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Abstract

In this paper some new sufficient conditions for the oscillatory behavior of second order nonlinear neutral
type difference equation of the form

A<anA(xn +pnmn—k)) + q”f(xo(nJrl)) =0

where {a,}, {pn} and {¢,} are real sequences, {o(n)} is a sequence of integers, k is a positive integer and
f: R — R is continuous with uf(u) > 0 for u # 0 are established. Examples are provided to illustrate the
main results.
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1 Introduction

In this paper we study the oscillatory behavior of second order neutral type difference equation of the form

A(anA(mn —l—pnxn,k)> + @nf(Toms1)) =0, n € N(ng) (1.1)

where k is a positive integer, {a,}, {pn}, {gn} are real sequences defined on N(ng) and o(n + 1) is a sequence
of integers. We assume the following conditions without further mention:

o0
(H1) {an} is a positive real sequence with Z — < 005
a

n=n n
(H3) {pn} is a real sequence with p, > 1 for alol n € N(nyp);
(Hs3) {qn} is a positive real sequence for all n € N(ng);
(Hy) {o(n)} is an increasing sequence of integers such that o(n) < n and o(n) — oo as n — oo;
(Hs) f:R — R is a continuous function and there exists a constant L > 0 such that % > L for all u # 0,
where « is a ratio of odd positive integers.
Let 0 = maaz{k7 minneN(no)J(n)}. By a solution of equation , we mean a nontrivial real sequence {x,, }

defined for all n > ng — 0, and satisfying the equation (|1.1)) for all n € N(ng). A solution of equation (1.1) is
said to be oscillatory if it is neither eventually positive nor eventually negative, and nonoscillatory otherwise.

In recent years, there has been much research concerning the oscillation of delay and neutral type difference
oo 1

equations. In most of the papers, the authors considered the case ) — = oo and either —1 <p <p, <0

N=ng an

or 0 < p, < p < 1, see for example [3-6, 9, 10, 13-16]. In [7, 8, 11, 12] the authors considered equation
(T.1)) under the assumptions >°° L < oo and 0 < p, < p < 1 and established sufficient conditions for the

N=ng an
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oscillation of all solutions of equation (|1.1)).
Motivated by this observation in this paper we present some sufficient conditions for the oscillation of all
solutions of equation (L.I]) under the conditions 7 L < ooand p, > 1 for all n € N(ng). In Section 2, we

present some preliminary lemmas, and in Section 3 we obtain some sufficient conditions for the oscillation of
all solutions of equation (|1.1)). In Section 4, we provide some examples to illustrate the main results.

2 Some preliminary lemmas

Throughout this paper we use the following notation without further mention:

Zn = ITn +p71xn—k )
n 1 n—1 1
An) = aom) Y ., Rn)=)»_ —,
— Gg(s) — Qs
S$=ngo s§=ng
1 R 2k
B(n) = (1- (n+ 2k) )>0.
Dtk R(n + k)pntok
1 1 =1
Cln) = (1— ) ,and Em)= Y —,
Prn+k Pn+2k s=r(n) Qs

where {7(n)} is defined later. Note that from the assumptions it is enough to state and prove the lemmas and
theorems for the case {x,} is eventually positive since the opposite case is proved similarly. To prove our main
results we need the following lemmas.

Lemma 2.1. Let {z,} be an eventually positive solution of equation (1.1)). Then one of the following two cases
holds for all sufficiently large n:

(1) zn >0, apAz, >0, A(a,Az,) <0;
(II) zp, >0, a,Az, <0, A(a,Az,)<0.
Proof. The proof of the lemma can be found in [11]. O

Lemma 2.2. Let {x,} be an eventually positive solution of equation (1.1) and suppose case (I) of Lemma 2.1
holds. Then there exists N € N(ng) such that

Zp > B(n)zy, for all n> N. (2.1)

