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Abstract

In this paper, we derive new estimates for the remainder term of the midpoint, trapezoid, and Simpson for-
mulae for functions whose derivatives in absolute value at certain power are P-functions. Some applications
to special means of real numbers are also given.
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1 Introduction

Let f : I C R — R be a convex function defined on the interval I of real numbers and a,b € [ witha < b.
The following inequality holds:

b

This double inequality is well known as Hermite-Hadamard integral inequality for convex functions in the
literature .
In [2] Dragomir et al. defined the concept of P-function as the following:

Definition 1.1. We say that f : I — R is a P-function, or that f belongs to the class P(I), if f is a non-negative
function and for all x,y € I, a € [0, 1], we have

flax+(1=a)y) < f(x) + f(y)-
P(I) contain all nonnegative monotone convex and quasi convex functions.
In [2], Dragomir et al., proved following inequalities of Hadamard’s type for P-function

Theorem 1.1. Let f € P(I),a,b € I witha < band f € L{[a,b]. Then the following inequality holds

b
(50 =52 [ sax <20f@ + o). 12)
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The following inequality is well known in the literature as Simpson’s inequality .
Let f : [a,b] — Rbe a four times continuously differentiable mapping on (a, b) and H f@ H = sup ‘ @ (x)’ <
®  xe(ab)
0. Then the following inequality holds:

;[W+2f(a‘£b):| _bia/hf(x)dx

In recent years many authors have studied error estimations for Simpson’s inequality and Hermite-
Hadamard inequalitiy; for refinements, counterparts, generalizations, see ([1]-[10]).
In [3], Iscan obtained a new generalization of some integral inequalities for differentiable convex mapping
which are connected Simpson and Hadamard type inequalities by using the following lemma.
Let f : I C R — R be a differentiable mapping on I° such that f’ € L[a,b], where a,b € I witha < b and
a, A € [0,1]. Then the following equality holds:

< a0 L, 0=

b
Maef@) + (1) f0)) + (1= 2) flaa+ (=) b) — 5= [

1-w
= (b—a) [/ (t—aA) f' (tb+ (1 — t)a) dt

0

1
+l/0—1+Aﬂ—WDbe+ﬂ—ﬂ@d1~
1-a
The aim of this paper is to establish some new general integral inequalities for functions whose derivatives in
absolute value at certain power are P-functions. Some applications of these results to special means is to give
as well.

Let f : I C R — IR be a differentiable function on I°, the interior of I. Throughout this section we will take

If (A, w,a,b)

b
= Aaf(@) + (1= ) 1) + (1) flaa+ (1) b) - [ Fx)dx

where a,b € I° witha < band a, A € [0,1].

Theorem 1.2. Let f : I C R — R be a differentiable mapping on I° such that f' € L[a, b], where a,b € I° witha < b
and a, A € [0,1]. If | f'|" is P-function on [a,b], q > 1, then the following inequality holds:

)] < o) (1FOF+|F@])’ (13)

Y2, A)+712(1—a,A) aA<1l—-a<1-A(1-«)
X< A +r1(1—a,A) aA<1-A(1l—-a)<1l-ua ,
T A)+712(l—a,A) 1—a<arA<1-A(1—qa)

where

7, A) = (1—a) {zx/\ - (1;[)()} , (1.4)

72(“/ /\) = (“A)z -M (0‘/ )\) .

Proof. Suppose that g > 1.Since |f|7 is P-function on [a, b], from Lemma [1|and using the well known power
mean inequality, we have

‘If (A, a,a,b)‘

1-w 1
< (b-a) [/|t—m|\f’(tb+(1—t)a);dt+/|t—1+A(1—a)||f’(tb+(1—t)a)|dt
0

1—«
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1—a 1_% 1-a %
(/ |t—oc)\|dt) (/ It — aAl {f’(tb—k(l—t)a)"?dt)
0 0
) -1 i
+(/ |t—1+m_a>|df) (/ 'f—lwl-w|f'<fb+<1‘””"”t>

—a)(|f )"+ | (a) ‘1’{/|t—m|dt+/|t—1+A(1_a)|dt} (1.5)

