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Abstract

A network can be represented by graph which is isomorphic to its adjacency matrix. Thus the analysis of
networks involving rate of change with respect to time reduces to the study of graph differential equations
and its associated matrix differential equations. In this paper we develop monotone iterative technique for
graph differential equations and its associated matrix differential equations using Periodic boundary value
problem.

Keywords: ~ Graph differential equation, Matrix differential equation, coupled lower and upper solutions,
monotone iterative technique.

2010 MSC: 34G20. (©2012 MJM. All rights reserved.

1 Introduction

It is a well established fact that a graph represents interconnections in a physical or a biological system and
a graph that varies with time models physical phenomena that are time dependent. Such systems naturally
arise in all disciplines of knowledge including social sciences. In [1,2] the concept of the derivative of a
graph was considered and graph differential equations(GDEs) were introduced. In [2] a solution of the
graph differential equations was obtained by developing monotone iterative technique [3] for initial value
problems(IVPs) of the corresponding matrix differential equations(MDEs). In [4] the concept of a pseudo
graph was introduced and a graph was used to study prey predator problem. The idea of using MDEs to
study the corresponding GDEs is justified by the existence of an isomorphism between graphs with n-vertices
and n X n matrices.

In this paper, we obtain a solution for the periodic boundary value problem(PBVP) of a GDE by studying
the corresponding PBVP of the MDE. Using the approach used in [5] we develop a sequence of monotone
iterates which are solutions of a sequence of IVPs of linear matrix differential equations. We develop
different types of iterative sequences as in [6,7] using the iterative scheme given in [8] to obtain the monotone
sequences. Next, we show that the sequence converges to a solution of the PBVP and that the corresponding
graph function is a solution for the considered PBVP for a GDE.

2 Preliminaries

In this section, we give certain definitions,notations,results and preliminary facts related to GDEs that are
required to study the main results in the problem.

Definition 2.1. Pseudo simple graph: A simple graph having loops is called as a pseudo simple graph.
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Let v1,vy,...vn be N vertices,where N is any positive integer. Let Dy be the set of all weighted directed
pseudo simple graphs D=(V, E). Then (Dy, +, .) is a linear space w.r.t the operations + and . defined in [1,2].

Let the set of all corresponding adjacency matrices be Ey. Then (Ey, +,.) is a matrix linear space where
'+ denotes matrix addition and ' denotes scalar multiplication. With this basic structure defined, the
comparison theorems, existence and uniqueness results of a solution of a MDE and the corresponding GDE
follow as in [2].

Definition 2.2. Continuous and differentiable matrix function:

(1) A matrix function E : I — R"*" defined by E(t) = (e;;())nxn is said to be continuous if and only if each
entry ei]-(t) is continuous for alli,j = 1,2,...,N where e;; : [ — RR.

(2) A continuous matrix function E(t) is said to be differentiable if and only if each entry ¢;;(t) is differentiable
foralli,j =1,2,...,N. The derivative of E(t) (if exists) is denoted by E’ and is given by E’(t) = (egj)NxN.

Definition 2.3. Continuous and differentiable graph function: Let D : I — Dy be a graph function and
E: I — R™" be its associated adjacency matrix function. Then

(1) D(t) is said to be continuous if and only if E(t) is continuous.

(2) D(t) is said to be differentiable if and only if E(t) is differentiable.

If for any graph function D the corresponding adjacency matrix function is differentiable then we say that
D is differentiable and the derivative of D (if exists) is denote by D’.

Consider the initial value problem
D' =G(t,D), Dlty) =Dy @.1)

Let E, Eg be adjacency matrices corresponding to any graph D and the initial graph Dy.

Then the MDE is given by
E'=F(tE), E(t)=Eq 22)

where F(t,E) is the adjacency matrix function corresponding to G(t,D).

Definition 2.4. Any continuous differentiable matrix function E(t) is said to be a solution of (2.2)), if and only

if it satisfies (2.2)).