Proof. From the definition of z,, we have
Zn+k _ Tn+k

= + Ty
Pn+k Pn+k
or 1
Ty = (Zntk — Tntk)- (2.2)
Pn+k

On the other hand

Az
Zn = Zng + Z = > a,R(n)Az,
S

- a
S=ngo
or
R(n)Az, — z,AR(n) < 0.
or
R(n)Az, — z,AR(n) <0
R(n)R(n +1) -
or ;
Al="<) <.
(R(n)) =0
Thus z, is increasing and % is nonincreasing. Further
Znt2k R(n + 2k) Zntk
ntk < R(n+ 2k < . 2.3
Ttk D2k (n )R(n+2k) D2k <R(n+k)) (2.3)

From (2.2)) and ([2.3) we obtain (2.1)). This completes the proof. O
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Lemma 2.3. Let {z,,} be an eventually positive solution of equation (1.1)) and suppose case (II) of Lemma 2.1
holds. Then there exists N € N(ng) such that

Tp > C(n)znyk, for all m> N. (2.4)

Proof. From the proof of Lemma [2.2] we have (2.2). From Az, < 0 we have

Lok < Znt2k < Fntk (2.5)
Prn+2k Pn+2k
Using (2.5)) in (2.2]), we obtain (2.4). This completes the proof. O

Lemma 2.4. Let {x,} be an eventually positive solution of equation (1.1) and suppose case (I) of Lemma 2.1
holds. Then there exists N € N(ng) such that

Zomnt1) = A(n)Azy(n), forall n> N. (2.6)

Proof. Since A(ap,Az,) <0 and Acg(n) > 0, we see that

n n 1
Zo(nt1) = Zo(N) T D DZo(e) 2 Ao(m)Do(n) Y Ao(s)
s=N s=N 98

The proof is now complete. O

3 Oscillation results

In this section we obtain some new sufficient conditions for the oscillation of all solutions of equation (|1.1)).

Theorem 3.1. Assume that o > 1, and there exists a sequence of integers {T(n)} such that T(n) > n,
AT1(n) > 0 and o(n) < 7(n) — k. If there exists a positive increasing real sequence {p,} such that for all
constants M >0 and D > 0 one has

— o 1 (Ap")2a‘7(”) —
n;v [Lpnan o+ 1) = et } = x (3.1)
and -
n; [anEa(n +1)C%o(n+1)) — m} = (3.2)

then every solution of equation (1.1)) is oscillatory.

Proof. Assume to the contrary that there exists a nonoscillatory solution {z,} of equation . Without loss
of generality we may assume that x,,_g > 0 for all n > N € N(ng), where N is chosen so that one of the cases
of Lemma 2.1 hold for all n > N. We shall show that in each case we are led to a contradiction.

Case(I). From Lemma 2.2 and equation (I.I)), we have

A(anAzp) + LgnB*(0(n+1))25(n41) <0, n > N. (3.3)
Define A
wn:pnana o , n=N,
z
o(n)
we have
nA(an Az, anAzy, o o Ap,,
Awn = % + ApnanHAan — pnﬁAzo‘(n) - Lpnan (O’(TL —+ 1)) + P Wn+1
Zo(n—i-l) 25 (nt1) Zo(n-‘rl)zo(n) Pr+1
Az
S g (3.4)
Prn+1 Zo(n)

for n > N. By Mean value theorem

Azf,“(n) = ato‘_lAzU(n),
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where 2,(,) <1t < 25(n41). Since a > 1, we have

Az = ozzg(_nl)Azg(n). (3.5)
Using (3.5) in (3.3) we obtain for n > N
—1
A n n Z: n AZU n
Ay < ~LpaguB(o(n+ 1)) + =Ly — 2Ly, Zr0 70 (3.6)
Pn+1 Pn+1 Za(n)
Since z, increasing and a, Az, is nonincreasing we have from (3.6)
Awn < —LpngnB(0(n+1) + = wn iy — = (37)
Pn+1 Pn+1 Qo(n)

where M = z,(y). Summing the last inequality from N to n — 1 and using completing the square we have

i, o 1 (Aps)Qaa’(s)
0<w, <wy— Y. [LquSB s+ 1)~ e :

s=N

Letting n — oo in the last inequality, we obtain a contradiction to (3.1)).

