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Inclusion properties for certain subclasses of analytic functions defined

by using the generalized Bessel functions

H. M. Srivastava® K. A. Selvakumaran’ and S. D. Purohit®*
@ Department of Mathematics and Statistics, University of Victoria, Victoria, British Columbia V8W 3R4, Canada.
b Deptartment of Mathematics, R. M. K College of Engineering and Technology, Puduvoyal 601206, Tamil Nadu, India.

©Department of Basic Sciences (Mathematics), College of Tech. and Engg., M. P. University of Agriculture and Technology, Udaipur 313001, Rajasthan, India.

Abstract

By making use of the operator B¢ defined by the generalized Bessel functions of the first kind, the au-
thors introduce and investigate several new subclasses of starlike, convex, close-to-convex and quasi-convex
functions. The authors establish inclusion relationships associated with the aforementioned operator. Some
interesting corollaries and consequences of the main inclusion relationships are also considered.
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1 Introduction, Definitions and Preliminaries

Let
U={z:2€C and |z <1}

be the unit disk in the complex z-plane. Also let A be the class of functions f of the form:

f2) =2+ ana2"t, (1.1)
n=1

which are analytic in U and satisfy the following normalization condition:

J(0) = f(0) 1 =0.

Let S denote the subclass of A consisting of all functions which are univalent in U. We denote by $*(a), K(a),
C(#,a) and C*(5, o) the familiar subclasses of A consisting of functions which are, respectively, starlike of
order « in U, convex of order « in U, close-to-convex of order 5 and type o in U and quasi-convex of order 3
and type « in U. Thus, by definition, we have (for details, see [4}[6] 7, [11])

zf'(2)

S*(a)::{f:feA and %<M>>a (0§a<1;z€U)},

2f"(2)
f'(z)

K(a)::{f:feA and %(14— )>a (O§a<1;zeU)},
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zf'(2)
9(2)

C(ﬂ,a):—{f:fGA,geS*(a) and §R< >>ﬂ (0§a,ﬂ<1;z€U)}

and

(2f'(2))

C*(ﬁ,a)::{f:feA,gE/C(a) and §R< 700 >>ﬁ (O§a,ﬁ<1;z€U}.

It is easily observed from the above definitions that
f(z) € K(a) = zf'(2) € S*(a)

and
f(z) €C*(B,a) <= 2f'(2) € C(B, ).

For f € Agivenby and g(z) givenby g(z) = 2+ ., bpt12" !, the Hadamard product (or convolution)
of f and g is defined by

(f*9)(2) =2+ Y anpibn12" = (g% f)(z) (2 €D).

n=1

The generalized Bessel function of the first kind of order p is defined as a particular solution of the follow-
ing second-order differential equation (see, for details, [1]]):

22w (2) + bzw' (2) + [cz® — p* + (1 = b)plw(z) =0 (b,c,p € C) (1.2)

and has the familiar representation given by

o} EIPAY) p 2n+p
o) =3 T (3) (2€0). 1)

n=0 (p+n+ H?l)

The series in permits a unified study of the Bessel, the modified Bessel and the spherical Bessel functions.
The following cases are worthy of note here.

1. Taking b = ¢ = 1 in (1.3), we obtain the familiar Bessel function of the first kind of order p defined by
(see [1,18,12])

WA= e ()T e Ly
P _nzon!-F(p+n+1) 2 : ’ '
2. Putting b = 1 and ¢ = —1 in (1.3), we get the modified Bessel function of the first kind of order p defined
by (see [1,112])
o) 1 2 2n+p
I = —_— | = . .
»(2) %n!-F(ernJrl)(?) (z€C) (15)

3. Letting b = 2 and ¢ = 1 in (1.3), we have the spherical Bessel function of the first kind of order p defined

by (see [1]]) s
, 7 > (=" 2\ “"TP
apl2) = \Egn!'r(p+n+3/2) (2) (€0 (1.6)

Recently, Deniz et al. [3] considered the function ¢, ;, (%) defined, in terms of the generalized Bessel func-
tion wy p..(2), by

b+1 _
punel?) =2 (4 1) 2 0 (v)

= (o)™ 2t b+1 _
=z+ > =p+—— 75 :={0,—1,-2,--- )
z + —~ 4n . (V)n 7’7,' 14 p + 2 ¢ 0 {07 Y 9 } 9 (1 7)

where ()),, denotes the Pochhammer symbol (or the shifted factorial) defined by

Mo=1 and (An=AA+DA+2)--A+n—1) (neN:={1,2,3-)}
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Subsequently, by using the function ¢, ; .(z), Deniz [2] introduced the operator B as follows:

X \n n+1
BE) = epnele) < 1) =2+ 30 GBI e, (18)
n=1 n :
It is easy to verify from that
2(BSaf(2)) =vBif(2) — (v = 1)Bi, f(2), (1.9)

where )
v=p+——¢Z.

In fact, the operator By given by (1.8) provides an elementary transform of the generalized hypergeometric
function, that is, we have

Bl f(z) = zoF1 (7;u;—§ z) * f(2)

and .
Puc (—1 z) =zoF1(—;v;2).