0

=

Additionally, by simple computation

1—a

_ [ m(aA), aA<1-a
/lt M\dt{ 7, A), aA>1—a ' (1.6)
0

7, 3) = (=0 o1 = EZ ] atw2) = (@12 - ma(w2),

1 o
/|t71+)\(1fzx)|dt:/|t7(1fa)/\\dt 1.7)
—u 0

[ m-aA), 1-A(1-a)<1-a
L 0-xA), 1-A(1-a)>1-a’

Thus, using (1.6) and in (1.5), we obtain the inequality (1.3). This completes the proof. O

Corollary 1.1. Under the assumptions of Theorem[I.2|with q = 1, we have

| (L wab)| < =) (If )] +|f @)])

Yo, M) +12(1—a,A) aA<1l—-a<1-A(1-n)
o, M)+ 11 (1—a,A) aA<1-A(l—a)<1—a ,
(@, A)+71(1—a,A) 1—a<ar<1-A(1-—ga)

Corollary 1.2. In Theorem, if we take & = % and A = %, then we have the following Simpson type inequality

s [+ (50 o) —bia/bﬂx)dx

Corollary 1.3. In Theorem , if we take & = % and A = 0, then we have following midpoint inequality

lf(a+b> =3

Corollary 1.4. In Theorem, if we take &« = %, and A = 1, then we get the following trapezoid inequality which is
identical to the inequality in [1|, Theorem 2.3].

5(b

L (1F ) + @)

<

® (@) + @]

(P @+ @]

—a

lf(a)

Using Lemmal(T] we shall give another result for convex functions as follows.
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Theorem 1.3. Let f : I C R — R be a differentiable mapping on I° such that f' € L[a, b], where a,b € I° witha < b
and a, A € [0,1]. If | f'|7 is P-function on [a,b], g > 1, then the following inequality holds:

I (L aab)| < (b-a) (p-lm) ’ (1.8)

/q(zx,q) , aA<1l—a<1-A(1-n)

1
f
X ell/p(oc,}\,p)cjl,/q( q)—l—e;/p(l—zx/\p)k}/q( a,q)|, acA<l—-A(l-a)<l-a ,
sé/p(oc,)\,p)c}/q(oc,q)+sl (1—0(,/\,p)k}/q(oc,q) , T—a<ad<1-A(1-u)
where
cr(a,g) = (1—w) [|f (1—a)b+aa)|"+|f (a |} (1.9)
ke(w,q) = [|f (1—a)b+aa)|T+|f (b ”

e1(a, A, p) = (@A) 4+ (1 —a—ad)P™L, ex(a, A, p) = (aA)PTL — (ad — 14+ )P T,
1 1 _
and 7 + g = 1.

Proof. Since |f’|7 is P-function on [a, b], from Lemma|l{and by Holder’s integral inequality, we have

‘If (/\,oc,a,b)‘

1—«a

1-w 1
< (b-a) [/|t—m|\f’(tb+(1—t)a)|dt+/|t—1+A(1—a)||f’(tb+(1—t)a)|dt]
0

o o %
(/|ta)\|pdt) (/ |f' (tb+ (1 —t)a |th> (1.10)

(‘/ |t1+A(1ant) (/ If (tb+ (1—t)a |th)

By the inequality (1.2), we get

1—a . (1—a)b+aa
/|f +a-nal'dt = (-0 | 7=5 5= / 17 ()] dax
0 a
< A-0) [|f (1 -a)b+an)| +|f @] (1.11)

The inequality (1.11) also holds for a = 1. Similarly, for « € (0,1] by the inequality (1.2), we have

1 b
1 /
/|f (th+(1—ta)|"dt = w 0 / |f' (x)|"dx
1-a (1-a)b+aa
< w[lf (A-wb+an)+|f )] (1.12)