Definition 2.5. By a solution of GDE (22.1)), we mean the graph function D(t) corresponding to the matrix
solution E(t) of the MDE (12.2)).

In order to obtain a solution of (2.1)), we use the corresponding adjacency MDE. As there exists an
isomorphism between graphs and matrices, the graph function corresponding to the solution obtained for
the MDE will be a solution of the corresponding GDE.

Definition 2.6. Let {E;} be a sequence of matrices and E be a matrix. Then E,, converges to E if and only if
given € > 0 there exist n > N such that |[E, — E|| < ffl foralln > N. This means en; — ¢;; forall1 <i,j < N.

Definition 2.7. Consider two matrices A and B of order N. We say that A < B if and only if a;; < b;; for all
i,j=12,...,N.

Definition 2.8.

Let D and D; be two graphs. Let e}j(t) be the weight of the edge joining the vertex v;tov;, i,j=1,2,..,n
in Dy and elz]-(t) be the weight of the edge joining the vertex v; to v;, i,j = 1,2,..,n in D, then we say that

D; < D; if and only if eil]- < eiZj'

Theorem 2.1.

If {U,(t)} € C'[I,R"™"] is a sequence of equicontinuous and equibounded multimappings defined on an
interval I, then we can extract a subsequence that converges uniformly to a continuous multimapping U(t) on
L

With the necessary preliminaries in place, we proceed to the next section to develop the main results.
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3 Main results

In this section, we obtain a solution for the PBVP for GDE through the solution of the PBVP for MDE.
Consider the PBVP for GDE given by

D' = Gi(t,D) + Gy(t,D), D(0) = D(T), (3.3)

where G1, G, € C[I x Dy, Dy| and I=[0,T].

The graphs G; and G, generate two matrix mappings Fj, F, € C![I x R™",R"*"] such that the weight
of the edge joining the vertex vy to the vertex v;, k,I = 1,2,..,n is given by efk(t), for i = 1,2 that is,
(€1 (t) ) nxn is the weight matrix corresponding to the graph G; and is denoted by F; = (e}, (t))nxx. Further, let
E(t) = (e (t)) be any arbitrary matrix function corresponding to any arbitrary graph function D(t) and then
consider the following MDE corresponding to GDE as

E' = F(4E)+E(t,E), E(0)=E(T), (34)
where Fy, F, € C[I x R™*", R""],

We next proceed to gives several possible notions of lower and upper solutions relative to MDE ({3.4]).

Definition 3.9. Let Vi, Wy € CY[I, R"*"]. Then Vi, Wy are said to be
(a) natural lower and upper solutions of (3.4) if

Vé < Fl(t, Vo) + Fz(t, VQ), V()(O) < VQ(T) (3.5)
Wé > Fl(t, W()) —|—F2(t, W()), WQ(O) > W()(T), tel )
(b) coupled lower and upper solutions of Type I of if
Vi < Fi(t Vo) + FBa(t, Wo), Vo(0) < W(T), (3.6)
Wy > Fi(t, Wo) + R2(t, Vo), Wo(0) > Wo(T), t€[; '
(c) coupled lower and upper solutions of Type II of if
Vi < Fi(t, Wo) + Ba(t, Vo), Vo(0) < Vo(T), (37)
Wé > Fl(t, Vo) +F2(f, Wo), WQ(O) > W()(T), tel; )
(d) coupled lower and upper solutions of Type III of if
Vol S F] (t/ WO) + FZ(t/ WO)/ VO(O) S VO(T)/ (3 8)
Wé > Fl(t, V(]) +P2(t, VQ), WQ(O) > Wo(T), tel )

We observe that whenever Vy(t) < Wy(t), t € I, if F;(t, E) is nondecreasing in E for each t € I and F,(t, E)
is nonincreasing in E for each t € I, the lower and upper solutions defined by and reduce to ((3.7)
and consequently, it is sufficient to investigate the cases and (3.7).

We prove the following lemma that deals with developing the MIT for the equation (3.4)).

