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Abstract

In this paper, we extend some estimates of the right hand side of a Hermite- Hadamard type inequality
for nonconvex functions whose second derivatives absolute values are ¢-convex, log-¢-convex, and quasi-¢-
convex.
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1 Introduction

It is well known that if f is a convex function on the interval I = [4,b] and 4,b € I with a < b, then

b
f(a;rb>§bia/f(x)dng(a);f(b) (1-1)

which is known as the Hermite-Hadamard inequality for the convex functions. Both inequalities hold in
the reversed direction if f is concave. We note that Hermite-Hadamard inequality may be regarded as a
refinement of the concept of convexity and it follows easily from Jensen’s inequality. Hermite-Hadamard
inequality for convex functions has received renewed attention in recent years and a remarkable variety of
refinements and generalizations have been found (see, for example, [1]-[4], [10]-[18]).

The following lemma was proved for twice differentiable mappings in [3]:

Lemma 1.1. Let f : I C R — R be a twice differentiable mapping on 1°, a,b € I with a < b and f" of integrable on
[a, b], the following equality holds:

2
f(”)zf(b)mia/abf(x)dx:(b}a) /()1t(1_t)f(m+(1—t)b)dt.

A simple proof of this equality can be also done by twice integrating by parts in the right hand side.

In [4], by using Lemma Hussain et al. proved some inequalities related to Hermite-Hadamard’s in-
equality for s-convex functions:
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Theorem 1.1. Let f : [ C [0,00) — R be twice differentiable mapping on 1° such that f" € Ly [a,b], where a,b € I
witha < b. If | f"'| is s—convex on [a, b] for some fixed s € [0,1] and q > 1, then the following inequality holds:

‘f(a)+f(b) 1

2 1" 1" %
5 g da [0 < (b‘“; ['f @p + 1f W} , (1.2)

6 (5+2)(s+3)

1,1 _
whereerq 1.

Remark 1.1. If we take s = 1 in (1.2), then we have

(b—a)* [1If" (@) + £ (b)) i
S T [ 2 }

We recall that the notion of quasi-convex functions generalizes the notion of convex functions. More precisely, a function
f:[a,b] C R — Ris said quasi-convex on [a, b] if

fltx+ (1= 1)y) <sup {f(x), f(y)}

forall x,y € [a,b] and t € [0,1]. Clearly, any convex function is a quasi-convex function. Furthermore, there exist
quasi-convex functions which are not convex (see [10]).

Alomari, Darus and Dragomir in [I]] introduced the following theorems for twice differentiable quasicon-
vex functions:

Theorem 1.2. Let f : I C R — R be a twice differentiable function on I°, a,b € 1° with a < b and f" is integrable on
[a,b]. If | f"'| is quasiconvex on [a, b], then the following inequality holds

|f(a);f _a/ o

Theorem 1.3. Let f : I C R — R be a twice differentiable function on I°, a,b € 1° with a < b and f" is integrable on
P
la,b). If | f""| 7T is a quasiconvex on [a, ], for p > 1, then the following inequality holds

‘f )+ f(0) w/f

—a)? % ! 11
< (b 801) (\/2E> (%) (max{’f (a)

//

f" ®)]}-

NI

q

7

P

1,1_
wherep+q—1.

Theorem 1.4. Let f : I C R — R be a twice differentiable function on I°, a,b € 1° with a < b and f" is integrable on
[a,b]. If | f"'|9 is a quasiconvex on [a, b], for g > 1, then the following inequality holds

|f )+ f(b) —a/ f(x)dx| < ) (max{|f”(u)q

o).

