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Hypersphere and the fourth Laplace-Beltrami operator in 4-space
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Abstract. We consider hypersphere x(u, v, w) in the four dimensional Euclidean space E*. We compute the fourth Laplace-
Beltrami operator of the hypersphere satisfying A™Vx =Ax, where A € Mat (4, 4).
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1. Introduction

In differential geometry, hyper-surfaces theory have been worked by many mathematicians for a long time.
For example, Obata worked [41] certain conditions for a Riemannian manifold to be isometric with a sphere;
Takahashi [44] proved that a connected Euclidean submanifold is of 1-type, iff it is either minimal in E™ or
minimal in some hypersphere of E”; Chern, do Carmo, and Kobayashi [15] gave minimal submanifolds of a
sphere with second fundamental form of constant length; Cheng and Yau considered hypersurfaces with constant
scalar curvature; Lawson [37] gave minimal submanifolds in his book.

Chen [9-12] studied submanifolds of finite type whose immersion into E” (or ET*) by using a finite number of
eigenfunctions of their Laplacian. Some results of 2-type spherical closed submanifolds were given by [6, 7, 10];
Garay researched [25] an extension of Takahashi’s theorem in E™. Chen and Piccinni [13] focused submanifolds

with finite type Gauss map in [E™. Dursun [20] considered hypersurfaces with pointwise 1-type Gauss map in
Entl,

*Corresponding author. Email address: eguler @bartin.edu.tr (Erhan GULER)
ORCID: https://orcid.org/0000-0003-3264-6239

https://www.malayajournal.org/index.php/mjm/index ©2023 by the authors.



Erhan GULER

In [E3; Takahashi [44] proved that minimal surfaces and spheres are the only surfaces satisfying the condition
Ar = Ar, A € R; Ferrandez, Garay, and Lucas [22] gave that the surfaces satisfying AH = AH, A € Mat(3,3)
are either minimal, or an open piece of sphere or of a right circular cylinder; Choi and Kim [17] studied the
minimal helicoid in terms of pointwise 1-type Gauss map of the first kind; Garay [24] classified a certain class
of finite type surfaces of revolution; Dillen, Pas and Verstraelen [18] focused that the only surfaces satisfying
Ar = Ar+ B, A € Mat(3,3), B € Mat(3,1) are the minimal surfaces, the spheres and the circular cylinders;
Stamatakis and Zoubi [43] obtained surfaces of revolution satisfying ATy — Ag: Senoussi and Bekkar [42]
introduced helicoidal surfaces M2 which are of finite type with respect to the fundamental forms I, 17 and 111,
i.e., their position vector field 7 (u, v) satisfies the condition A'r = Ar, J = I, 11,111, where A € Mat(3,3);
Kim, Kim and Kim [34] gave Cheng-Yau operator and Gauss map of surfaces of revolution.

In E*; Moore [39, 40] worked general rotational surfaces; Hasanis and Vlachos [31] considered
hypersurfaces with harmonic mean curvature vector field; Cheng and Wan [14] gave complete hypersurfaces
with CMC'; Kim and Turgay [35] introduced surfaces with L;-pointwise 1-type Gauss map; Arslan et al [2]
worked Vranceanu surface with pointwise 1-type Gauss map; Arslan et al [3] studied generalized rotational
surfaces; Aksoyak and Yayli [32] worked flat rotational surfaces with pointwise 1-type Gauss map; Giiler,
Magid and Yayli [29] introduced helicoidal hypersurfaces; Giiler, Hacisalihoglu, and Kim [28] studied Gauss
map and the third Laplace-Beltrami operator of the rotational hypersurface; Giiler and Turgay [30] focused
Cheng-Yau operator and Gauss map of rotational hypersurfaces; Giiler [27] found rotational hypersurfaces
satisfying A/R = AR, where A € Mat(4,4). He [26] also studied fundamental form IV and curvature
formulas of the hypersphere.

