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Abstract

A prime cordial labeling of a graph G with the vertex set V(G) is a bijection f : V(G) — {1,2,3,...,|V(G)|}
such that each edge uv is assigned the label 1 if ged(f(u), f(v)) = 1 and 0 if ged(f(u), f(v)) > 1, then the
number of edges labeled with 0 and the number of edges labeled with 1 differ by at most 1. A graph which
admits prime cordial labeling is called prime cordial graph. In this paper we prove that the gear graph G,
admits prime cordial labeling for n > 4. We also show that the helm H,, for every n, the closed helm C'H,, (for
n > 5) and the flower graph F'l,, (for n > 4) are prime cordial graphs.
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1 Introduction

We begin with simple, finite, connected and undirected graph G = (V(G), E(G)) with p vertices and ¢
edges. For standard terminology and notations we follow Gross and Yellen [5]. We will provide brief summary
of definitions and other information which are necessary for the present investigations.

Definition 1.1. If the vertices are assigned values subject to certain condition(s) then it is known as graph
labeling.

Any graph labeling will have following three common characteristics:

1. a set of numbers from which vertex labels are chosen;

2. a rule that assigns a value to each edge;

3. a condition that this value has to satisfy.

According to Beineke and Hegde [I] graph labeling serves as a frontier between number theory and structure
of graphs. Graph labelings have many applications within mathematics as well as to several areas of computer
science and communication networks. According to Graham and Sloane [4] the harmonious labellings are
closely related to problems in error correcting codes while odd harmonious labeling is useful to solve undeter-
mined equations as described by Liang and Bai [6]. The optimal linear arrangement concern to wiring network
problems in electrical engineering and placement problems in production engineering can be formalised as a
graph labeling problem as stated by Yegnanaryanan and Vaidhyanathan [13]. The watershed transform is an
important morphological tool used for image segmentation. An improved algorithm using Graceful labeling for
watershed image segmentation is also proposed by Sridevi et al.[7]. For a dynamic survey on various graph
labeling problems along with an extensive bibliography we refer to Gallian [3].
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Definition 1.2. A mapping f : V(G) — {0,1} is called binary vertex labeling of G and f(v) is called the label
of the vertex v of G under f.

Definition 1.3. If for an edge e = uv, the induced edge labeling f* : E(G) — {0,1} is given by f*(e) =
|f(u) = f(v)]. Then

ve(i) = number of vertices of G having label i under f

here i = 1
ef(i) = number of edges of G having label i under f* } where i =0 or

Definition 1.4. A binary vertex labeling f of a graph G is called a cordial labeling if |vs(0) — vy (1)] <1 and
lef(0) —ef(1)| < 1. A graph G is cordial if it admits cordial labeling.

The concept of cordial labeling was introduced by Cahit [Z]. Some labeling schemes are also introduced with
minor variations in cordial theme. Product cordial labeling, total product cordial labeling and prime cordial
labeling are among mention a few. The present work is focused on prime cordial labeling.

Definition 1.5. A prime cordial labeling of a graph G with vertex set V(G) is a bijection f : V(G) —
{1,2,3,...,|[V(G)|} and the induced function f*: E(G) — {0,1} is defined by
frle=w) =1, ifged(f(u), f(v) =1;
=0, otherwise.
satisfies the condition |es(0) —es(1)] < 1. A graph which admits prime cordial labeling is called a prime cordial
graph.

The concept of prime cordial labeling was introduced by Sundaram et al.[8] and in the same paper they
have investigated several results on prime cordial labeling. Vaidya and Vihol [9] as well as Vaidya and Shah [12]
have discussed prime cordial labeling in the context of some graph operations. Prime cordial labeling for some
cycle related graphs have been discussed by Vaidya and Vihol in [I0]. Vaidya and Shah [I1] have investigated
many results on prime cordial labeling. Same authors in [12] have proved that the wheel graph W, admits
prime cordial labeling for n > 8. The present work is aimed to investigate some new results on prime cordial
labeling for some wheel related graphs.