Case(II). Define

HA’H,
o >N, (3.8)

Un —

o(n)
Then v, < 0 for n > N. Since {a,Az,} is nonincreasing, we have
anAz,

Azg < ——, s>n.
Qs

Summing the last inequality from 7(n) to oo, we obtain

oo

1
Zoo < Zr(n) T anlzy Z —.

Qs
s=7(n) °

Since z, > 0 for all sufficiently large n we have

0 < 200 < 2p(n) + anAz, E(n) , n>N,

or
aAamBEm)
Z7(n)
Thus )
— a—
3 anAzy( snAzn) Eo(n) < 1.
z
7(n)
So, by A(—anAz,) > 0 and (3.8)), we have
<v,E¥(n) <0, n>N, (3.9)

7Da—1 —
where D = —ayAzy. From (3.8), we have

Z?(n+1) Z?(n)zf(nﬂ)

By Mean Value Theorem,

T

Azo‘(n) =t ! Az (p)

where 2-(,41) <t < 2z7(n). Since a > 1 and Az, ¢,y < 0, we have

a a—1
AZT(n) < aZT(n+1)AZT(”) '
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Therefore

Lanzy, A
Av, < ——2 (nt1) aaan Zn Az (. (3.10)
ZT(TL+1) ZT(n)ZT("H‘l)
From (2.4) and by o(n) < 7(n) — k, we have
xa
70t > ¢ (g(n +1)). (3.11)
ZT(TL+1)
From (3.10) and (3.11)), we obtain
Av, + Lg,C%(o(n+1)) <0, n>N. (3.12)

Multiplying (3.12) by E*(n + 1) and then summing it from N to n — 1, we have

n—1 n—1

> E*(s+ 1)Avs+ Y LE“(s+1)g.C*(a(s +1)) < 0.
s=N s=N

Summation by parts formula yields

n—1 n—1
> E%(s+1)Avs = E*(n)v, — E*(N)oy — > v, AE%(s).
s=N s=N
Using Mean Value Theorem, we obtain
Ea—l
AE(s) > ~2ET ()
Qr(s)
Since v,, < 0, we have
n—1
sEa 1
Z E%(s+1)Avs > E*(n)v, — E“(N)uy + Z av, B (s) )
s=N Qr(s)
or
L aw Ev~1(s) e
E*(n)v, — E*(N)on + Y, —————=+ Y Lg.E*(s +1)C*(o(s + 1)) < 0. (3.13)
s=N aT(S) s=N
Therefore, from and -, we obtain
1 e e
< E%(n)v, < EX(N [LS 1)C ))-——2% |
Da—1 — (n)v — = q S + ) ( (S + )) DailE(S)aT(s)
Letting n — oo in the last inequality, we obtain a contradiction to (3.2)). This completes the proof. O

Theorem 3.2. Assume that o > 1 and there exists a sequence {T(n)} of integers such that T(n) > n, Ar(n) >0
and 7(n) < o(n) — k. If there exists a positive increasing real sequence {pn} such that for every constants
M > 0,and D > 0, (3.1) holds, and

o0

3 [anaH(n +1)C%(o(n+1)) —

n=N

a+1

—_| = 3.14
Da_la.,.(n)} o0 ( )

then every solution of equation (1.1)) is oscillatory.

Proof. Proceeding as in the proof of Theorem 3.1, we see that Lemma 2.1 holds for n > N € N(ng).
Case(I). Proceeding as in the proof of Theorem 3.1(Case(I)) we obtain a contradiction to (3.1]).

Case(II). Proceeding as in the proof of Theorem 3.1(Case(II)) we obtain (3.9) and (3.12). Multiplying (3.12)
by E“tl(n + 1) and then summing it from N to n — 1 we have

n—1 n—1

> B s+ 1)Av,+ Y L. B (s + 1)C%(o(s + 1)) < 0.
s=N s=N
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Using the summation by parts formula in the first term of the last inequality and then rearranging, we obtain

n—1

Bt (n)v, — B (N)uy + Z (o + i vsE(s) | 3 L Bt (s +1)C%(o(s + 1)) < 0. (3.15)
7(s) =N

In view of (3.9), we have —v, E*T!(n) < 515 F(n) < 0o as n — 00, and

n—1 n—
1 1
E L. BT (s + 1)C%o(s+1)) < E*™YN)voy — E*TH(n)v, + (a+1) g .
Da—1 aT(s)
s=N s=N
Letting n — oo in the last inequality, we obtain a contradiction to (3.14]). This completes the proof. O

Theorem 3.3. Assume that o > 1, and there exists a sequence {T(n)} of integers such that 7(n) > n, Ar(n) >
0 and o(n) < 7(n) — k. If there exists a positive increasing real sequence {pn} such that for every constant
M >0, (3.1) holds, and

o] n—1

Z 1 quEa (s+1)C%o(s+1)) = oo, (3.16)

nN " s=N

then every solution of equation (1.1)) is oscillatory.