In Minkowski 4-space E‘f; Ganchev and Milousheva [23] indicated analogue of surfaces of [39, 40];
Arvanitoyeorgos, Kaimakamais, and Magid [5] studied that if the mean curvature vector field of M3 satisfies the
equation AH = aH (« a constant), then Mf’ has C M C'; Arslan and Milousheva considered meridian surfaces
of elliptic or hyperbolic type with pointwise 1-type Gauss map; Turgay introduced some classifications of
Lorentzian surfaces with finite type Gauss map; Dursun and Turgay gave space-like surfaces in with pointwise
1-type Gauss map. Aksoyak and Yayli [33] obtained general rotational surfaces with pointwise 1-type Gauss
map in E3. Bektas, Canfes, and Dursun [8] worked surfaces in a pseudo-sphere with 2-type pseudo-spherical
Gauss map in E3.

We consider hypersphere in the four dimensional Euclidean space E*. In Section 2, we give some notions
of four space. We give curvature formulas of any hypersurface in Section 3. Finally, we define hypersphere in
Section 4. We compute hypersphere satisfying A’Vx =Ax for some 4 x 4 matrix A in the last section.

2. Preliminaries

In this section, we give some of basic facts and definitions, then describe notations used in this paper. Let E™

m
denote the Euclidean m-space with the canonical Euclidean metric tensor given by g = (, ) = > dz?, where
i=1

(z1,x9,...,%y) is arectangular coordinate system in E™. Consider an m-dimensional Riemannian submanifold
of the space E™. We denote the Levi-Civita connections of E™ and M by Vand V, respectively. We shall use
letters X, Y, Z, W (resp., £, ) to denote vectors fields tangent (resp., normal) to M. The Gauss and Weingarten
formulas are given, respectively, by

VxY = VxY +h(X,Y), 2.1)
Vx& = —A¢(X) + Dx¢, (2.2)

where h, D and A are the second fundamental form, the normal connection and the shape operator of M,
respectively.
For each ¢ € Tpl M, the shape operator A¢ is a symmetric endomorphism of the tangent space 7, M at
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p € M. The shape operator and the second fundamental form are related by
(W(X,Y),§) = (AeX,Y).
The Gauss and Codazzi equations are given, respectively, by

(R(X,Y,)Z,W) = (h(Y, 2), h(X, W) — (h(X, Z), h(Y, W), 23)
(?Xh)(yv Z) = (?Yh)(Xﬂ Z)7 2.4

where R, RP are the curvature tensors associated with connections V and D, respectively, and V' is defined by

(Vxh)(Y,Z) = Dxh(Y, Z) — h(VxY, Z) — h(Y,V x Z).

2.1. Hypersurfaces of Euclidean space

Now, let M be an oriented hypersurface in the Euclidean space E" T, S its shape operator (i.e. Weingarten

map) and z its position vector. We consider a local orthonormal frame field {ej, ez, ..., e,} of consisting of
principal directions of M corresponding from the principal curvature k; for i = 1,2, ...n. Let the dual basis of
this frame field be {61, 65, ..., 60, }. Then the first structural equation of Cartan is
dai:zoj/\wiﬁ L,j=12...n, 2.5)
i=1

where w;; denotes the connection forms corresponding to the chosen frame field. We denote the Levi-Civita
connection of M and E"™' by V and V, respectively. Then, from the Codazzi equation (2.3), we have

ei(k;) = wij(e;) (ki — kj), (2.6)
wij(er) (ki — kj) = wale;) (ki — ki) 2.7
for distinct 4, j,1 = 1,2,...,n.
We put s; = oj(ki, ke, ..., k), where o; is the j-th elementary symmetric function given by
oj(a1,az,...,a,) = Z Qi) Qi - - - Q-

1<i1<i2<...<i;<n

We use following notation
] =0k ko, kimy Rip, ki, o En).