Lemma 3.1. Let P € C[I,R"*"] such that P'(t) < 0 and P(0) < 0 then P(t) <0
Proof. Consider the linear matrix differential equation
P'(t) = M(t)P+ H(t), P(0)=0

Whose unique solution is given by

t
P(t) = eME—)Ip0) + [ MU H(s)ds

to

Then by hypothesis, we get, P(t) < 0
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Theorem 3.2. Assume that

(A1) Vo,Wy € CYIL,R™"] are coupled lower and upper solutions of Type I relative to with
Vo(t) < Wo(t), tel

(Ay) Fi, F, € C[I x R"™",R"*"| , F\(t, E) is nondecreasing in E for each t € I and F,(t, E) is nonincreasing in E for
eacht € I;

(As) Fy and F, map bounded sets into bounded sets in R"*".

Then there exist monotone sequences {Vy,},{Wy} in R"*" such that V,, — p,W, — R where (p,R) are the
coupled minimal and maximal solutions of (3.4)), that is, they satisfy

o' = Fi(t,p) + Ba(t,R), p(0) = p(T),
R'=F(t,R) + F(t,p), R(0)=R(T).

Proof. For each n > 0, consider the initial value problems

Vi1 =F(6Va) + B(E W),  Vuga(0) = Vi (T), (3.9)
Wy/1+1 = Fl(tr Wn) + FZ(tr Vn)/ Wit (0) = Wn(T)/ (3.10)

where V(0) < W(0).

Our aim is to prove that the solutions of (3.9) and ([3.10) satisfy the relation,
Vo<WV <<V <Wy<..<Wy<W, tel. (3.11)

Since V}, is the coupled lower solution of Type I of (3.4]), we have, using the fact V[ < W and the nondecreasing
character of F,
V(; <k (t, V()) + Fz(t, W()).

Also from ((3.9)) we get for n =0,
Vll = Pl(t/ VO) +P2(t/ WO)/ (312)
V1(0) = Vo(T). (3.13)
Clearly equations (3.12)), (3.13)) have a unique solution denoted by V;(t),t € I. Now we show that V) < V; on
L. Set P(t) = Vy(t) — V4(t),
Pl(t) < Fl(i’, Vo) + Fz(i’, W()) —F (t, V()) — Fz(t, Vo) <0

and P(0) = Vp(0) — V4(0) < Vo(T) — Vo(T) < 0. Then by Lemma 3.2, we get P(t) < 0. Thus Vp < V; on L
A similar argument shows that W; < Wy on L. For the purpose of showing V; < Wj, consider ({3.12]), (3.13)
along with
W{ = F(t, Wy) + E(t, V), (3.14)
W1 (0) = Wo(T). (3.15)
Put P(t) = Vl(t) — Wl(t), then Pl(t) =F (t, Vo) + Fz(t, WO) —F (t, Wo) — Fz(t, V()). Since Vp < Wp on I, using
the monotone nature of F; and F, gives

P'(t) <0 and P(0) = V;(0) — W1(0) = Vo(T) — Wp(T) < 0. Therefore by Lemma 3.2, we get P(t) < 0. Thus
V1 < Wj on L. Hence

Vo<V <W; <Wp, on 1. (3.16)
Assume that forj > 1,
Vii<Vi<W;<W; g, onl (3.17)
Then we will show that
Vi<Vipn < Wi < W, on (3.18)

To do this consider,
Vi =Fi(t,Vi-1) + B(t, Wj_1), (3.19)
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V;(0) = Vj1(T), (3.20)

Vig =L V) + E(LW), (321)

Vj1(0) = V(7). 622)

Now we show that V() < Vit1(t) on L Consider P(t) = Vi(t) — Vi)

Then P,(i’) = Fl(t, Vj—l) + Fz(t, W]'_1> — Fl (t, V]) — Fz(t, W]>, Now using the fact that Vj—l S Vj, W] S Wj—lr
and the monotone nature of F; and F,, we obtain P'(t) < 0 and P(0) = V;(0) — V;;1(0) = V;_1(T) — V;(T)
< 0. Again by using Lemma 3.2, we get P(t) < 0. Thus V; < Vj,; on L Similarly we get W;,; <W; onL.