In the present article, we investigate various inclusion relationships for each of the following subclasses
of the normalized analytic function class .4, which are defined by means of the generalized Bessel function of
the first kind (see also [9] and [10] for inclusion relationships for various other function classes). Indeed, for
ceC,veR\Zy and 0 £ a < 1, we write

S;’C(a) ={f:feA and BLf(z) eS"(a) (z€TU)},
Koe(a):={f:fe A and Bf(z) e K(a) (z€U)},

Coe(Bya):={f:feA and B f(z)eC(B,a) (ze€U)}
and
Coo(Ba):={f:feA and Bjf(z) €C"(B,a) (z€U)}.
We also note that
f(2) € Kyela) = 2f'(2) € S} () (1.10)
and

f(z) €C) (B,a) <= z2f'(z) € CLe(B, ). (1.11)

In our investigation of the inclusion relationships involving the function classes S}, .(«), K, c(a), Cu (83, )
and C; (8, @) given by the above definitions, we shall make use of the following Miller-Mocanu lemma.

Lemma 1.1. (see Miller and Mocanu [5]) Let ©(u, v) be a complex-valued function, such that
0:D—-C (D cCx0Q),

C being the complex plane. Also let
u=1u; +tuy and v = vy + ivy.

Suppose that the function ©(u, v) satisfies each of the following conditions:
(i) ©(u,v) is continuous in
(i) (1,0) € D and R(O(1,0)) > 0;

(iii) R(O(iug,v1)) < 0 for all (iug,v1) € D such that vy < —1(1 + uj).
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Let
G(z) =1+ prz+p2z° + -+

be analytic (regular) in U such that
d(z)#£1 and (4(z2),2¢9'(2)) €D (z € ).
I
R(6(s(:).50() ) >0 (=€),
then

R(p(2)) >0 (z € U).

2 Inclusion Relationships

Our first set of inclusion relationships is given by Theorem 2.1]below.

Theorem 2.1. Let fe A, ce C,v e R\ Zyanda+v>1 (0= a<1). Then
f € Ss,c(a) - f € 8:+1,c(a)
or, equivalently,
S:,c(a) C S;Jrl,c(a)'
Proof. Let f € S} .(a) and set
Z(B§+1f(z))/
Bz§+1f(z)
where ¢(z) is given by (1.12). From (1.9) we get

—a=(1-a)¢(z),

L Bif(:) _ 2(Bpnf(@)
BfB) . ot U

By combining (2.13) and (2.14), we obtain

7B§f(z) _ 1 —a)p(z)t+a+v—
Bf,Jrlf(z) B V[(l Jo() +ot 1]-
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(1.12)

(2.13)

(2.14)

(2.15)

Now, by applying the logarithmic differentiation on both sides of (2.15) and multiplying the resulting equation

by z, we have
Z(Bﬁf(z))/ _ z(B§+1f(z))/ N (1—a)zd/(2)
BSf(2) Bﬁ+1f(z) (1-a)p(z) +a+v— I

which, in view of (2.13), yields

!

#(Byf(2))
B; f(z)

(1—a)z¢'(z2)

T e ra T

Upon taking
u=¢(z) =u; +iug and v =2¢'(z) = vy + ivg,

if we define the function O(u, v) by

(1-a)v
l-a)ut+a+v—1

O(u,v) = (1 — a)u+

then we observe that ©(u, v) is continuous in

o= (o z2z5)) v

(2.16)
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and (1,0) € D, with ®(6(1,0)) > 0. Also, for all (iuz,v1) € D such that v; £ —%(1 + u3), we have

1—a)n
ROz v1)) =R ((1 - a)(iug +)a tu— 1)
_ I-a)(la+v—1)n
(a+v—12+(1-a)ul
1 (1—a)(a+v—1)(1+ud)
2 (a+v—-12+(1-a)u3
<0,

A

which shows that ©(u, v) satisfies the hypotheses of the above Miller-Mocanu Lemma. Therefore, we have
R(p(2)) >0 (z€U).

Thus, by making use of (2.13) and (2.16), we find that f € S, ; .(a). This completes the proof of Theorem
21 O

Theorem 2.2. Let fe A, cc C,veR\Zyanda+v>1 (0= a<1). Then
fekcla) = fekt1.(a)

or, equivalently,
]C%C(Oé) C ICV+1,C(OL).

Proof. Applying (1.10) and Theorem 2.1} we observe that

feRcla) = BJf(2) € K(e)
< 2 (B;f(2)) € §*(a)
<= B} (2f'(2) € ()
= 2f'(2) € 5] ()
= 2f'(2) € §)41.(a)
< B, (2f'(2) € §7(a)
> 2(By1f(2)) € 8™(a)
< By1f(2) € K(a)
= felt1,(a),

which evidently proves Theorem O
Theorem 2.3. Let fe A, ce C,v e R\ Zyanda+v>1 (0= a<1). Then

felclfa) = felCii18,a) (028<1)

or, equivalently,
Clac(ﬁa Oé) C Cu+1,c(ﬁ7 a)-

Proof. Let f € C,(8,a). Then, in view of the definition of the class C, (3, «), there exists a function g €

S, .(a) such that
%(%) >0, (05p<1; z€U).

