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Abstract

In this article we obtain new generalizations for ostrowski inequality by using generalized Riemann-
Liouville fractional integral.
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1 Introduction

Let f : [a,b] — R be continuous on [4,b] and differentiable in (4,b) and assume [f'(x)| < M for all
€ (a,b). Then the following holds [1]:

M (b—x)*+(x—a)?

f(x) = M(f;a,b)| < 57— 5 (1.1)

for all x € [a,b]. Where M(f;a,b) ff

(1.1) inequality is well known in the 11terature as Ostrowski Inequality. Many researchers try to generalize
this inequality. There are numerous generalizations, variants and extensions in the literature, see [4-17] and the
references cited therein. Hu Yue makes the following generalizations by using Riemann-Liouville fractional
integrals [4].

Definition 1.1. ([24])Let f € L'[a, b]. The Riemann-Liouville fractional integral Joi f (x)and J_ f (x) of order « > 0
are defined by

Jof (¥) = g JE (= f (Dt x> (12)
and
Jif(x) =y [Lt =) f (at x<b. (1.3)

respectively. Where I (w) is Gamma function and ]g flx) = ]S_f(x) = f(x).

Many researches have studied various integral inequality types for Riemann-Liouville integral which are
given in Definition 1 ([18 — 21], [23 — 31]).
Griiss proved the following inequality [2]:

M(fgia,b) ~ M(f;a,b)M(g;a,b)] < § (My — m) (My — m») (14
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provided that f and g are two integral function on [a, b] satisfying the condition m; < f < Mjand mp < g <
M, for all x € [a,b] , where my, my, My, My € R. The constant % is the best possible. So we call (1.4) the Griiss
inequality.

Korkine's identity [3] states that if f and g are two integral function on [a, b], then

1 b b
M(fg;ﬂ/b)—M(f;ﬂ/b)M(g/‘ﬂ/b)=Z(b_a)z/a /a (f() = £(5)) (8(t) — &(s)) dsdt. (1.5)

Hu Yue obtains new generalizations (the following theorems) for (1.1) by using (1.4) and (1.5).

Theorem 1.1. ([4])Let f be differentiable function on [a,b] and |f'(x)| < M for any x € [a.b]. Then the following
fractional inequality holds:

(x —a)* +(b—x)"
I'a+1)

a+1 + (b _ x)tx-i-l
I'(a+2)

(1.6)

f(x)—=TJ% f(a) - §+f(b)‘ SM(X—a)

forany x € [a,b] and « > 0.

Theorem 1.2. ([4])Let f : [a,b] — R be a differentiable mapping and f' € L%[a,b]. If f' bounded on [a,b] with
m < f'(x) < M, then we have

SO +F@) (a1 & af()+FO) ) aa &,
Toasn 0 T A @ T G e )

B S w1 UR MO (1.7)
= 20+1 (a+1)2 T(a)
_ D(+ h_ o
=/ pres i (,le)z = a)zr(ti) (M~ m)

forall x € [a,b] and x > 0. Where
2 g 20 ¢
Ki = M(f ;a,x)—M(f;ax)
12 /
K2 = M(f ;x,b) — M2(f ;x,b).
Now we will give some definitions for fractional integrals which are called generalized fractional integrals.

Definition 1.2. ([22])A real valued function f(t),t > 0 is said to be in the space Cy, u € R if there exists a complex
number p > y such that f(t) = tP f1(t), where f1(t) € C[0, co].

Definition 1.3. ([22])A function f(t) € Cy, t > 0 is said to be in the Lp,k(a, b) space if

1
b 2
Lyi(a,b) = {f: T ( / f(t)l”tkdt> <oo, 1<p<oo k> o}.

Definition 1.4. ([22],[27])Consider the space X! (a,b) (c € R, 1 < p < o) of those real-valued lebesque measurable
functions f on [a, b] for which

==

b
||fo§’ = (/ﬂ [tEF ()P d:) <o, (1<p<oo,ceR)

and for the case p = oo
Ifllxe = ess sup [(°£(£)], c € R.

a<t<b

In particular, when ¢ = k%l (1 < p < oo,k >0) the space X! (a,b) coincides with the Ly x(a,b)-space and also if we
take c = % (1 < p < o0) the space X! (a, b) coincides with the classical LP(a, b)-space.

Definition 1.5. ([22],[27])Let f € Ljy[a,b]. The Generalized Riemann-Liouville fractional integral ]g;k f(x) and
]Z‘ka (x) of order & > 0 and k > 0 are defined by

—a -1
Jokf () = Sl [ (1 = 80) T (at x> a (18)

a a
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and

Jokf () = S g (gt xk+1)“_l *f(Hdt b x. (19)
Where T () is Gamma function and ]g;kf (x) = ]ngf (x) = f(x).