Definition 1.6. The wheel W, is defined to be the join Ky + C,,. The vertex corresponding to K1 is known as
apex and vertices corresponding to cycle are known as rim vertices while the edges corresponding to cycle are

known as rim edges. We continue to recognize apex of wheel as the apex of respective graphs corresponding to
definitions 1.6 to 1.9.

Definition 1.7. The gear graph G,, is obtained from the wheel by subdividing each of its rim edge.

Definition 1.8. The helm H,, is the graph obtained from a wheel W,, by attaching a pendant edge to each rim
vertex. It contains three types of vertices: an apex of degree n, n vertices of degree 4 and n pendant vertices.

Definition 1.9. The closed helm CH,, is the graph obtained from a helm H, by joining each pendant vertex
to form a cycle. It contains three types of vertices: an apex of degree m, n vertices of degree 4 and n vertices
degree 3.

Definition 1.10. The flower Fl,, is the graph obtained from a helm H, by joining each pendant vertex to the
apex of the helm. It contains three types of vertices: an apex of degree 2n, n vertices of degree 4 and n vertices
of degree 2.

2 Main Results

Theorem 2.1. Gear graph G, is a prime cordial graph for n > 4.

Proof. Let W,, be the wheel with apex vertex v and rim vertices vy,vs,...,v,. To obtain the gear graph G,
subdivide each rim edge of wheel by the vertices wuy,usg, ..., u,. Where each u; is added between v; and v; 1
fori=1,2,...,n—1 and u, is added between v, and v,,. Then |V(G,,)| = 2n+1 and |E(G,)| = 3n. To define
f:V(G)—{1,2,3,...,2n+ 1}, we consider following four cases.
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Case 1: n=3

In G5 to satisfy the edge condition for prime cordial labeling it is essential to label four edges with label 0 and

five edges with label 1 out of nine edges. But all the possible assignments of vertex labels will give rise to 0

labels for at most three edges and 1 labels for at least six edges. That is, |ef(0) —es(1)] = 3 > 1. Hence, Gg is

not prime cordial graph.

Case 2: n=41t09,11,14,19

For n = 4, f(v) = 6, f(v1) = 3, f(v2) = 9, F(vs) = 4, f(va) = 8 and F(ur) = 1, f(us) = 7, f(ug) = 2, f(us) = 5.

Then ef(0) =6 = ey(1).

Forn=5, f(v) =6, f(v1) =9, f(v2) =5, f(v3) =4, f(va) =8, f(v5) =3 and f(u1) =7, f(uz) = 10, f(uz) =

2, f(ug) =1, f(us) = 11. Then e;(0) = 8,es(1) =T7.

For n =6, f(v) =6, f(vi) =9, f(v2) =8, f(vs) =4, f(va) =
6) =

1, f(vs) =1, f(ve) = 10 and f(u1) =12, f(uz) =
1

2, f(uz) = 13, f(ua) =5, f(us) =7, f(u £(1).
Forn=17, f(v) =2, f(v1) = 7,f(v2) = 4, f(v3) = 6, f(va) = 12, f(v5) = 8, f(vs) = 10, f(v7) = 14 and
fu) =5, f(u2) =3, f(us) =9, f(ua) = 15, f(us) = 1, f(ue) = 11, f(ur) Then ef(0) = 10,e4(1) = 11.

Forn =38, f(v) =2, f(v1) =1, f(v2) =4, f(vs) =6, f(va) =12, f(v5
and f(u1) = 7, f(uz) = 3,f(us) = 9, f(ua) = 15, f(us) = 5, f(us
ef(O) =12= ef(l).

Forn =9, f(’l)) =2, f(vl) = 4,f('l}2) = 5,f(’l}3) = 67f(”4) = 12,f('l}5) = ]-87f('U6) = 8,f('U7) = ]-Oaf(vS
14,f(1}9) = 16 and f(ul) = 77f(’LL2) = 3’f(u3) = 97f(”4) = 15>f(u5) = Lf(uﬁ) = 11,f(U7) = 137f(u8
17,f(u9) = 19. Then ef(O) = 13,€f( ) = 14.