Proof. Proceeding as in the proof of Theorem 3.1, we see that Lemma 2.1 holds and Case(I) is eliminated by

the condition (3.1]).
Case(II) Proceeding as in the proof of Theorem 3.1(Case(II)), we have

Zr(n) = —anAznE(n) > —anyAzyE(n) = dE(n)
where d = —ayAzy. From equation (1.1)), we have
A(—a,Az,) > anx?(n+1)7

and
To(n+1)

> Co(n +1)).
Zr(n+1)

Hence

A(—ap,Azy) > d*Lg,C*(o(n+1))E“(n+1).

Summing the last inequality from N to n — 1, we obtain

n—1
—anAz, > —anAzy+d*L Z gsC(o(s+1)E“(s+1)
s=N
n—1
> Ld* ) q.C%(o(s+1))E*(s+1).
s=N

Again summing the last inequality from N to n — 1, we have

n—1 s—1
1
ZN > ZN — 2z > Ld* E E aC(c(t+1)E*(t+1).
s=N st N

Letting n — oo in the above inequality, we obtain
Ld* Z Z @C(o(t+1)E*(t+1) < 2x

a contradiction to (3.16)). This completes the proof. O

Next, we obtain sufficient conditions for the oscillation of all solutions of equation (|1.1)) when 0 < o < 1.
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Theorem 3.4. Assume that 0 < a < 1, and there exist a real sequence {T(n)} of integers such that T(n) >
n, At(n) > 0 and o(n) < 7(n) — k. If there exists a positive nondecreasing sequence {pn} such that for all
constants My > 0 and My > 0, one has

o0

LpngnB® 1 —MH% = 3.17
n=N
and
[e%s) B N 1
3 [LM; LgnE(n+1)C%(o(n + 1)) — m} = 0, (3.18)
n=N 7(n)

then every solution of equation (1.1)) is oscillatory.

Proof. Proceeding as in the proof of Theorem 3.1, we see that Lemma 2.1 holds for all n > N € N(ng).

Case(I). Define
’I'LA n
wn:pnaa i , n>N.
“o(n)

Then w,, > 0 and from equation (1.1)) and from (2.1, we have

Ao (n) D20 (n)

Aw, < =Lp,g.B*(c(n+ 1))+ Apy, n > N.

[
Zo(n+1)

Using (2.6) in the last inequality, we obtain

Apnag(n)

< - o —e(n)
Aw,, < LpngnB (U(n + 1)) + Ao‘(n)

(aa(n)AZU(n))liaz n > N.

From the monotonicity of {a,Az,} and 0 < a < 1, we have from the last inequality

APnly ()

— VMY n>N 1
A"‘(n) 1 , =2 ’ (3 9)

Awn S _Lpnana (U(n + 1)) +

where M) = a,(n)Azy(ny. Summing the inequality (3.19) from N to n — 1, we obtain

n—1 Ml—aaa A,Ds
0<w, <wy— Y. (Lpsqua(a(s +1)) - %) (3.20)
s=N 5
Letting n — oo in (3.20)), we obtain a contradiction to (3.17).
Case(II). Define
”LA n
vy = 2 S N (3.21)
Z7(n)
Then v,, < 0 for n > N. Further, we have
asAzs < a,Az,, s>n.
Dividing the last inequality by as and then summing it from 7(n) to £, we obtain
S|
20+1 — Z7(n) < anAzn Z ;
s=7(n) s
Letting ¢ — oo, we obtain
0 < 2r(n) + anAzp, E(n)
or
—1<wv,E(n), n>N. (3.22)

From (3.21)) and equation (1.1f), we have

anxg(nH) B an A2y Dzr ()

Av, < —

Zr(n+1) Zr(n)*r(n+1)
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Since 7(n) > n and a,Az, is negative and decreasing, we have
aT(n)AZT(n) < anAzy.

