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Abstract

The objective of this paper is to investigate some k-odd sequential harmonious labeling of graphs. In
particular, we show that k-odd sequential harmonious labeling of double quadrilateral snakes (2(),-snakes)
for each z > 1. We also prove that, 2m(@),-snakes are k-odd sequential harmonious labeling of graphs for each
m,x > 1. Finally, we present some examples and verified to illustrate proposed theories.
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1 Introduction

All the graphs in this paper are finite,simple and undirected.The symbols V' (G) and E(G) denote the vertex
set and the edge set of a graph G.

The cardinality of the vertex set is called the order of G. The cardinality of the edge set is called the size of
G. A graph with p vertices and ¢ edges is called a (p, ¢) graph.

Definition : 1.1

If the vertices are assigned values subject to certain condition(s) then it is known as graph labeling.
Definition : 1.2

A graph G is said to be harmonious if there exist an injection f : V(G) = {0,1,2,--- ,2¢ — 1} such that the
induced function f* : E(G) ={0,1,2,--- ,2q — 1} defined by f*(uv) = (f(u) + f(v))( mod g — 1) is a bijection
and f is said to be harmonious labeling of G.

Definition : 1.3

An odd sequential harmonious labeling if there exist an injection f from the vertexset V to {0,1,2,--- ,2¢—
1} such that the induced mapping f* from the edge set E to {1, 3,5,--- ,2¢ — 1} defined by

fH(uww) = f(u)+ f(v), if f(u)+ f(v)iseven
Jf(u)+ f(v) +1, if f(u) + f(v) is odd are distinct.

A graph G is said to be an odd sequential harmonious graph if it admits an odd sequential harmonious
labeling.
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Definition : 1.4

For any integer £ > 1, A labeling is an k-odd sequential harmonious labeling if there exist an injection f
from the vertexset V to {k — 1,k,k +1,--- ,k + 2¢ — 2} such that the induced mapping f* from the edge set
Eto{2k—1,2k+1,2k+3,---,2k + 2q — 3} defined by

) = §7@ 1), f(u) + (o) is even
f(u) + f(v) +1, if f(u) + f(v) is odd are distinct.

A graph G is said to be an k-odd sequential harmonious graph if it admits an k-odd sequential harmonious
labeling.

In this paper, we investigate Double Quadrilateral Snakes on k-odd sequential harmonious labeling of
graphs. Throughout this paper, k¥ denote any positive integer > 1. For brevity, we use k-OSHL for k-odd
sequential harmonious labeling.

2 Main Results

Definition : 2.1

The Quadrilateral snake @), is obtained from the vy, v2,vs3...,v, by joining v; and v;11 to new vertices
ug;—1 and ug,. That is, every edge of a path is replaced by a cycle Cy.

Definition : 2.2

Let @, be the Quadrilateral snake is obtained from the path vy, vs, v3, - - - , v,,. Then the double quadrilateral
snake D(Q,) is obtained from @, by adding new vertices w1, ws,ws, - - , Wa2,—2 and new edges v;wq;_o for
2 < 1 Snand’w%,1 Wi , Vi Woi—1 for 1 SZS n — 1.

Theorem : 2.3
Double quadrilateral snake is a k-odd sequential harmonious graph for each z > 1.

Proof. Let 2Q); - snake be a double quadrilateral snake.

Let the vertices of 2Q, be {v; : 1 <i<n}U{u;: 1 <i<2n—2}U{w;:1<i<2n—2}.

The edges of 2Q); be {Uﬂ)i+1 1 <1 < n-— 1} U {’LL21;1UQ1‘ 1 <1< n-— 1} U {wgi,lwgi 11 <11 <
n—1}U{vjugi—1:1 <i<n—1}U{vug—2:2<i<n}U{vwy_1:1<i<n—1}U{vwy_2:2<i<n}
which are denoted in Fig.2.3(a).

uy u; Uz e Uzp 2

2 Won-2

Fig.2.3(a) : D(Qy) with ordinary labeling

We first, label the vertices of D(Q,,) as follows,
Define f: V(DQu){k — 1k, k+1,---  k+2q— 2} by
fvi)=3i—1+k 1<i<n

flu)=3i—2+k 1<i<2n—2
Flw)=3i—k+1 1<i<2n—2
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Then the induced edge labels are

f+(UiUi+1) = 2i+2k+1 l<i<mn—1 f+(w2i_1w2i) =6i—2k+1
[T (ugiciug) = 4i—2k+1 S [T (viugi—1) = 6i +2k — 1