13.
, f(ve) = 10, f(vr) = 14, f(vg) = 16
1, f(us) = 13, f(ug) = 17. Then

~—

~—

For n =11, f(v) = 2, f(v1) = 4, f(v2) = 5, f(v3) = 6, f(va) =12, f(vs) = 18, f(vs) = 8, f(vr) = 10, f(vs) =
14, f(vg) = 16, f(v10) = 20, f(v11) = 22 and f(u1) =7, f(uz) = 3, f(us) =9, f(ua) = 15, f(us) = 21, f(ugs) =
11, f(uz) =13, f(ug) = 17, f(ug) = 19, f(u10) = 23, 7(0) =16,er(1) = 17.

For n— 14, f(0) = 2. f(1n) = 4, [(va) = 5. f(v3) -

|| ||::H Il
<
i
—
~—
I
—
Hc.o
=
@
=
o W

) = 6, f(va) = 12, f(v5) = 18, f(ve) = 24, f(v7) = 8, f(vs) =
10,f(l}9) = 14 f(’Ulo) = 16 f(’Uu) = 20 f(’Ul ) 2,f(U13) = 26 f(’l)14) = 28 and f(ul) = 7 f(ug) =
3, f(us) = 9, flus) = 15, f(us) = 21, f(ug) = 27, fluz) = 11, f(us) = 13, f(us) = 17, f(ury) = 19, f(ur1) =
23, f(u12) = 25, f(uiz) =29, f(u14) = 1. Then e;(0) = 21 = e(1).

For n =19, f(v) = 2, f(v1) = 4, f(v2) = 5, f(vs) = 6, f(va) = 12, f(vs) = 18, f(v5) = 24, f(vr) = 30, f(vs) =
36 f(Ug) =8 f(’Ulo) = 10 f(Ull) =14 f(’l)lg) =16 f( 13) = 20,f V14 ) =22 f(’l)15) =26 f('Ulﬁ) = 28 f(U 7) =
32, f(vis) = 34, f(vig) = 38 and f(u1) = 3, f(u2) =7, f(uz) =9, f(ua) = 15, f(us) = 21, f(ue) = 27, f(u7) =
33 f(u8) = 39 f(’LLg) =11 f(ulo) = 13 f(un) = 7,f(u 2) = 19 f(ulg) = 23 f(u14) = 257 (U14) =
29, f(u14) = 31, f(u1a) = 35, f(u14) = 37, f(u14) = 1. Then e(0) = 29,e(1) = 28.
Now for the remaining two cases let,
n 2n+1 n 2n+1 3n
B e 9 - f3)
= 2n2—|— LA (2+ s+1t), he = largest even number not divisible by 3 < 2n,

h, =largest odd number not divisible by 3 < 2n + 1.

flv) = 2

flor) = flv2) =

f(vgﬂ) = 62 1<4 S

flur) =

f<u1+l>f3+6<z>1>; 1<i<k
If k = s, then f(ugq2) =1or f(u,) =1
Case 3: t =0(n =10,12,13,15,17)
For m odd, consider z; = % , Ty = T3 = T4 = {%J and for m even consider, 1 = X9 = 13 = T4 = )

fUsg142:) =8+6(1 —1); 1<i<um

f(Vsq242i) =10+6(i—1), 1<i<uz3

flusti42i) =114+6(i—1); 1<i<m

f(ustat2i) =13+6(i—1); 1<i<my
which assigns all the vertex labels for case 3.
Case 4: t > 1(n = 16,18,n > 20)

. . m
For m odd, consider 1 = o = 23 = {—J , Ly = and for m even consider, 1 = —,x9 = T3 = T4 =
2
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m—2

2

f(Usg142i) =846(i—1); 1<i<a

f(Us+2+2i) =10+ 6(7, — 1), 1< < x5

f(us+1+2i) =11 + 6(’L - 1), 1 S 1 S i)

f(us+2+2i) =13+ 6(Z - 1), 1 S ) S Ty
For the vertices uy, 1, Un—2,. .., U,_(141) We assign even numbers (not congruent 0 mod 3) in descending order
starting from h, respectively while for w,,vn, Vn_1,Vn_2, ..., Vn—¢ we assign odd numbers(not congruent 0 mod
3) in descending order starting from hg respectively such that f*(vju;_;) or f*(v;ju;j4;) do not generate edge
label 0. Which assigns all the vertex labels for case 4.
In view of the above defined labeling pattern for cases 3 and 4, we have
er(0) = F};—‘ and ef(1) = {3271 .
Thus, we have |ef(0) —es(1)] < 1.
Hence, G,, is a prime cordial graph for n > 4. O