2 Preliminaries

Let f,9 : K — R, where K is a nonempty closed set in R”, be continuous functions. First of all, we recall
the following well known results and concepts, which are mainly due to Noor and Noor [5] and Noor [9] as
follows:

Definition 2.1. Let u,v € K. Then the set K is said to be ¢ — convex at u with respect to ¢, if

u+te'¢(v—u) €K, Vu,veKk, tel0,1].
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Remark 2.2. We would like to mention that Definition 2.1|of a ¢-convex set has a clear geometric interpretation. This
definition essentially says that there is a path starting from a point u which is contained in K. We do not require that the
point v should be one of the end points of the path. This observation plays an important role in our analysis. Note that,
if we demand that v should be an end point of the path for every pair of points, u,v € K, then e'? (v —u) = v — u if
and only if, ¢ = 0, and consequently @-convexity reduces to convexity. Thus, it is true that every convex set is also an
@-convex set, but the converse is not necessarily true, see [5]-[9] and the references therein.

Definition 2.2. The function f on the ¢-convex set K is said to be @-convex with respect to ¢, if
f(u—i—tei"’(v—u)) <(1—-t)f(u)+tf(v), Vu,veK, te[0,1].

The function f is said to be g-concave if and only if —f is ¢-convex. Note that every convex function is a ¢-convex
function, but the converse is not true.

Definition 2.3. The function f on the @-convex set K is said to be logarithmic ¢-convex with respect to ¢, such that

fu+te?@=u) < (F@)' (f @), woek teo]
where f (.) >0
Now we define a new definition for quasi-¢-convex functions as follows:

Definition 2.4. The function f on the quasi @-convex set K is said to be quasi ¢-convex with respect to @, if

f (et (0 —w)) < max{f (u),f ()}

From the above definitions, we have

fluste?@=uw) < (F@)™"(f @)
< (A-Df@)+tf(v)
<

max {f (u),f (v)}.

Clearly, any ¢-convex function is a quasi ¢-convex function. Furthermore, there exist quasi ¢-convex functions
which are neither ¢-convex nor continuous. For example, for

(0,u) = 2k, uwv>0,keZ
pLou) = krn, uv <0, keZ

the floor function fj,,,(x) = |x], is the largest integer not greater than x, is an example of a monotonic
increasing function which is quasi @-convex but it is neither ¢-convex nor continuous.
In [7], Noor proved the Hermite-Hadamard inequality for the ¢—convex functions as follows:

Theorem 2.5. Let f : K = [a,a+¢'? (b—a)] — (0,00) be a ¢p-convex function on the interval of real numbers K°
(the interior of K) and a,b € KO witha < a+ €9 (b—a) and 0 < ¢ < Z. Then the following inequality holds:

a+e'?(b—a)

f<2a+e’<l’2(b—ﬂ)> S / Flx 23)

f(a)Jrf(aJre“P(bfa)) <f(a)+f(b)‘

<
- 2 - 2

This inequality can easily show that using the g-convex function’s definition and f (a+¢'? (b —a)) <
10}

In [19] and [20]], the authors proved some generalization inequalities connected with Hermite-Hadamard'’s
inequality for diferentiable ¢-convex functions.

In this article, using functions whose second derivatives absolute values are g-convex, log-@-convex and
quasi-¢@-convex, we obtained new inequalities related to the right side of Hermite-Hadamard inequality given

with (2.3).
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3 Hermite-Hadamard Type Inequalities

We will start the following theorem:

Theorem 3.6. Let K C R be an open interval, a,a + ¢/ (b —a) € Kwitha < band f : K = [a,a+ e'? (b — a)] —
(0,00) a twice differentiable mapping such that f" is integrable and 0 < ¢ < Z. If |f"] is gp-convex function on

[a,a+ €' (b — a)]. Then, the following inequality holds:

1 a+e'? (b—a) f(a)+fla+e?(b—a)
T / flx)dx - 2

62i9”(b — a)2

< FOD @)+ 1w

Proof. 1f the partial integration method is applied twice, then it follows that

w /Ol(t — ) f"(a+ te'¥ (b — a))dt oY

1 a+el? (b-a) £(a) + fla+e?(b—a))
= eiq’(b—a)/,z f(x)dx — > .

Thus, by g-convexity function of |f”|, we have

ei?(b—a) J, 2
62i90(b — 11)2
- 2

e%?(b — a)?