The inequality (1.12) also holds for « = 0. By simple computation

e (aA)PH iy (1—a—ar)Pt! A <1—u
/|t—o<A|’”dt pH ’ - (1.13)

p+1_ _ p+1 s
(al) (eA—1+a) aA>1—a

pH ’
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and
/1 t=1+A(1—a)Pdt { [A(l_“)]pHm_A(l_a)]pH’ Lme<l-A-a) (1.14)
p— —_ tx prg .
A1—a)]P - [A(1—a)—a)P*! ’
7 Aol Al e >1-A(1-w)
thus, using (1.11)-(1.14) in (1.10), we obtain the inequality (1.8). This completes the proof. O

Corollary 1.5. In Theorem if we take o = % and A = 3, then we have the following Simpson type inequality

oy (557) o) -5 ' (o)

x{( (a+b> +1f (a |>1+< /(”;bw’ﬂf,(b)‘,,)é}.

Corollary 1.6. In Theorem if we take & = % and A = 0, then we have the following midpoint inequality
1
(55 -5t from] <254 (52)
1 1
{ f<“:b>r+w>w< ) sron)')

We note that by inequality
s (a+b\ | AL L
(S <ir @1 o)

we have

f<a+b) /f
b () (ror2r@r) (w2l wp) )

Corollary 1.7. In Theorem if we take o = % and A = 1, then we have the following trapezoid inequality

b 1
F@+fm 1 b—a/ 1 \7
| 2 _b—a/f(x>dx S4(p+1)

() ) s (e ()

2 Some applications for special means

e !)’1’}-

We now recall the following well-known concepts. For arbitrary real numbers 4, b, a # b, we define

1. The unweighted arithmetic mean

Aa,b) = ”zib a,b e R.

2. Then n—Logarithmic mean

bn+17 n+1 n
L )= | ————— >1,abecR b.
n(a,b) ((n+1)(b—a)> ,mnelN,n>1,abeR, a<
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Now we give some applications of the new results derived in section 2 to special means of real numbers.

Proposition 2.1. Let a,b € Rwitha < b and n € N,n > 2. Then

Lo )2 2 A (g by 1 Sn(b—a) (1 n-1)q | (-1
A" ") + S A™(a,b) — Li(a,b)| < = (161077 + Ja)=11)

Proof. The assertion follows from Corollary [1.2| applied to the function f(x) = x", x € R, because |f'|? is a
P-function. O

Proposition 2.2. Leta,b € Rwitha <b and n € N,n > 2. Then

n(b—a _ B 1
|A"(a,b) — L'(a,b)| < %(\bI(” D0 4 |gfr-1r)
and

1
A", 5~ Lj(a b)) < "D (1o ¢ jgfr)

Proof. The assertion follows from Corollary [1.3|and Corollary [L.4applied to the function f(x) = x", x € R,
because |f’|7 is a P-function. O

Proposition 2.3. Leta,b € Rwitha <b and n € N,n > 2. Then

1
1 n opn E n _rn <1’l(b—ll) 1+2p+1 P
‘3A(a ,b )+3A (a,b) — Ly(a,b)| < 5 3+ 1)

1 1
x {(A(a,b)|(”1)‘7 +1a] ") T (| A(a, )| 7D 4 Jp|n D7) }

Proof. The assertion follows from Corollary [1.5(applied to the function f(x) = x", x € R, because |f'|" is a
P-function. O

Proposition 2.4. Leta,b € Rwitha <b and n € N,n > 2. Then
(b—a) (1 \7
nb—a v
A" - L < — 2 ——
| (ﬂ,b) n(arb)l— 4 (p+1>

1

1 1
~ { <|A(a,b)\(”*1>‘7 + w(ﬂ*l)q) 4 (|A(a, b)|("71)'7 + \b|(”71)‘7) q } ]

and

1
b—a 1 \7
n n n
— < -
|A<ﬂ /b ) Ln<alb)|— 4 <p+1>

1 1
~ { (|A(a,b)\(”*1>‘7 + w(fl*l)q) 4 (|A(a, b)|(”*1)f1 + ‘b|("*1)q) q } )

Proof. The assertion follows from Corollary [1.6]and Corollary [L.7]applied to the function f(x) = x", x € R,
because |f’|7 is a P-function. O
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