Example 2.1. For the graph Gao, |V (Ga0)| = 41 and |E(G2o)| = 60. In accordance with Theorem 2.1 we have
s=6k="Tt=1m= 11,21 = 2 = x3 = b,x4 = 4 and using the labeling pattern described in case 4. The
corresponding prime cordial labeling is shown in Fig. 1. It is easy to visualise that e;(0) = 30 = ey (1).

Theorem 2.2. Helm graph H, is a prime cordial graph for every n.

Proof. Let v be the apex, vi,vs,...,v, be the vertices of degree 4 and uy,us,...,u, be the pendant vertices
of H,. Then |V(H,)| = 2n+ 1 and |E(H,,)| = 3n. To define f : V(G) — {1,2,3,...,2n + 1}, we consider
following three cases.

Case 1: n=3t09

Forn =3, f(v) =6, f(v1) = 2, f(v2) = 4, f(vs) = 3 and f(u1) = 1, f(uz) = 7, f(ug) = 5. Then ef(0) =
4,e5(1) = 5.

Forn =4, f(v) =6, f(v1) =3, f(v2) =2, f(vs) =4, f(va) =8 and f(u1) =1, f(uz) =9, f(us) =5, f(us) =7.
Then ef(0) =6 = ef(1).

Forn =5, f(v) =6, =2, f(v3) =5, f(vg) =8, f(vs) =10 and f(uy) = 11, f(uz) = 1, f(uz) =
=8,e5(1) =T7.

va) = 6, f(v3) = 8, f(va) = 10, f(vs) = 7, f(v) = 11 and f(ur) = 1, f(uz) =
6) =13. Then e;(0) =9 =ef(1).

’U2) = 6,f(1}3) = 4,f(’U4> = 10,f(’U5> = 5,f(’06) = 11,f(v7) = 1 and
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flur) =9, f(uz) =8, fug) =12, f(ua) = 14, f(us) =7, f(ue) = 13, f(ur) = 15. Then ey
Forn =38, f(v) =2, f(v1) =6, f(v2) = 8, f(vs) =4, f(va) =10, f(vs) =5, f(ve) = 9, f
and f(ur) = 3, f(u2) = 12, f(us) = 14, f(ua) = 16, f(us) = 7, f(ug) = 11, f(uzr) =

er(0) =12 =ey(1).
Forn=9, f(v) =2, f(v1) =3

13, f(vg) = 17 and f(u1) = 1, f(uz) = 12,
15, f(ug) = 19. Then e;(0) = 17,e5(1) = 16.
Case 2: n is even, n > 10

fv) =2, f(v1) =10,
f(vQ) =4, f(vii) =38,
floses) =12+42(—1); 1<i<5—4
f (U%) = 67 f (/U'5+1) = 17
f(ug) =3, flugen) =2n+1,
flu)=2n-23-1); 1<i<?2-1
f(on—i) =5+ 4i; Oéiég—l
flup—y) =7+ 44; 0<i<g -1
Case 3: nisodd, n > 11

flv) =2, f(v1) = 10,
f(v2) =4, f(vs) =8,
flosgq) =12+42(i—1); 1<i<23l—4
f 'UnT—l) =0, f('Uw;—l) 23,
f U%)Z ;

flug)=2n-2(—-1); 1<i<2d
f(vn_i) =5+ 4i; 0<i<2t
fun—i) =7+ 4i; 0<i<2zt

2
In view of the above defined labeling pattern for cases 2 and 3,

If 2n — 1 = 0(mod 3) then ef(0) = [3;—‘ and ef(1) = {?J’

otherwise ef(0) = 3?” and ef(1) = 3271—‘
Thus, we have |ef(0) —ef(1)] < 1.