1
< S Le-A -0l + e a
e%?(b — a)?
o

— | P () R { CR A Cltl)) ‘

/1(1‘ —2)f"(a +te'?(b —a))dt
0

[|f"(@)| +|f"®)]]
which the proof is completed. O
Theorem 3.7. Let f : K = [a,a+¢'?(b—a)] — (0,00) be a twice differentiable mapping on K° and f" be integrable

on [a,a+ ¢ (b —a)). Assume p € Rwith p > 1. If |f"|P/P~" is g-convex function on the interval of real numbers
KO (the interior of K) and a,b € K witha < a+¢'¢(b — a) and 0 < ¢ < F. Then, the following inequality holds:

1 peret-a) fla)+ flate®(b—a))
0] /ﬂ flx)dx — 2 |

. ob—a) (ﬁ) rp+1) )7 (L@l 4w
B 8 2 ) \rG+p) 2 '

==
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Proof. By assumption, Holder’s inequality and (3.4), we have

1 w+e? (b-a) f(a) + f(a+e?(b—a))
e”P(b)/ f( x)dx — 5

21(p
< bf/ ’t t2 ”a+te"‘”(bfa))‘dt
2i 2 1 7 1 p e
19(p — P . P [
< e(bza)</ (ttz)pdt> ( "(a + te'?(b—a))|" dt)
0 0
<

EZiq)(b 711)2 2_1_2pﬁr(p+1) % ! // Ll 1" % }%1
2 ( rG+p) > (A (a-0l @+l o) ]ﬂ>

_ éww—af(“%); T+ )" (L@ + e "
8 2) \IG+p) 2

where we use the fact that

/1(t _2)Pdt — 2—1—2p\§/5r(r,+ b
0 I'(3+p)

which completes the proof. O

Let us denote by A(a, b) the arithmetic mean of the nonnegative real numbers, and by L(a, b) the logaritmic
mean of the same numbers.

Theorem 3.8. Let K C R be an open interval, a,a + ¢'¥ (b —a) € Kwitha < band f : K = [a,a+¢?(b—a)] —
(0,00) a twice differentiable mapping such that f" is integrable and 0 < ¢ < Z. If |f"| is log @-convex function on
[a,a+ €' (b — a)]. Then, the following inequality holds:

1 a+e'? (b—a) f(ﬂ) + f(a + eifp(b —4a))
eiqm;_g)/a f(x)dx — )

i 2
ez‘P(b _ 11) .
(10g B Tog If”(a)l> 4 (70

Proof. By using and log ¢-convexity of |f”|, we have

1" 11)‘) _L (|f”(b)

f@))]-

1 ate'? (b—a) fa)+ f(a+te¥(b—a))
o ) Fl)dx - .

eZiqo(b _ a)Z 1
< S [e-

2ip (1 N2
< oo /0 (=) (| @] ) at

_ @ww—m2l O+ @ 20 B) - @) ]
2 (log | f"(b)| —Tog |f"(a)|)*  (log]|f"(b)| —log |f"(a)])’

1 2
_ ew(l’]—a) ,
i <1°g|f”<b>|—loglf”(a)l> 4 ()

The proof of Theorem 3.§]is completed. O

£ (a+ te'? (b — a))‘ dt

1" 11)‘) _L (|f”(b)

f@))]-

Theorem 3.9. Let f : K = [a,a+¢'?(b—a)] — (0,00) be a twice differentiable mapping on K° and f" be integrable
on [a,a+e9(b—a)]. Assume p € Ruwith p > 1. If | f"|P/P ™" is log ¢-convex function on the interval of real numbers



298 Mehmet Zeki SARIKAYA et al. / The Hermite-Hadamard’s inequalities...

K? (the interior of K) and a,b € K° witha < a+¢'?(b—a) and 0 < ¢ < Z. Then, the following inequality holds:

el?(b—a) J, 2

! / N () R { CR A ) |

Fob—a? (vAVT (Tp+D) (p-1 @ e
= % (2) (N§+m> (,7) (mgﬂ%n bgﬂ%)) '