By the definition, we have r? = land sp4+1 = Spya = --- = 0. We call the function sj as the k-th mean
curvature of M. We would like to note that functions H = %sl and K = s,, are called the mean curvature and
Gauss-Kronecker curvature of M, respectively. In particular, M is said to be j-minimal if s; = 0 on M.

In E**L, to find the i-th curvature formulas @; (Curvature formulas sometimes are represented as mean
curvature H;, and sometimes as Gaussian curvature /; by different writers, such as [1] and [36]. We will call it
just i-th curvature €; in this paper.), where ¢ = 0, ..., n, firstly, we use the characteristic polynomial of S:

Ps(\) =0=det(S — A,) = Y _ (—1)* sp A" 7%, (2.8)
k=0

where ¢ = 0, ..., n, I,, denotes the identity matrix of order n. Then, we get curvature formulas (?)Q = s;. That
is, (§)€o = so = 1 (by definition), ()€1 = s1,..., (7)€, = s, = K.
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k-th fundamental form of M is defined by I (S¥~1 (X),Y) = (S¥71 (X),Y’) . So, we have

n

3 (1) <’Z) €T (S (X),Y) =0. 2.9)

=0

In particular, one can get classical result €o/1] — 2€1 11 + €51 = 0 of surface theory for n = 2. See [36] for
details.

For a Euclidean submanifold x: M — E™, the immersion (M, x) is called finite type, if 2 can be expressed
as a finite sum of eigenfunctions of the Laplacian A of (M, z),ie. x =z + Zle x;, where x is a constant
map, x1,...,Z, non-constant maps, and Az; = Nz, Ay € R, ¢ = 1,... k. If \; are different, M is called
k-type. See [10] for details.

2.2. Rotational hypersurfaces

We obtain a rotational hypersurface (rot-hypface for short) in Euclidean 4-space. Before we proceed, we
would like to note that the definition of rot-hypfaces in Riemannian space forms were defined in [19]. A rot-
hypface M C E"*! generated by a curve C around an axis C that does not meet C is obtained by taking the orbit
of C under those orthogonal transformations of E"+! that leaves ¢ pointwise fixed (See [19, Remark 2.3]).

Throughout the paper, we identify a vector (a, b, ¢, d) with its transpose. Consider the case n = 3, and let C
be the curve parametrized by

V(w) - (§(w),0,0,<p(w)) ’ (2.10)

where &, o are differentiable functions. If ¢ is the x4-axis, then an orthogonal transformations of E"t+! that leaves
v pointwise fixed has the form

cosucosv —sinu —cosusinv 0

sinucosv cosu —sinusinv 0
Z(v,w) = . , u,veR.
sin v 0 CcoS v 0

0 0 0 1

Therefore, the parametrization of the rot-hypface generated by a curve C around an axis t is given by x(u, v, w) =
Z(u, v)y(w).

Definition 2.1. Let x = x(u, v, w) be an immersion from M3 C E? to E*. In 4-space, inner product is given by
<7, 7> = T1Y1 + T2Y2 + T3Y3 + TaYa,
and triple vector product is defined by

€1 €2 €3 €4

T XY x T =det | FLT2TM
Y1 Y2 Y3 ya |’

21 22 R3 24

where ? = <$1,$2,$3,$4), 7 = (y17y25y37y4)5 ? = (2172272:37'24)-

Definition 2.2. Definition For a hypface x in 4-space, we have

(9i3)3x3> (Mij)axzs (tij)zxss .11

where (gi;) , (hij), and (t;;) are the first, second, and the third fundamental form matrices (or 1,11, and I11),
respectively, where gi1 = <Xuaxu> , g12 = <Xuyx'u> , 913 = <Xu7xw> y g22 = <xvaxv> ; g23 = <vaxw> ; 933 =

e
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<Xwaxw> 5 hll = <qu7 €> 5 h12 = <Xuv7 €> 5 h13 = <qua €> 5 h22 = <X’U’Ua €> 5 h23 = <Xvw; 6> 3 h33 = <wa7 €> 5
e11 = (eu,eu), €12 = (€u, €y) , €13 = (€, €w) , €22 = (€y, €y) , €23 = (€y, €y) , €33 = (€w, €w) . Here,

Xy X Xy X Xy

e (2.12)

% X Xy X Xy
is unit normal (i.e. the Gauss map) of hypface x.