Hence, H,, is a prime cordial graph for every n.

Example 2.2. The graph Hy3 and its prime cordial labeling is shown in Fig. 2.

Theorem 2.3. Closed helm CH,, is a prime cordial graph forn > 5.

(0) =11,e4(1)
(v7) = 13, f(vs
15a f(US) =1
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Proof. Let v be the apex, vy, vs,...,v, be the vertices of degree 4 and uy,us, ..., u, be the vertices of degree 3
of CH,. Then |V(CH,)| =2n+1 and |E(CH,)| = 4n. To define f : V(G) — {1,2,3,...,2n+ 1}, we consider
following three cases.

Case 1: n=3,4

In C'Hj to satisfy the edge condition for prime cordial labeling it is essential to label six edges with label 0 and
six edges with label 1 out of twelve edges. But all the possible assignments of vertex labels will give rise to 0
labels for at most four edges and 1 labels for at least eight edges. That is, |ef(0) —ef(1)] =4 > 1. Hence, CH3
is not prime cordial graph.

In CHy to satisfy the edge condition for prime cordial labeling it is essential to label eight edges with label 0
and eight edges with label 1 out of sixteen edges. But all the possible assignments of vertex labels will give
rise to 0 labels for at most seven edges and 1 labels for at least nine edges. That is, |ef(0) —ef(1)] =2 > 1.
Hence, C'Hy is not prime cordial graph.

Case 2: n=5,6

For n =5, f(’U) =6, f(vl) = 2,f(’U2) = 4,f(?]3) =3, f(U4) = 9,f(1}5) =11 and f(ul) = 107f(u2) =3, f(U3) =
1, f(ua) =7, f(us) = 5. Then e;(0) = 10 = ey (1).

For n = 6, f(v) = 6, f(vr) = 1, f(v2) = 5, f(vs) = 10, f(va) = 4, f(v5) = 12, f(vs) = 3 and f(u) = 11, f(u) =

13, f(us) =8, f(ua) =2, f(us) =9, f(ug) = 7. Then ef(0) = 12 = e (1).
Case 3: n>7

f(v) =2, f(Ul) =4,

f(v2) =6, f(vs) =3,

f(’U4) =12, f(v5) =3,

f(UG) = 10,

f(126+i):14+2(i—1); 1<i:<n—-6

flur) =1, flu2) =5,

fluz) =17, flug) =9,

flus) =1 flug) =11,

In view of the above defined labeling pattern we have e;(0) = 2n = e(1).
Thus, we have |ef(0) —ef(1)] < 1.
Hence, C'H,, is a prime cordial graph for n > 5. O

Example 2.3. The graph CHyy and its prime cordial labeling is shown in Fig. 3.

Theorem 2.4. Flower graph Fl, is a prime cordial graph for n > 4.
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Proof. Let v be the apex, vy,vs, ..., v, be the vertices of degree 4 and uy,us, ..., u, be the vertices of degree
2 of Fl,. Then |V(Fl,)| =2n+ 1 and |E(Fl,)| = 4n. To define f: V(G) — {1,2,3,...,2n + 1}, we consider
following four cases.

Case 1: n =3

In Fl3 to satisfy the edge condition for prime cordial labeling it is essential to label six edges with label 0 and
six edges with label 1 out of twelve edges. But all the possible assignments of vertex labels will give rise to 0
labels for at most four edges and 1 labels for at least eight edges. That is, |ef(0) —ef(1)] =4 > 1. Hence, Fli3
is not prime cordial graph.

Case 2: n=41t009.

For Fly, f(v) =6, f(v1) =4, f(v2) =2, f(v3) =9, f(va) = 3 and f(u1) =7, f(u2) = 8, f(us) =5, f(us) = 1.
Then e;(0) = 8 = ey(1).

For Fly, f(v) = 6, f(11) = 2, f(va) = 4, f(v5) = 8, f(vg) = 10, f(vs) = 3 and f(ur) = 11, f(us) = 7, f(us) =
5, f(ua) =1, f(us) = 9. Then ef(0) = 10 = ef(1).