Next we show that V1 < Wj;1 t € I. We have from (3.9), (3.10)

V'/+1 =h (t/ ‘/j) + FZ(t/ W])r I/]'Jrl (O) = ‘/](T)/ (323)
)

Wiy = F(t W)+ E(t V), W;31(0) = Wi(T). (3.24)

Set P(t) = Vj1(t) — Wiy1(t), then P'(t) = Fi(t,V;) + B2(t, W;) — Fi(t, W;) — Fx(t,V}), Arguing as earlier we
conclude P'(t) < 0and P(0) = Vj1(0) — W;j1(0) = Vi(T) — W;(T) < 0. By Lemma 3.2, we get P(t) < 0.
Thus Vi1 < Wi onl

Hence follows and consequently, by induction (3.18)) is valid for all n. Clearly the sequences {V,, },{ W, }
are uniformly bounded on L

To show that these sequences are equicontinuous, consider for any s > ¢, where f,s € I,

Val0) = Vi) = [Va(0) + [ (&, Vo2 (€)) + Fal &, W+ (£)))d
V) = [ (F@Va1(@)) + G Waa ()]
= | [ (B Ve 1(0) + (& W1 (€)1
- [ (RE Vi (@) + B(E Wa-1(0))dd

<1 [ (B& Vi a (@) + B W (@)
< M|t —s|.

Here we utilized the properties of integral, together with the fact F; and F, are bounded and {V;,},{W,} are
uniformly bounded. Hence {V;,(t)} is equicontinuous on I. The corresponding Ascoli’s Theorem, Theorem
2.9, gives a subsequence {V, } which converges uniformly to p(t) € R"",t € I, and since {V,(t)} is
nondecreasing sequence, the entire sequence {V,,(t)} converges uniformly to p(¢) on L

Similar arguments apply to the sequence {W,(t)} and we obtain W,,(t) — R(t) uniformly on I. It therefore
follows, using the integral representation of (3.9), that p(t), R(t) satisfy

o'(t) = F(t,p(t) + E2(t,R(t),  p(0) = p(T);

R'(t) = F(t,R(t)) + B(t,p(t)), R(0) = R(T).

and that
VOSPSRSWQ, tel

Next we claim that (p, R) are coupled minimal and maximal solutions of (3.4), that is, if U(t) is any solution

of (3.4) such that

Vo<U<W,y, onl, (3.25)

then
W<p<ULRLSW,y, onl. (3.26)

Suppose that for some n,
Ve <U<W, onl (3.27)
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Then we have using the monotone nature of F;, F, and ({3.4)
U' = F(t,U)+ FE(t,U) > F(t,V,) + R(t,W,), U0)=U(T).

Vi1 =F (V) + B(EWs),  Vig1(0) = Vi(T).
Now we show that V, < U on L Set P(t) = Ve (1) —  U(t),
P'(t) = F(t,Vu) + BEx(t, Wy) — F1(t, Vi) — B2(t, W) < 0and P(0) = V,,41(0) — U(0) = V,,(T) — U(T) < 0.
Then by Lemma 3.2, we get P(t) < 0. Thus V11 < U on I. Similarly W,,,1 > Uon 1.

Hence by induction (3.27) is true for all # > 1. Now taking the limit as n — oo, we get (3.26|), proving the
claim. The proof is complete.

In the following theorem we use a different set of iterative scheme to form the existence a result for the
MDE (34).

Theorem 3.3. Let the hypothesis of Theorem 3.4 hold with Vi < Wy on 1. Then the iterative scheme given by

Vi =F(tWa) + EB(t, Va), (3.28)
Vit (0) = Wn(T)‘ (3.29)
and
Wy 1 (t) = Fi(t, Vi) + Fa(t, Wa), (3.30)
Wn+1(0) = Vu(T). (3.31)

yield alternating sequences { Vay,, Woy, 11} converging to p and {Why,, Vo, 11} converging to R uniformly on I such that
the relation
Vo <Wp < S Vo S Wopg SU S Vg S W, <. SV < WG (3.32)

holds on I. Further p and R are coupled minimal and maximal solutions of Type II for the MDE ({3.4).

