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Abstract
In this paper we consider the third order nonlinear neutral difference equation of the form
A(rn(Az(xﬂ + ana(n)))lx) +f(nr x'r(n)) =0,

we establish some sufficient conditions which ensure that every solution of this equation are either oscillatory
or converges to zero. Examples are provided to illustrate the main results.
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1 Introduction
In this paper, we establish oscillation criteria for third order nonlinear neutral difference equation of the form
B (7 (@2t £ pu¥o))*) + £, Xe() = 0,1 € No M

where Ng = {ng, no +1, np +2, ...}, and ny is a nonnegative integer subject to the following conditions:

(C1) {rn} is a positive real sequence with } ° ,11/a = oo and « is a ratio of odd positive integers;

C2) {pn} is a nonnegative real sequence with —u < p, < 1for u € (0,1);

C4) {7(n)} is a nonnegative sequence of integers with 7(n) < n such that lim, .. T(1) = oo;

(
(
(
(

)

C3) {o(n)} is a nonnegative sequence of integers with o (1) < n such that lim, .. o(n) = oo;
)
)

Cs) f : Ng x R — [0,00) and there is a nonnegative real sequence {g,} such that f (na”) > Lgy, foru # 0

where L > 0.

By a solution of equation (I) we mean a real sequence {x,} and satisfying equation (I) for all n € INy. We
consider only those solution {x,} of equation (I) which satisfy sup{|x,| : # > N} > Oforall N € Ny. A
solution of equation (1) is said to be oscillatory if it is neither eventually positive nor eventually negative and
nonoscillatory otherwise.

In recent years, much research has been done on the oscillatory behavior of solutions of third order
difference equations, see for example ([11, [2], [3], [4], [5], (6], [Z], [8], [O], [10], [11], [12], [13], [14], [15]) and the
references cited therein.

In ([13], [14]), the authors consider the following third order neutral difference equations of the form

A(ry (Az(xn + pnXn-o))") + qnxzﬂ—r =0, 2)
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and
A(”H(Az(xn £ puh(Xn-¢)))") + qnf (Xur1-7) =0, 3)

and established some criteria for the oscillation and asymptotic behavior of all solutions of equations (2) and

3).

In [12], the authors studied the following third order difference equation
A(cnA(dnA(xn + pnXn—k))) + Guf (Xn-m) = en (4)

and established some criteria for the oscillation and asymptotic behavior of all solutions of equation ().
In [15], the authors considered the following third order difference equation

A(an(Az(xn + Puxn—c))*) +quxy =0 (5)

and established some criteria for the oscillation and asymptotic behavior of all solutions of equation (5).

The oscillatory properties of oscillation of equation (1) was studied by the authors in [7], when p, = 0.
Following this trend, in this paper, we establish some new sufficient conditions for the oscillation of all
solutions of equation (). In Section 2, we present some oscillation theorems and in Section 3, we provide
examples to illustrate the main results.

2 Oscillation Theorems

First we consider the following difference equation

A(rn(A2(xn i pnxg(n)))ﬂé) + f(1, X)) = 0,1 € Ny, ©)

and establish some sufficient conditions for the oscillation and asymptotic behavior of its solutions. We begin
with the following lemma.

Lemma 2.1. Let {x; } be a positive solution of equation (6)), then the corresponding function z, = Xn + pnXq(n) satisfies
only of the following two cases:

(I) z, >0, Az, >0, A%z, > 0;
(II) z4 >0, Azy <0, A%z, >0
for n > ny € Ny, where ny is sufficiently large.
Proof. The proof can be found in [13} 14], and hence the details are omitted. O

Lemma 2.2. Let {x,} be a positive solution of equation (6), and let the corresponding function {z,} satisfies the Case
(IT) of Lemma 2.1. If

[ee] [ee] 1 o 1/0‘
Yy ral = )
n=ng s=n Ts =5
then limy,_co X = limy, 00 2y = 0.
Proof. The proof is similar to that of Lemma 2.2 in [13], and hence the details are omitted. O

Before stating the next lemma, we define

[e0]
Ay = Yl

S=ng

Qn = (1_pr(n))an"f

and
n—1

R, = Y Qs forall n € Ny.

s=nyp
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Lemma 2.3. Let {x,} be a positive solution of equation () and the corresponding z, satisfies Case(I) of Lemma [2.1
Then there exists a positive real sequence {wy} such that

wy > Ry + Z “Ar(s)wgi%/a/ (8)

S=n

. a/(a+1)
lim sup[w, 1A,y ] < ¢ )
for some constant ¢ > 0, and

[ee] (e}
L Qi< 3 AR <o (10)

n=ng n=npy

Proof. Let {x,} be a positive solution of equation (f). Assume that x, > 0, Xo(n) > 0and x(,) > 0 for all
n >ny > ng. Thenz, > x, > 0 and satisfies Case(I) of Lemma[.T} for all n > N > ny. From (6)), we have

A(ra(Dza)*) < —f(1,x7(n))
< —xﬁ(n)an, n>ny. (11)