Therefore

Tomrn)  (anlz,)?

27 (n41) QAr(n)21(n)*r(n+1)

Av, < —Lg, n > N.
Since zy,, is positive and decreasing, we have z;(,41) < 2r(,) for n > N. Combining the last two inequalities,

we obtain . )
T
Av,, < —anM - U—", n > N. (3.23)

Zr(n+1) Qr(n)
Now using (3.11]) in , we have
C*o(n+1)) v2

Av, < —Lg, —
N T @r(n)
for some constant Ma = z;(n41) > 0. That is,
02
Av, + LM$ ¢, C*(o(n+1)) + — <0, n>N. (3.24)
ar(n)

Multiplying (3.23]) by E(n + 1), and then summing it from N to n — 1, we have

E(s+1) 3

ZEs—i—lAvs + ZLM E(s+1)C%o(s+1) +Z <0. (3.25)

Using the summation by parts formula in the first term of (3.25) and then rearranging, we obtain

n—1

v’E 1
E(n)o, — E(N)oy + > LM§~'q,E(s + 1)C(o )+ Z ( Y a(s * )) <0.
s=N 7(s)
Using completing the square in the last term of the above inequality, we obtain
n—1
E(m)v, - E(Nyoy + 3 LM§~"q.E(s + 1)C% (o (s + 1))
s=N
n—1 -
E(s+1)
<
+Z Qr(s (US+2 s—|—1) Z TSEs—|—1) 0
=N (s) (s)
or
n—1 1
E n < ( LMS g, 1)Cce 1) - — ).
(n)on < = 4sB(s +1)C% (o (s +1)) da, (s E(s + 1))

Letting n — oo in the last inequality and using (3.22)), we obtain a contradiction to (3.18)). The proof is now
complete. O

4 Examples

In this section, we present some examples to illustrate the main results.
Example 4.1. Consider the neutral difference equation

A(2”+1A(xn + 233”72)) +9x 22z, 1 =0, neN0). (4.1)

Here a, = 2", p, =2, k=2, on+1) =n—-1, a =1, ¢, = 36(2") and 7(n) = n + 2. Then
R(n) = 71, E(n) = 34, C(n) = 1 and B(n) = %(%) By taking p, = 1, we see that
all conditions of Theorem 3.1 are satisfied and hence every solution of equation (4.1)) is oscillatory. In fact
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{zn} = {(=1)"} is one such oscillatory solution of equation (4.1)) since it satisfies the given equation.

Example 4.2. Consider the neutral difference equation

A(Z"HA(xn n 2xn_3)> 11905 x 25343 =0, n e N(0). (4.2)
Here a, = 2" p, =2, k=3, oln+1)=n—-2, a =3, ¢, = <312970658)25", L=1and 7(n) =n+2.
Then R(n) = 27;;1, E(n) = 5=, C(n) =} and B(n) = $<16 - %) By taking p, = 1, we see that

all conditions of Theorem 3.2 are satisfied and hence every solution of equation (4.2)) is oscillatory. In fact
{mn} = {59

~—} is one such oscillatory solution of equation (4.2]) since it satisfies the given equation.

Example 4.3. Consider the neutral difference equation
A((n +1)(n+2) Az, + 3%,1)) +8(n+2)%3, =0, neNQ). (4.3)

Here a, = (n+1)(n+2), pp =3, k=1, c(n+1) =n-2, a = %, ¢, = 8(n+2)? and 7(n) = n.
— n2 n— .

Then R(n) = 2&7-5-11)’ E(n) = ﬁ, C(n) = 2 and B(n) = %( n(tf’_‘_g)l). By taking p, = 1, we see that

all conditions of Theorem 3.4 are satisfied and hence every solution of equation (4.3]) is oscillatory. In fact

{zn} = {(—1)3"} is one such oscillatory solution of equation (4.3)) since it satisfies the given equation.

We conclude this paper with the following remark.

Remark 4.1. The results obtained in this paper are new and complement to that of in [8, 11, 12].
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