Proof. By using and the well known Holder’s integral inequality, we obtain

1 /uw(bu) e f@ +flate?b=a) ‘
_ {1) a

¢ (b 2
< gwﬁ‘”{ﬁ%—ﬂ>ﬂm+www—mﬂm
< w </01(t - tz)”dt>; (/01 " (a+ te'® (b —a))"% dt> v
< em(bz_ ) (2_1_?(\3{35?“)); (/01 £ @)Y !f”(b)!ﬂp“dt>ppl

_ - (¢> T(p+1) (p—l) @ = e )
s \2) \rqep) U log f" ()~ log [f"(@)] | -

O

Theorem 3.10. Let f : K = [a,a+¢€9(b—a)] — (0,00) be a differentiable mapping on K° and f" be integrable
on [a,a+¢?(b—a)]. If |f"| is a quasi p-convex function on the interval of real numbers K° (the interior of K) and
a,b € K witha < a+e'?(b—a)and 0 < ¢ < Z. Then, the following inequality holds:

1 et fla) + fla+ te?(b—a))
wooa ) O ’

(b —a)

< 1 max{ ]f

"(0)]}-

Proof. By using (3.4) and the quasi ¢-convexity of |f”|, we have

L[ i - Ll fla oo )

e'?(b —a) 2
eZi(p(b _ a)Z 1 . .
< 'Z/O(t—tz) (a+te‘”(b—a))‘dt
< wmaxﬂf”m) £1(0)]} /01(1‘ — £)dt
32i¢(b — a)2

—r—— ma{[f" @], [}

O

Theorem 3.11. Let f : K = [a,a+¢'?(b—a)] — (0,00) be a differentiable mapping on K°and f" be integrable on
[a,a+¢?(b—a)]. Assume p € R with p > 1. If |f"|P/P~" is a quasi g-convex function on the interval of real
numbers K° (the interior of K) and a,b € K° witha < a+¢'?(b—a) and 0 < ¢ < Z. Then, the following inequality
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holds:
1 a-+e? (b—a) f(a)+ f(a+te'?(b—a))
eiﬂb—a)/u f(x)dx — 5
0(b—a)® (VAN (T(p+1) % @7 F (b) [P 7
< 8(2) (w> [max{|f"@| 77, @)

Proof. By using and the well known Holder’s integral inequality, we get

1 /a+e"4’<b—a> fdx — [@ @+ 1690 ) ‘

e'?(b—a) 2

- W/Ol(t—tz) f"(a+ 169 (b - a))] dt
< @ (/1(t—t2)7”dt>p (/1 fa+ e (b~ a)) ppldt>pl
0 0

i - -1-2 % 1 P Tg]

< 6‘/’(b2 a) (2 ;(\gir;?—i_l)) (/0 max{‘f’(a)’ﬁ, f/(b)‘p1}dt>
2

B0 —ap (RV (Tpa D\ e

< 8(2) (W) [max{’f (a)| ’f(b)‘ }}

O

Theorem 3.12. Let f : K = [a,a+¢'?(b—a)] — (0,00) be a differentiable mapping on K°and f" be integrable on
[a,a+ ¢ (b—a)]. Assume q € Rwith q > 1. If |f"|" is a quasi @-convex function on the interval of real numbers K°
(the interior of K) and a,b € K° witha < a+¢'%(b —a) and 0 < ¢ < %. Then, the following inequality holds:

— N () R { CRA A R ’

el?(b —a) 2
2i _ )2 1
< SO a7, £ (0)]")]

Proof. By using (1.1) and the well known power mean integral inequality, we have

el?(b—a) 2

1 /u+e"”(b—ﬂ> Floydx - f(a) + f(a+te'?(b —a)) ‘

< W/Ol(tﬂ) f”(athei"’(bfa))’dt
< -0 (/Olu—ﬂ)dt); (/Olu—tZ) f’(a+tei*"(b—a))\th)}]
< 2o (2) (max{\f’(a) niren | 1<t—t2>dt>}'
< D fmax(| @), )]
where L +1 = 1. =
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