FT(viugi_o) =6i +2k +1 2<i<n

f+(UiUI2i,1)=6’L'+2k+3 1<i<n—-1

Fr(viwe;_2) =6i +2k — 3 2<i<n

Clearly, the edge labels are odd and distinct, f*(E) = {2k — 1,2k + 1,2k + 3,--- , 2k + 2¢ — 3}. Hence, the
graph D(Q,) is a k-odd sequential harmonious graph. O

EXAMPLE : 2-OSHL of D(Q3) is shown in Fig.2.3(b).

Fig.2.3(b) : 2-OSHL of 2(Q3)

Theorem : 2.4
Double m-quadrilateral snake is a k-odd sequential harmonious graph for each m, 2z > 1.

Proof. Let 2m@), -snake be a double m-quadrilateral snake.
Let the vertices of 2mQ, be {v; : 1 <i<n}U{u;: 1 <i<2n—-2}U{u} :1<i<2n -2} U{u?:1<i<
2n—2}U{w; 1 <i<2n—2}U{w! :1<i<2n—-2}uU{w?:1<i<2n—2}.

The edges of 2mQ, be {vivit1 : 1 < i < n—1}U{ugi—qug : 1 <i <n—1}U{ud,_qul;, 1 1 <i <
n—1tU{ud_ju3; 1 <i<n—1}U{wy_qwsy:1<i<n-—1}U{wl_jwl :1<i<n-—1}U{ws_ w3 :
1<i<n—-1}U{vug1:1<i<n—-1}U{v}ud, ;:1<i<n—-1}U{viu3;_;:1<i<n—1}U{vug_s:
2<i<nju{viul, ,:2<i<n}u{viud,_,:2<i<n}U{vwey_1:1<i<n—1Hvlwl, ;:1<i<
n—1Hv?w3, ;:1<i<n—-1}U{vwy_2:2<i<n}U{viwl, ,:2<i<n}u{v?ws,_,:2<i<n}, which
are denoted in Fig.2.4(a).

We first, label the vertices of 2m(Q,) as follows,

Define f: V(2mQu){k — 1,k k+1,--- .k +2¢q— 2} by

fv;))=4i—6+Ek 1<i<n

flu) = 4i—4+k flw)) =4i+k—1
fluh)= 4i+44+kp 1<i<2n—2Q f(w)=4i+k+1
flul)= 4i—-2—k fw?) =4i—k+1

Then the induced edge labels are
f+(vivi+1)=8i+2k—|—3 1<i<n-1

FH(ugiqugi) = 8i+ 4k — 1 FH (wai_ywa;) = 6i — 2k — 1
Fr(ub_qul) =8i—dk+1p 1<i<n—1{ fH(wh_ wh) =6i—2k+3
FH(ug_yufy) = 8i — 4k + 3 FH(wd_ w?,) = 8i — 2k + 3
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Fig.2.4(a) : 2m(Qy) with ordinary labeling

f+('l)i7.l,27;,1) =8 + 4k — 3 f+(1}iw2i,1) =& + 2k —3
Froub ) =2i+2k+3p 1<i<n—1{ fH(vwl,_|) =8 —2k—3
[T (vu3;_y) =2i+2k — 3 frvw3,_ ) =10i —2k +1
T (viugi—2) =20+ 2k — 1 fH(viwgi_o) = 10i — 2k — 1
Frviud;_y) =4i+2k+1p 2<i<nQ ft(vwl_,) =10i + 2k + 1
fr(viud;_o) = 4i+2k —1 [ (vw3,_y) =10i + 2k — 1
Clearly, the edge labels are odd and distinct, f*(E) = {2k—1,2k+1,2k+3,--- ,2k+2¢q—3}. Hence, the graph
2m(Q,) is a k-odd sequential harmonious graph. O
EXAMPLE:

2-OSHL of 6(Q3) is shown in Fig.2.4(b)

3 7 7 111 [ 15 19 283 973

Fig.2.4(b) : 2-OSHL of 6(Qs3)
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