Proof.

Clearly the IVPs (3.28), (3.29)), (3.30) and (3.31)) have unique solutions for each n = 0,1, 2, ... denoted by
Vit1(t) and Wy, (t) respectively. Setting n = 0 in the iterative scheme we obtain that V; and W; are solutions
of the IVPs for MDEs given by

Vi = Fi(t, Wo) + B2 (1 Vp), (3.33)
V1(0) = Wo(T), (3.34)
and
Wi (t) = Fi(t, Vo) + Ex(t, W), (3.35)
W1(0) = Vo(T). (3.36)

First we show that Vj < Wj on 1. Set P(t) = Vy(t) — Wy (t), then P’'(t) < 0, due to the fact that Vj < W,
and F; and F, are monotone in E. Also P(0) < 0. Then by Lemma 3.2, we get P(t) < 0. Thus V) < Wy onL A
similar argument shows that V; < Wy, W; < Vi onlL Thus, Vo <W; < V; <Wpon L

We now proceed to prove that Vg < W) <V < W3 < V3 < W, < V; < Wyon I To do this, set n = 1in

r then

V; = Fi(t,W1) + B(t, V1), Va(0) = Wi(T). (3.37)

Now we show that Wy < V, on J. Put P(t) = Wy (t) — V,(t), then by using Vy < Wy and monotone nature of
F; and F,, we arrive at P'(t) < 0 and also P(0) < 0. Hence by Lemma 3.2, we get P(t) < 0. Thus W; < V, on
I. Working in a similar fashion we shows that W, < Vj on L.

To prove V, < W3, setn = 1in (3.28)), (3.29)) and n = 2 in (3.30), (3.31) then
V2/ = Fl(t/ Wl) + FZ(t/ Vl)/
V2(0) = Wi (T).

and
W3 = Fi(t,V2) + F(t, Wa),
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W2(0) = Vo(T).

We now proceed to prove that V, < W3 on I. Consider P(t) = V,(t) — W3(t). Since Wy < V,, Wy < V3 onl1
and using the monotone nature of F; and F,, gives P'(f) < 0 and also we get P(0) < 0. Then by Lemma 3.2,
we have P(t) < 0. Thus V, < W3 on I. Working in a similar fashion we shows that W, < V; on I. Working as
earlier, it can be easily shown that W3 < V3 on L.

Now assume that the relation holds for some integer n = k such that

Wok—1 < Vo < Wopp S U < Vg < Wy < Vg (3.38)

To apply mathematical induction we need to prove that

Wakg1 < Vaggo < Wopyg S U < Vopy3 < Wy < Vopyq on L (3.39)
For this, set n = 2k + 1 in (3.28)), and n = 2k in (3.30), (8.31). Then,
Vara = Fi(t Waiy1) + Ea(t, Vagy1), Vaii2(0) = W1 (T). (3.40)
and
Woii1 = Fi(t, Vo) + B2 (t, War),  Wogey1(0) = Vo (T). (3.41)

Further, we show that Vy;,» < Wy 3 on I. Set P(t) = Vo, 2(t) — Woy3(t). Then P/(t) < 0, due to the fact
that Wy < V,, W, < V; and monotone nature of F; and F,. Also P(0) < 0. Applying by Lemma 3.2, we get
P(t) <0.Thus V, < W3 on L Similarly, Vor 3 < Wor o, Wor o < Voiyq allhold on 1.

Thus we are in a position to apply mathematical induction and claim that the relation holds. Working
as in Theorem 3.3, we can show that the sequences {Vz,}, {Van+1}, {Wan}, {Way11} are equicontinuous and
uniformly bounded. Thus from Theorem 2.9, which is the Arzela-Ascoli Theorem, we conclude that they are
uniformly convergent and that V5, — p, Wy,,41 — p and Wy, — Rand V,,,11 = Rasn — oo.