(1.8) and (1.9) integral formulas are called right Generalized Riemann Liouville Integral and left General-
ized Riemann Liouville Integral respectively.

Remark 1.1. Letting k = 0 for (1.8) and (1.9) formulas we obtain the equalities in Definition 1.

In this paper we will generalize (1.1), (1.5), (1.6) and (1.7) expressions by using Generalized Riemann-
Liouville Fractional Integrals.

2 MAIN RESULTS

Theorem 2.3. If f,¢ € Ly [a,b] ,k > 0 then

L (0) 8(0)) — G T L 0V 18(0)] = gttty Jo 2 (F() = £(6))

x(g(t) — g(s)) (bk+1 _ SkH)zx—l (bkﬂ B thrl)oc—l Kok geds, (2.10)
Proof. We have the following equality by (f(t) — f(s)) (g(t) — g(s));
i i 0 = £6) () =) (0 - 1) (g1 - )" sty
- f P F(hg(h) (641 — k+1) (bk+l tk+1>“’1 gk gs it
2 JE Fg(s) (81 -6 (b1 - ) kasar
— P Rs)g(h) (bk+1 k+1)"‘ ! (bk+l tk+1)“’1 kK dsdt
+ fa fa f(s)8(s) (ka - (bk“ tk“)a_l tkskdsdt. (2.11)
-2 |:fab (bk+1 _ gkt ) kdtf flbg (bk+1 tk+1)"“1 s
-2 [ffg(s) (41— s500)" sk g2 g (01— 1) gy
R ) T () g(0)] — 2 L ()] 3 b)),
So this proves theorem. O
Remark 2.2. If we take « = 1 in (2.1) we obtain the following identity:
Mi(fg;a,b) — My(f;a,b)Mi(g;a,b) = (k+1)° / / (g(t) — g(s))t*skdsdt  (2.12)
2 (bkH1 — gkt1)?

where My (f;a,b) = L [P f()tkdt, k > 0.

PRI gk+T

Remark 2.3. For o« = 1and k = 0 in (2.1), we obtain the Korkine’s identity (1.5).

Theorem 2.4. Let f be differentiable function on [a,b] and |f'(x)| < M for any x € [a,b]. Then the following
generalized fractional inequality holds for « > 0 and k > 0

’ (15(; 21; [(xk+1 _ ak+1)”‘ n (bk+1 _ xk+1)“]xkf(x)

I @) - A 0] k[ s E) 1)
< i M ) (e
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Proof. If we use integration by parts for fractional integrals in Definition 5, we have

N (@) = g (=) ) = et ] — kg A @14)
and L ;
/ — 1 o
B () = T (=) ) 1 @]+ k) 2.15)
By (2.5) and (2.6) we obtain
JEYF (a) = TV (b)
_ kt}H) kf( )[( (k1 _ak+1)"‘ (bk+1 _xk+1)"‘] (2.16)
f;,k kf bkf IX+1 k[f(ﬂa)] +]rx-_i-1,k[#bb)“'

Using | f'(x)| < M, x € [a, ] for the left part of the (2.7) formula we have

‘ (k+1)7" fax (tk+1 . ak+1)“ tkf (£)dt — (k+1)~¢ fb (bk+l _ tk+1>lx tkf/ (£) dt‘

I(a+1) I(a+1) .
S (k(—:(lJr)l) M[fax (tk+1 _ ak+1) tkdt 4 fxb (bk+1 _ tk+l) tkdt] (217)
a+1 a+1
< (k;(i)ﬂ) M[<xk+l _ ak+1) i (bk+1 _ xk+1) ].
So the proof is completed. O

Remark 2.4. If we take k = 0 in inequality (2.4) we obtain the inequality (1.6) in Theorem 1.
Remark 2.5. Also letting k = 0 and o = 1, formula (2.4) reduces Ostrowski Inequality:

f(x) = M(f;a,b)| < bf\_/fa (b_x>2-£(x—a)2.

Theorem 2.5. Let f : [a,b] — R be a differentiable mapping and f' € Ly y[a,b]. If f' bounded on [a,b] with m <
f'(x) < M, then the following inequality holds :

—a+1 o /
s (=) g by 1 (0

k+1 " " a
_xki(l jak)ﬂ (]xgc[”kf (a)] + k] k[(T)D
k-1 —a+1
( ';(31) (bk+1 _xk+l> [ kf x) oc+1 f f tkdi' (2.18)
k+1 N
o (R ()] + )
21xl+1 _ (lX-‘:l)z (k;(la)) (Jlfklﬂ - la )k | jl(bkﬂ k+1) K,
—a (yk+ F1VE L (phtT k1) *
< 20‘1_‘_1 - iy (k;(% ( )" ( ) (M —m)
forall x € [a,b] and « > 0. Where
K= Mlf 50,0 - MA(fa,%)
KB = M(f 0b) ~ M(fx,b).
Proof. From (1.8) and (1.9) we have
(k+ 1)~ kel _ k1" kg _ (k+1)_a+1 ok
T (@) (xF+1 — gk+0) Ja (t ) tf (t);t =T ( ) .19
) « a
U (@) + kL)
- (k+ 1)_IX+1 f (bk+1 tk—&-l)a tkf/ (t) df = (k+ 1)_IX+1 xk (bk+1 _ Jck—&-l)o(71 f(x)
T («) (bK+1 — xk+1) I () (2.20)

a(k+1)