For Flg, f(v) = 6, f(v1) = 2, f(va) = 4, f(vs) = 8, f(vs) = 10, f(vs) = 12, f(vs) = 3 and f(ur) = 5, f(u) =
7, f(U3) = 9, f U4) = ll,f(U5) = 13,f(u6) 1. Then ef(O) =12 = €f(1)

)

For Fl;, f(v) = 2, f(v1) = 3, f(va) = 12, f(vs) = 10, f(vg) = 8, f(vs) = 14, f(vg) = 4, f(vy) = 6 and
flur) =1, f(ug) =5, f(ug) =11, f(ua) =7, f(us) = 13, f(ue) = 15, f(ur) = 9. Then e;(0) = 14 = e (1).

For Flg, f(v) = 2, f(v1) = 3, f(v2) = 6, f(vs) = 4, f(va) = 8, f(vs) = 10, f(vg) = 14, f(v7) = 16, f(vs) = 12
and f(u1) = 1, f(u2) = 9, f(uz) = 7, f(ug) = 5, f(us) = 11, f(ug) = 13, f(uy) = 15, f(ug) = 17. Then

e7(0) = 16 = es(1).
For Fly, f(v) = 2, f(v1) = 3, f(va) = 12, f(v5) = 4, f(vs) = 8, f(vs) = 10, f(vg) = 14, f(v7) = 16, f(vs) =
18, f(vg) = 6 and f(ur) = 17, f(uz) = 1, f(us) = 5, f(us) = 7, f(us) = 11, f(ug) = 13, f(uz) = 15, f(ug) =
19, f(ug) = 9. Then ef(0) = 18 = ey(1).

Case 3: n is even, n > 10

flw) =2, f(or) = 10,
fv2) =4, f(vs) =8,
f(03+i):12+2(i—1); 1§Z§%—4
f(vg) =6
f(vn—;) =5+ 44 0<i<g—2
flu)=2m—2(-1); 1<i<?i—1
f(ug) =3,
flun—i) =7+ 4i; 0<i<gz—2

For 2n + 1 = 0(mod 3)
fvag) =2n+1—-43Gi—1); 1<i<2
f (Ug_;,_l) = 1, f (u%_,_g) =2n—-1
For 2n + 1 = 1(mod 3)
flvgr) =203, f(vgs) =1,

f (u%_ﬂ) =2n+1, f (u%_,_g) =2n—-1
For 2n + 1 = 2(mod 3)

f (U%+1) =2n — 1, f ('U%J'_Q) =2n— 3,
flusia) =2n+1, f(uziz)=1
Case 4: nisodd, n > 11
flv) =2, f(v1) = 10,
fv2) =4, fvs) =8,
flosgs) =12+42(—1); 1<i<23L—4
f(v) =6 (o) =3
f(vn_i) =5+ 4i; 0<i<nt
flug)=2n-2(-1); 1<i<z2d
fun_s) =7+ 4i; 0<i<2z?

For 2n + 1 = 0(mod 3)
f UnTH):2n+17 f(unTﬂJrl):L

f UHTH+2) =2n — 3,
For 2n + 1 = 1(mod 3)
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f u#) —9n -3, f(u%+1> =41,
Fwgn) =1
For 2n + 1 = 2(mod 3)
fluep) =1
f u%+) —om+1-4(i—1); 1<i<?2
In view of the above defined labeling pattern we have e¢(0) = 2n = ez (1).
Thus, we have |ef(0) —ef(1)] < 1.
Hence, Fl,, is a prime cordial graph for n > 4. U

Example 2.4. The graph Fli1 and its prime cordial labeling is shown in Fig. 4.

3 Open problems

e To investigate necessary and sufficient conditions for a graph to admit a prime cordial labeling.
e To investigate some new graph or graph families which admit prime cordial labeling.

e To obtain forbidden subgraph(s) characterisation for prime cordial labeling.

4 Conclusion

As all the graphs are not prime cordial graphs it is very interesting and challenging as well to investigate
prime cordial labeling for the graph or graph families which admit prime cordial labeling. Here we have
contributed some new results by investigating prime cordial labeling for some wheel related graphs.
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