From the monotone nature of z,,, we have

xn = Zn — pnxa-(n)
or
Xt(n) > (1 - PT(H))ZT(H)‘ (12)

From and (12), we have
Aa(822)%) < —(1 = pr) o L

or

A(ru(A%2,)%)
— = = (= pe(w)Lan- (13)
T(n)
Define by
o
1w, = n(87n) (14)
z
T(n)
Then w, > 0 for alln > nq, and
2, & 2 L%
Aw, = A(rn(“A zn)") . rn;l(A “Zn+l) A(Zi(n))
ZT(n) ZT(n) Z’r(n+1)
Using (13) and (14) in the last inequality, we obtain
Az%, )
AWy < (1 = Pr() Lin — Wyy1 —a (15)
ZT(n)
By Mean Value Theorem
Az”r‘(n) = uct”‘_lAzT(n),
where z;(,;) <t < zy(,41). Since a > 1, we have
Azi(n) > ocz%})AzT(n). (16)
Using (16) in the inequality (I5), we obtain
Az
Aw, < —Qy — awyq Zrrlm) 17)

T(n)

From the monotonicity property of {Azzn}, we have

n—1 n—1
Azy = Azyy + Z Azzs > Z Azzs

s=ny s=nyp
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or
1
Az, > 2 r‘l/"‘(rs(Azz )ac)l/zx
s§=ng
> (ra(Az,)")V"A
Then
Aze(ny > (Fe(ny (D2Ze(m)) ) “ Ay (18)

Using (18) in the inequality (I7), we get

Awy < —=Qn — aw) 1/ Ay

or

Awy + Qu + awl /" Ay <0, n > N. (19)

Summing the last inequality from N to n — 1, we have

n—1 n—1
wy SwN— Y. Qs — Y. aAygwitl/® for n > N. (20)
s=N s=N

We claim that } 3 \; Qn < oo for all n > N. Otherwise from the inequality (21), we obtain

n—1
wl’l S wN - Z QS/
s=N

and letting limit n — co we obatin w,, — —co, which contradicts the positivity of w,,. Similarly we can show
that

Y Aggwlil/* < oo, (21)
s=N

Now, letting limit as n — oo in (20) we have

[ee] [ee]
Wo —wy+ ) Qs+ ) wArguwyt <0
= s=N

s=N
or
(e}
Wy > R, + Z zxAT(s)w;Ll/“ for n > N. (22)
S=n

Since Q;; > 0 and w,, > 0 for n > N, we have from that Aw, < 0 and lim;, .., w;, = M, for some constant
M > 0. Now from (19), we have

1+1/a
Awn < —&Ar(n) Wy
or
Awy,
~ /e = )
n+1
or
Wn
— > A
T+1/a = “i1(n):
awn+1

Taking limit supreme, we obtain
M > lim sup(w”l/"‘AT(n))

n—oco n+1
or
. a/(a+1
r}l_r}c}o Sup(wnJrlAT(n() )) <c

for some constant ¢ > 0. This completes the proof. O
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Theorem 2.1. Assume that

lim 1nf— Z PRV 4

23
n—o00 Ry, = s+1 ( +1)(0¢+1) ( )

where Py = a A,y then every solution of equation (6) is either oscillatory or converges to zero as n — oco.

Proof. Assume that {x, } is a nonoscillatory solution of equation (6). Without loss of generality we may assume
that x, > 0, x5(;) > 0and x¢(,;) > O0foralln > ny > ng and the corresponding {z,} satisfies two cases of
Lemma 2.1.

Case(l). Let {z, } satisfies Case (I) of Lemma 2.1} From Lemma 2.3} we obtain (8), then

Wn 1 & 1+1/a
— > 14+ = A
R, ~ +Rn S;na T(S)ws+l
w 1+1/a
> 1+—ZPSR§E/“(RS“) . (24)
s+1

From the assumption of the theorem, there exists a § > W,

lim 1nf — Z PSR;j_ll/ “> B (25)
h—oo R” s=n
and let
A= nlgifo R,’ (26)

then A > 1. Using (25) and (26)) in the inequality (24) we have
A Z 1 +‘B)\1+1/a.

Therefore
o 1

- (oc—i—l) ,B"‘

which is a contradicts to our assumption.

A— ‘B/\1+1/Dc

Then, we get 'B S W]ﬁiﬁﬂ)/“’
If {z,,} satisfies Case(II) of Lemma then by the condition (7) we have lim, . x, = 0. This completes the
proof. O

Theorem 2.2. Assume that

lim sup[ “(/,j‘;‘*”(RMJr Z KA, Rgg/“)] — oo 27)
s=n+1

then every solution of equation (6) is either oscillatory or converges to zero as n — co.

Proof. Assume that {x, } is a nonoscillatory solution of equation (6). Without loss of generality we may assume
that x, > 0, x5,y > 0 and x;(,;) > 0 forall n > n; > np and the corresponding {z,} satisfies two cases of
Lemma 2.1.