~ et = et U I () + R
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Then e
% (xk+l _ ak+1) [ kf( ) ) fuxf/ (t) tkdt]
—ﬁﬁgﬁwﬂfm+W“ﬁW1
(k+1)"%*1

T () (bk+1 _ xk—b—l)“fl [xkf(x) + (zx-}-l) f: f’ (£) tkdt]

I DR (0] 4 KD -
k+1)%* , 2.21
_ e ()(xk+)1_ak+l) 5 <tk+1 k+1) tF (1) dt
e e o

—a+1 " ,
_r( ()k(;‘k}_i — xk+1) f (bk-H tk+1) tkf (t) dt

k .
+1E(;)3+1) (bk+1 _xk+1) 1 fff () fhdt.

If we use the Korkine’s identity (2.3) for Generalized Riemann Liouville integral for (2.12), we obtain

—a+1
(k—;l(l) (xk+1 7[1k+1> kf o [X+1 /‘ f ( )tkdt]
—ﬁﬁ%ﬁwﬁv1+wHW41
(e )

T (@) (bkﬂ‘xk“) W F(x) + Gy Sy f () #hdt]

k+1 . (2.22)
RE = VOUOREREE Y
(k+1)*(k+1)~ k k k k1) ' VTakk
2 (a) (xk+1 _ak+1)2 Jo Ja (t e H) B (S Ha H) I (8) = f (s)]s"¢dsdt
(k+1)*(k+1) k K1\ (pk k1) ¢ ! V1ak gk
2T () (b+1 — k+l)2f I8 (b Tes H) - (b et H) I (&) = f (s)]s"¢dsdt.
Using the Cauchy-Schwarz inequality for double integrals in (2.13), we obtain
x ax[(tk+1 _ ak+1)“ N (Sk+l _ ak+1>“][f’ )~ f (S)]Sétésétédsdt‘
o ® % 1 (223)
< (fax fﬂx[(thrl _ak+1> _ (Sk+1 _ ak+1> ]zsktkdsdt> (fax fax[f’ (t) _f ( )]2 ktkdsdt) 2
However
« « k1 gh1)20+2
I fax[(tk+1 _ ak+1) B (Sk+l _ uk+1> 126k K dsdt — 2( (k+1)2) (kg — (“le)z) (2.24)
and ,
S LU (s)]2skthdsdt = % [Mk(f’ ;a,%) —M,%(f’;a,x)} . (2.25)
By (2.14)-(2.16), we have
k+1)7*"2 w o :
o ( () (tck.21 — ak+1) f f (tk+l _ ak+1) _ (Sk+1 _ ak+l) ][f (t) _f (s)]sktkdsdt
g « (2.26)
(k + 1) (xk+1 _ ak+l> ) %
< o o ke | Ml 0,3) = M350, )|
Similarly we have
(k+1)™* Kbl _ k1Y (ke ket 1\ ) (ki
T )(ka_ka) ] [ (b+ s+) (b+ t+) 1If (#) f(s)}slt dsdt -

(k1) % (pk 1 —xk+1)" . 2
< G S = e (M) - M)
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Using (2.13),(2.17) and (2.18) we obtain (2.9) inequality. Moreover if m < f'(x) < M on [a,b], then by Griiss
inequality, we have

k + 1 / 2 / 1 2
< - - ; 5 -
0< er— e |f Lar(ayy ~ M(5a2))° < 5 (M —m) (228)
k+1 /12 / 1
< - ; - _
0S pet i | Loy~ (MEU 52 )) <5 (M= m)? (229)
which proves the last inequality of (2.9) O

Remark 2.6. Letting k = 0 in (2.9) we obtain the inequality (1.7) in Theorem 2.

Corollary 2.1. Under the assumptions of Theorem 5 with « = 1, then the following inequality holds

20k () + 3 [J7F (0= [T O8] — b 1T (@] + kTR
— e [ P F ()] + KT “’)ﬂ (2.30)
= 43/ g (0 = d (M —m).

Remark 2.7. Letting k = 0 in (2.21) we obtain the inequality

fla)+£(b) x b
‘f(x) =l fgt)dt — 5z Jy f(t)df’ (2.31)

Remark 2.8. Letting x = # in (2.22) we obtain
(2.32)
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