Product matrices (g; j)_l'(hij) gives the matrix of the shape operator S of hypface x in 4-space. See [28-30]
for details.

3. i-th Curvatures

To compute the i-th mean curvature formula &;, where ¢ = 0, .., 3, we use characteristic polynomial Ps(\) =
aX> + X2+ ceh+d=0:
Ps(\) = det(S — A\I3) = 0.

Then, obtain €y = 1 (by definition), (‘rf) ¢ = (?)H = —g, (g) & =7, (g) C;=K= —g.
Therefore, we find i-th curvature folmulas depends on the coefficients of the fundamental forms (g;;) and
(hi;) in 4-space. See [26] for details.

Theorem 3.1. Any hypersurface x in B3 has following curvature formulas, €o = 1 (by definition),

(g11h22 + g22h11 — 2g12h12) 933 + (911922 — 9%2)}133
—2(g13h13922 — 923R13912 — g13h23g12
+911923ho3 — 913923h12) - g%ghu - 9%3/122

¢ = 3.1)
3[(911922 — 972)933 — 911933 + 2012913923 — G22073)
(g11h22 + ga2h11 — 2g12h12) has + (hirhee — g%5) 933
—2(g13h13ha2 — gashizhi2 — gizhashio
¢, = +g23hashii — h13h23912) — g1 h%?, - 922h%3 3.2)

3[(911922 — 972)933 — 911933 + 2912913923 — g22973]

(h11ha2 — h3y) hag — hi1h3s + 2h12h13has — hoohis
€ = 2 : s (3.3)
(911922 — 972)933 — 911953 + 2912913923 — 922913

Proof. See [26] for details. |

A hypersurface x in [E* is i-minimal, when ¢; = 0 identically on x.

4. Hypersphere

In this section, we define hypersphere, then find its differential geometric properties in £,
For an open interval I C R, lety : I — II be a curve in a plane IT in E*, and let £ be a straight line in I1.
Definition. A rotational hypersurface in E* is called hypersphere, when a profile curve

~y(w) = (rcosw, 0,0, rsinw)

rotates around a axis ¢ = (0,0, 0, 1) for hyperradius r > 0.
So, in 4-space, the hypersphere which is spanned by the vector /, is as follows

x(u, v, w) = Z(u,v)y(w).

e =
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Therefore, more clear form of (4.1) is as follows

T COS U COS U COS W
7 sin u cos v cos w
7 sin v cos w

x(u,v,w) = , 4.2)

rsinw

where r > 0 and 0 < u, v, w < 27. When w = 0, we have a sphere in E*.
Next, we will obtain the Gauss map and the curvatures of the hypersphere (4.2). The first quantities of (4.2)
are as follows
(gij) = diag (7“2 cos? v cosZ w, r? cosw, r? ) . 4.3)
We have det (g;;) = r° cos? v cos® w. Using (2.12) , we get the Gauss map of the hypersphere (4.2) as follows

COS U COS U COS W
sin u cos v cos w
e= . 4.4

sinv cosw
sinw

Using the second differentials of (4.2) with respect to u, v, w, and the Gauss map (4.4) of the hypersphere (4.2) ,
we have the second quantities as follows

(hi;) = diag (—7 cos? v cos? w, —r cos® w, —1) . (4.5)

So, we get det (h;;) = —r3 cos? v cos* w. Using (gij)_1~(hij), we calculate the shape operator matrix of the

hypersphere (4.2): S = —1I. Differentiating (4.4) with respect to u, v, w, we find the third quantities as
follows

(ti;) = diag (cos? vcos? w, cos? w, 1). (4.6)

Here, det (¢;;) = cos? v cos® w. Computing (3.1), (3.2) and (3.3), with (4.3), (4.5), respectively, we find the
curvatures of the hypersphere (4.2) as follows (€y = 1 by definition)

1 1 1
Ci=—), C=—, C=——.
! T 73
Using (fi;) = (tij)-S = (hy)-S* = (gi;) -S>, we obtain the fourth fundamental form matrix (fij)zx5 Of
hypersphere (4.2) as follows
(fij) = diag (=1 cos? vcos? w, — L cos?w, —1 ). 4.7

See [26] for details.