Case(l). Let {z,} satisfies Case (I) of Lemma2.1] From Lemma 2.3} we obtain (), then

0
wy > Ry + 2 “Ar(s)wgill/a-
s=n

Since w;, > R,, we have

wy > Ry + Z WA R;Ill/"‘.

Using this in (9), we have

lim su [ A )(R + Z aA s RITY) | < ¢

oo P [Py Tt . st )] =©
s=n-+

which is a contradiction. If {z, } satisfies Case(II) of Lemma then by the condition (7) we have lim; .o X, =
0. This completes the proof. O
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Next, we consider the case —y < p;, <0, and the equation (1) takes the form

A (7 (&2 (tn = puXon))*) + f(1, xe() = 0, € No. (28)

Lemma 2.4. Let {x,} be a positive solution of equation (28) and the corresponding {z,} satisfies Case(I) of Lemma[2.1]
Then there exists a positive function {wy } such that

Wy > Qu+ Y aAwii’", (29)
sS=n
hm sup[wnHA“(/(’;H)} <cg, (30)
for some constant ¢ > 0, and
Qu < o, 2 A Q1% < (31)

Proof. Let {x,} be a positive solution of equation (28). Assume that x,, > 0, Xg(n)y > 0and x¢,) > 0 for all
n > ny > ng. Then z, > x, > 0 and satisfies Case(I) of Lemma[2.1} for all n > N > n;. We have

A(ry(Azy)*) < —xi(n)an, n > nj. (32)
We have two possible cases for z;:
(i) zn >0
(ii) zn < 0.

Case (i). z; > 0, the proof is similar to that of Lemma2.3|and hence the details are omitted.
Case (ii). z; < 0 eventually for all n > ny > ny > nyp, then we have two cases for x;:

(a) xy, is unbounded,
(b) xy is bounded.

Case (a). Assume that x, is unbounded, then

xn — Zn pnxo- < angm < xam) (33)

Since {x; } is unbounded, we can choose a sequence {xy, } satisfying limy_,, x; = co from which limy_,, xn, =
co and max x, = xy, by choosing N large such that o(Ny) > Nj for all Ny > ny. Thus maxx, = xy,. This
contradicts with (33).

Case (b). Assume that {x,} is bounded, and we show that x, — 0 as n — co. Since

lim supz, <0,
n—oo

then we have

lim sup(x,1 + PuXom)) < 0
r}molo sup x; + hm sup PnXoem)y < 0
nlglc}o sup x; — u nlgrolo sup Xy < 0
(1—p) lim supx, < 0.
n—oo
This shows that x;, — 0 as n — co. This completes the proof. O
Theorem 2.3. Assume that
14+1/a x
A, mf o E BQL" > e (34)

where Py = aAv(y) then every solution of equation is either oscillatory or converges to zero as n — co.
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Proof. The proof is similar to that of Theorem [2.1)and hence the details are omitted. O

Theorem 2.4. Assume that

. a/(a+1) > 1+1/ .
Jim sup [ A% (Quen + S:; 1“Ar<s)QsL ] = (35)

then every solution of equation is either oscillatory or converges to zero as n — oo.

Proof. The proof is similar to that of Theorem [2.2|and hence the details are omitted. O

3 Examples

In this section, we present some examples to illustrate the main results.

Example 3.1. Consider the third order difference equation

A(H(AZ (xn + %xn_z))3> + mxiﬁg =0, n

Herery = n, p, = %, n = (Hl)lw, « =30(n)=n—-2, t(n) =n—3and L = 1. It is easy to see that all
conditions of Theorem [2.1]are satisfied. Hence every solution of equation is either oscillatory or converges to zero as

n — oo,

Y

1. (36)

Example 3.2. Consider the third order difference equation

A (%AZ (xn + 1xn,z

1
> )) + mxn_1 =0, n>1. (37)

Here r,, = %, Pn = %, Gn = ml)lw' «=10(n) =n-2,t(n) =n—1and L = 1. It is easy to see that all
conditions of Theorem 2.2)are satisfied. Hence every solution of equation is either oscillatory or converges to zero as
n — oQ.

Example 3.3. Consider the third order difference equation
1
A3 (xn - gxn_1> +nx, =0 n>1 (38)
Herer, =1, py = %, gn=n,a=10n)=n—-1, t(n) =n—2and L = 1. It is easy to see that all conditions of
Theorem 2.3|are satisfied. Hence every solution of equation is either oscillatory or converges to zero as n — oo.

Example 3.4. Consider the third order difference equation
1
A3 (xn - Exn_l) F12%, 5 =0, n>1. (39)

Herery, =1, pp = %, gn=12, a =10(n) =n—-1, t(n) =n—2and L = 1. It is easy to see that all conditions of
Theorem 2.4 are satisfied. Hence every solution of equation is either oscillatory or converges to zero as n — oo. In
fact {x,} = {(—1)"} is one such oscillatory solution of equation is oscillatory or converging to zero.

We conclude this paper with the following remark.

Remark 3.1. It would be interesting to extend the results of this paper to the equation (1) when 3>, rl% < oo.
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