The proof is complete if we show that p and R are coupled minimal and maximal solutions of the MDE
(3:4). This follows by considering the corresponding Hukuhara integral and using the properties of uniform
continuity of F; and F, and uniform convergence of the sequences { Vo, }, {Wa, 41} and {Va,11}, {Wan}. As
the details are routine, we omit them and the proof of the theorem is complete.

Now in order to extend our results to GDEs, we define the various notions of lower and upper solutions
of and use the results obtained earlier to obtain solutions of the PBVP (B.3)).

Definition 3.10. Let Xo, Yy € C![I, Dy] be graph functions then we say that Xo and Y are
(a) natural lower and upper solutions of (3.3) if

X} < Gi(t, Xo) + Ga(t, Xp), Xo(0) < Xo(T). } (3.42)

Yé > Gl(t,Yo) + Gz(t,Yo), Yo(O) > Yo(T), tel;
(b) coupled lower and upper solutions of Type I of if

X} < Gi(t, Xo) + Ga(t, Yo), Xo(0) < Xo(T), } (3.43)

Yé > Gl(t,Yo) + Gz(t,Xo), Yo(O) > Yo(T), tel;
(c) coupled lower and upper solutions of Type II of (3.3)) if

X}) < Gi(t,Yo) + Ga(t, Xo), Xo(0) < Xo(T), } (3.44)

Yé > Gl(t,Xo) + Gz(i’,Yo), Yo(O) > Yo(T), tel;
(d) coupled lower and upper solutions of Type III of if

X) < Gi(t, Yo) + Ga(t, V), Xo(0) < Xo(T), } (3.45)

Y(l) > Gl(t,Xo) + Gz(f,Xo), YO(O) > Y()(T), tel

Theorem 3.4. Assume that
(A1) Xo, Yo € C'[I, D] are coupled lower and upper solutions of Type I relative to (3.3)) with Xo(t) < Yo(t), t € I;

(A2) G1,G, € CY[I x Dy, Dy, G1(t, E) is nondecreasing in D for each t € I and Gy(t, D) is nonincreasing in D for
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eacht € I;
(As) Gy and Gy map bounded sets into bounded sets in Dy .

Then there exists solutions G, (t) and Gr(t) where (G,, Gr) are the coupled minimal and maximal solutions of

(B.3)), that is, they satisfy
G;)(t) = Gi(t,Gp) + Ga(t,Gr),  Gp(0) = Go(T),
G}{(t) = Gl(f, GR) + Gz(t, Gp), GR(O) = GR(T),

Proof.

Consider the given graph differential equation (3.3)). and its corresponding MDE is (3.4).
By hypothesis we have that Xo, Yy are coupled lower and upper solutions of type I of GDE (B.3)). with Xy () <
Y(](t),i’ el
By using the isomorphism that exists between graphs and matrices we note that corresponding to X, Yy €
C[I, Dy] there exists Vy, Wy € C![I, R"*"] such that V; and Wy are coupled lower and upper solutions of MDE
with Vp(t) < Wy(t),t € I. Hence hypothesis (A;) of Theorem 3.3 holds.
Now here G;(t,D) € C[I x Dy, Dy] is nondecreasing in D and there exists F;(t,E) € C[I x R"*", R"*"]
which is nondecreasing in E and similarly F,(t, E) is nonincreasing in E for each t. Therefore the hypothesis
(Az), (A3) of Theorem 3.3 holds. Clearly F; and F, map bounded sets into bounded sets. Since G; and G, map
bounded sets into bounded sets.

Thus we conclude that there exists p(t), R(t) € C[I, R"*"] such that (p(t), R(t)) are the coupled minimal
and maximal solution of the MDE (3.4). By using isomorphism between are obtained that there exist
Go(t),Gr(t) € C'[I, Dn] such that (G,(t), Gr(t)) are the coupled minimal and maximal solution of GDE

B3).
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