj1(148) — (a4 B)Fja]
A substitution of (3.6) into (3.3) and (3.4) yields the inequality (3.2). This completes the proof. O
Theorem 3.3. Let f;(z) =z, and
1—« .
ful) = R+ (3.7)

T DLATA) (it BE]

for0<A<1,8>0,—1<a<1. Then f(z) is in the class TS(\,«, 8, ) if and only if it can be expressed in
the form

)= tinfa(2), (3.8)
n=j
where pn, > 0(n > j) and Y07 i = 1.
Proof. Assume that
O = b+ Y | Lo -
= Hjil; e Hn (1 +5) — (a + B)F)

o0

> 11—« n
gj’“‘"z_ 2 GLOTh - @ R

n=j+1
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Then it follows that

oo 11—« [Mn(l—l-ﬂ)_(a_‘_ﬂ)Fn]_ oo
n:zj;q [Mn(1+3) — (OH—ﬁ)Fn]'u" 1— o = n:zj;l'un <1,

so by Theorem 2.2 f(z) € TS(A, o, B, 7).
Conversely, assume that the function f(z) defined by (1.4) belongs to the class T'S(\, a, 3, ), then

11—«
[Mn (14 8) = (a+ B)F,]

an <

n>j+1

— (M, (14+8)—(a+B) Fn]

11—«

Setting i, an,(n>j+1)and p; =1-— E;o:jﬂ In, We have,

o0
flz) = z- Z anz"
n=j+1
(o)

1-a n
&) = 2= 2 Bhur e - @rpR (39)

Then (3.8]) gives

zZ+ Z (fn(z) - Z),Ufn

n=j+1

@i+ > a2
n=j+1

n=j

and hence the proof is complete. O

4 Radii of close-to-convexity, Starlikeness and Convexity

In this subsection, we obtain the radii of close-to-convexity, starlikeness and convexity for the class T'S(\, «, 3, 7).

Theorem 4.1. Let f € TS(\, «, 8,7). Then f(z) is close-to-convez of order o (0 < o < 1) in the disc |z| < ry,
where

(1—0)[M,(14 8) — (a+ B)F,]] 77

= inf >j+1. 4.1
r1 = in n(l = a) , n2>2J+ (4.1)
The result is sharp, with extremal function f(z) given by .
Proof. Given f € T, and f is close-to-convex of order o, we have
If'(z)—1l<1-o0. (4.2)

For the left hand side of (4.2)) we have

1F'(z) =11 < Y naglz" "
n=j+1
The last expression is less than 1 — ¢ if
Z n anlz|"t < 1.
—~ 1—0
n=j+1
Using the fact, that f € TS(\, a, 3,7), if and only if
f: [Mn(1+6) — (a"’—B)Fn]a <1
(1-a) T

n=j+1
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We can say (4.2) is true if

e M08 — (@t B)F,
1-— - (1-a) )

Or, equivalently,
ot = (1= 0)[Mn(1+ B) = (a+ B)Fn]
B n(l — ) ’

which completes the proof.

Theorem 4.2. Let f € TS(A\ o, 3,5). Then

(i) f is starlike of order o(0 < o < 1) in the disc |z| < ra; where

ry = inf Ki:‘;) [Mn(1+(61)_—0([§v+ﬂ)Fn]}’“7 n>j+1,

(i1) f is convex of order o (0 <o < 1) in the unit disc |z| < r3, where

rs = inf Kn(ln__"a)) (M (1 + ﬁ)_—o(jé + B)Fy)

Each of these results are sharp for the extremal function f(z) given by .
Proof. (i) Given f € T, and f is starlike of order o, we have

2f'(z)
f(2)

— 1‘ <l-o.
For the left hand side of (4.5) we have

>, (n—=1ay |Z‘n71

2f'(2) ‘< n=j+1

f(2) 1_ ioz an |2[71

n=j+1

The last expression is less than 1 — o if

Using the fact, that f € TS(\, a, 8, 7) if and only if

i [Mn(l + 6) - (a +ﬁ)Fn]

n < 1.
(1—a) fin =

n=j+1

We can say (4.5)) is true if
n—o

1—

[M(1+ ) — (a + B)F]
(1-a) '

<

Or, equivalently,

271 = [(1 = U) [My, (14 8) = (o + B)F]

n—o (1-a)

which yields the starlikeness of the family.

T
] ;n=>j+ 1

23

(4.3)

(4.5)

(ii) Using the fact that f is convex if and only if zf’ is starlike, we can prove (ii), on lines similar to the

proof of (i).