5. Hypersphere Satisfying A’V'x = Ax

In this section, we give the fourth Laplace-Beltrami operator of a smooth function, then calculate it using
hypersphere.
The inverse of the fourth fundamental form matrix IV = (f;;) of any hypersurface is as follows

1 faafaz — fasfasa  — (fiafss — fisfa2)  fiafos — fisfoe
7 —(forfas — fa1faz)  fiifazs — fisfar — (fiifez — farfis) |
fo1fa2 = faafsr  — (firfs2 — fiafa1)  firfaz — fiafar

where
f = det (fzy)
= fi1faafss — fi1fasfae + fiafs1fo3 — fi2fo1f33 + forfisfz2 — fisfoafa1-

3

s
2




Hypersphere and the fourth Laplace-Beltrami operator in 4-space

Definition 5.1. The fourth Laplace-Beltrami operator of a smooth function ¢ = ¢(x', 22, 23) |p (D C R3) of
class C? with respect to the fourth fundamental form of a hypersurface M is the operator AI V' Which is defined
by as follows

AIV¢:

> o <|f|”2 Iepaa ) . (5.1)

|f|1/2 i,j=1
where (f17) = (fr) ™" and f = det (£i;).

Clearly, we can write (5.1) as follows

1/2 o 1/2 fo] 1/2 [¢)
|f‘/ flll *%(|f|/ 12 0¢ +83: (|f|/ 13 0¢

oz Erel
1/2 ) P 1/2 9 1/2 5

117 ‘9d I 2 +8% 1225 ) — o (12 55 ) 5 (5:2)
1/2 o 1/2 P 1/2 9
s (15172 9188 — g (170528 4 s (1202

Hence, using a smooth function ¢ = ¢(u, v, w), we re-write (5.2) as follows

8 (feafsz—fa3f32)pu—(f13f32—f12f33)Pu+(f12 23— f13f22)Pw

9t 772
1 _ 0 ([ (frzfszs—Ff13f32)pu—(f11f33—f13f31) Pv+(f21f13—F11f23)Pw (5.3)
|f|1/2 Ox2 |f‘1/2 . .
8 [ (fr2f23—f13f22)bu—(f21f13—f11f23) Pu+(f11f22—f12f21) P
Oz3 ViE

Therefore, the fourth Laplace-Beltrami operator of the hypersphere (4.2) is given by

1 0 | faafssx J11f33% 0 [ fufaex
AIV — . w v | L2 54
TIRC {8u< g ) T\ ) Taw e ) | oY
Getting more clear form of the fourth Laplace-Beltrami operator A’V x of the hypersphere (4.2), we use (4.7)
and (5.4). Differentiating lfﬁffj Xu, Jl‘}l‘lffg Xy, {}1'[/222 X4, With respect to u, v, w, respectively, and substituting

them into (5.4) , we get following relations between the fourth Laplace-Beltrami operator, Gauss map, and the
curvatures of the hypersphere (4.2) .

Corollary 5.2. Let x : M? — E* be an immersion given by (4.2). Then X has
AVx = —3r2e,
where e is the Gauss map of the hypersphere Xx.
Corollary 5.3. Let x : M?® — E* be an immersion given by (4.2). Then x has ATVx = Ax, where
A= —3rColy = 3r?¢ Iy = —3r3¢, 1, = 3riesly,

A€ Mat (4,4), and 14 is identity matrix.
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