We now let
!
2(By .1 f(2))

B9 8= (1-0)¢(2), (2.17)
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where the function ¢(z) is given by (1.12). Now, making use of the identity (1.9), we also have

2(Bef(2)) _ Be(z1'(2))
Bgg(2) Bgg(2)

z(B§+1(Zf’(Z))> (v - DB (21(2)
z(B,ng(z))/ + (v = 1)Bg,19(2)
(Boaler )

Bﬁﬂg(z)

+ (v -1)

B$+1(Zf/(z)) ' Z<B§+1g(z))/ L -1
By 119(2) <B§+lg(z) + 1) : (2.18)

By Theorem 2.1} we know that
g€ S:,c(a) =gc S;+1,c(a)7

so that we can set .
Z(Blcl+1g(z))
——— 2 = (1—-a)q(z) + a, (2.19)
B§+1g(z) ( Ja(z)

where
R(q(z)) >0 (z € U).

Upon substituting from and into (2.18), we have
sy P(EAGIE)) | Boas) T+ - 0la - pec) + o

Beg(z) (1-a)g(z)+a+rv—-1 ’ (2.20)
By logarithmically differentiating both sides of with respect to z, we have
(Baler )
B o) (1=0)2¢'(z) + [(1 = a)q(z) + o - [(1 = B)é(2) + 7],
which, in conjunction with (2.20), yields
2Bif@) (1-B)2¢/(2)

The remaining part of our proof of Theorem 2.3]is much akin to that of Theorem[2.1] Therefore, we choose
to omit the analogous details involved. O

Theorem 24. Let fe A, ce C,v eR\Zyanda+v>1 (0= a<1). Then
feC(B,a) = feCl.(5,a)

or, equivalently,
Che(Bs @) C Chy (B, @)
Proof. Applying and Theorem 2.3} we observe that
feCola) = Byf(z) € C*(B, )
= 2 (B;f(2) € C(B,)
> B} (2f'(2)) € C(B,q)
— 2f'(2) € C,c(B, )
= 2f(2) € Cuy1,c(B, @)
— Bl (2f'(2)) € C(B, @)
= 2 (B, f(2)) €C(B,)
— B f(2) €C*(B,a)
— feCi1.(8,0),
which evidently proves Theorem O
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3 Remarks and Observations

As already discussed in Section |1} the study of the generalized Bessel function of the first kind permits a uni-
fied study of the Bessel, the modified Bessel and the spherical Bessel functions. By specializing the parameters
in the operator BS, we obtain the following new operators associated with the Bessel, the modified Bessel and
the spherical Bessel functions (see, for details, [2]):

e Choosing b = ¢ = 1in (L.8), we obtain the operator 7, : A — A associated with the Bessel function,
which is defined by
Tof(2) = @p1a(2) % 1(2) = [zmp - 1)21*”/2 Jo(V2)| + 1(2)

n+1
an+1 2"
=2+ Z 4n — (3.22)

e Taking b = 1 and ¢ = —1 in (1.8), we obtain the operator Z,, : A — A associated with the modified
Bessel function, which is defined by

T,(2) = opa1(2) % f(2) = [QPF(p + 1) L(VE)] £ ()
an+1 n+1
:z+z4np+1 — (3.23)

o Letting b = 2 and ¢ = 1in (1.8), we obtain the operator Q,, : A — A associated with the spherical Bessel
function, which is defined by

0 () = @paa(2) # J(2) = [w—%pﬂ“r (o+3) " itva] + 12

& ng 1 omtl
= : 24
z:: "(p + 3/2)n n! (3.24)
Our main results (Theorems 2.1|to 2.4) can thus be applied with a view of deducing the following conse-

quences.

Corollary 3.1. Let fe A, pe R\ Z anda+p>0 (0 a<1). Then

feSpila) = feSi ()
or, equivalently,
Tpf(z) €S*(a) = [f(2) € Sppnala) (neN\{1}).
Corollary 3.2. Let fe A, pe R\ Z anda+p>0 (0= a<1). Then
fekpiii(e) = feKppa1(a)
or, equivalently,
Tpf(z) €Kla) = [(2) € Kprnala) (neN\{1}).
Corollary 3.3. Let fe A, pe R\ Z anda+p>0 (0L a<1). Then
f€Cri11(8,0) = feCpia1(B,0) (0=8<1)
or, equivalently,
Tpf(2) €C(B,0) = [(2) €Cprna(Bia) (neN\{1}).
Corollary 34. Let fe A, pe R\Z anda+p>0 (0= a<1). Then

feCii(Ba)= feC,,(8,0) (0=5<1)
or, equivalently,

Ipf(z) €C(B,0) = [f(2) €Chppi(Ba) (neN\{1}).

Finally, we remark that similar results can be obtained involving the operators 7, and Q,, by specializing
the parameter in Theorems to Numerous other applications and consequences of our main results
(Theorems [2.T] to and their aforementioned consequences (Corollaries [3.1| to can indeed be derived
similarly.
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