O
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5 Modified Hadamard Product

Let the functions f;(z)(i = 1,2) be defined by

filz)=2= Y aniz", ani>0;j€N, (5.1)

n=j+1

then we define the modified Hadamard product of f1(z) and fa(2) by

(fi=fo)(z) =2 — Z An,10n,22" (5.2)

n=j+1
Now, we prove the following.

Theorem 5.1. Let each of the functions f;(z)(i = 1,2) defined by be in the class TS(\,«, 8,7). Then
(fl * f2) € TS()‘v(Slvﬁvj)v fO’f’

(M, (14 8) — (a+ B)F]* = [Mn(1 + 8) = BF,)(1 — a)z.

5 = 5.3
! L1+ ) — (0 B)F.P = Fu(1-a) 3
The result is sharp.
Proof. We need to prove the largest d; such that
Z [Mn(1+6) = (01 + B) F] p10n2 < 1. (5.4)
, 1-4; T
n=j+1
From Theorem we have
S AR I CET) LA M
Wl l-—a
and -
S BLO+D) @t AR),
- 1-«a ’
n=j+1
by the Cauchy-Schwarz inequality, we have
n=j+1 -a
Thus it is sufficient to show that
M, (1 — (6 F, M, (1 — F, .
LD Ot D, L, < BRUEDZOEOB] s vz (5.6)
et Mo(1+5)— (a+ BRI~ 5)
n + —(a+ n — 01 .
n,10n,2 < ,n>j+1 5.7
Vi S (0, (05 8)— 6+ DB —a) " 7
Note that
ST < (=) n>j+1 (5.8)
S DL A et AR T |
Consequently, we need only to prove that
[Mn(l + ﬂ) - (O‘ + ﬂ)Fn] N [Mn(l + ﬂ) - (51 + 5)Fn](1 - 04)7
or equivalently
[(Mn(1+6) = (a+ B)Fa]* = [Mn(1 + 8) = BF](1 — a)?
0 < = A(n). 5.10
VST DL A) - (0t AR - Fal o) " (10
Since A(n) is an increasing function of n(n > j + 1), letting n = j + 1 in (5.10) we obtain
. _ 12 . _ . _ )2
5 <A(G+1) = [Mj1(1 4 8) — (o + B) Fj1a] [Mj41(1 4 8) — BFj11](1 — ) (5.11)

[Mj11(1+8) = (a+ B)Fj]? — Fipa(1 —a)?
which proves the main assertion of Theorem [5.1} The result is sharp for the functions defined by (2.4). O
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Theorem 5.2. Let the function f;(2)(i = 1,2) defined by (5.1)) be in the class TS(\, «, 8,7). If the sequence
{[M,(1 + B) — (a + B)F,]} is non-decreasing. Then the functwn

o0

W)=z 3 (a2 +a2,)e" (5.12)

n=j+1
belongs to the class TS(X, 02,0, j) where

[Mn(1+8) = (a+ B)Fa]® = 2[My (1 + ) — BFa)(1 — )
[Mn(]-'i_ﬂ)_(a+/6)Fn]2_2Fn(1_a)2 .

Proof. By virtue of Theorem [2.2, we have for f;(z)(j = 1,2) € TS(\, a, 3, j) we have

do =

o [Ma(1+5) ~ (a+ H)F, S +0) —(at+HF] ]
n:z];l[ l1-«o } =Z [ l1-—a an’l} =1
(5.13)
and
0o 2 00 2
DELECEIECE I PR SR e
n=j+1 n=j+1
(5.14)
It follows from (5.13]) and - ) that
oo 2
> % [[M"(l - ﬁf:ff‘ : B)F”q (a1 +an2) < 1. (5.15)
n=j+1
Therefore we need to find the largest ds, such that
2
(M (1 +ﬁ1)_—(§;52 +AF] % [[Mn(l —i—ﬁl)_—(ia—&-ﬂ)Fn]} >4l
e [My(14 ) = (0 + B = 2(M, (1+ 8) ~ AF,)(1 — )
n + —(a+ nj - n + -« _
62 < [M,(1+3) — (a+ B)F,]? = 2F,(1 — a)? = (-
Since ¥(n) is an increasing function of n, (n > j + 1), we readily have
oy (M (L B) — (a+ B)Fj)® = 2[Mj41 (1 + B) — BE1](1 — a)?
e = L1+ B) — (ot DFal? — 2y (1 - )?
which completes the proof. O
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