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Abstract

In this paper, we prove the existence of x—mild solutions for a class of fractional stochastic integro-
differential evolution equations of sobolev type with fractional sobolev stochastic nonlocal conditions in a
real separable Hilbert space. To establish our main results, we use the Banach contraction mapping principle,
fractional calculus, stochastic analysis and an analytic semigroup of linear operators. An example is given to
illustrate the feasibility of our abstract result..
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1 Introduction

Let (), T, P) be a complete probability space equipped with a normal filtration I, t € | satisfying the
usual conditions (i.e., right continuous and I'y containing all P-null sets). We consider three real separable
spaces X, Y and E, and Q-Wiener process on (Q), T}, P) with the linear bounded covariance operator Q such
that trQ < co. We assume that there exist complete orthonormal systems {ej1 , }>1, {€2,n }n>1 in E, bounded
sequences of non-negative real numbers {1, }, {12, } such that Qe ,, = A1 ,e14, Qe2n = Agpern,n =1,2,...,
and sequences {1, }n>1, {P2,n }n>1 of independent Brownian motions such that

(wi(t),e1) = Y \/Ain (ermer) Piu(t), et €E te],
n=1

(wa(t),e2) = Y /Ao (e2m€2) Pou(t), e2€E, te],
n=1

and T; = T}V, where IV is the sigma algebra generated by {(w;(s),wa(s)) : 0 < s < t}. Let
LY = Ly(QY2E; X) be the space of all Hilbert-Schmidt operators from Q!/? E to X with the inner product
() LY = trlyQr’].

In this paper we consider the following Sobolev type fractional stochastic integro-differential evolution
equations with fractional sobolev stochastic nonlocal conditions of the form

DY [Lx (1)] = Ax () + 0 (£ x (), Hx (1)) d“’;t(t), tel, (1.1)
LD [Mx(0)] = ot (1)) T2, (12)

where D] and LD}_q are the Caputo and Riemann-Liouville fractional derivatives with 0 < g < 1, the
state x () takes its values in the Hilbert space X.
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The operators A : D(A) C X - X, L: D(L) C X - Xand M : D(M) C X — X are closed linear
operators in X, 07 and o, are given functions to be specified later, ] = [0,b], b > 0 is a constant. The term
Hx (t) is given by

t

Hx (t) :/0 K (t,5)x (s)ds,

where K € C(A,RT), A= {(t,s) ER?2:0<s<t< b}.

During the past three decades, fractional differential equations and their applications have gained a lot of
importance, mainly because this field has become a powerful tool in modeling several complex phenomena
in numerous seemingly diverse and widespread fields of science and engineering ([2], [3], [10], [11], [23], [24])
. Recently, there has been a significant development in the existence results for boundary value problems of
nonlinear fractional differential equations ([1], [7]).

The problem with nonlocal condition, which is a generalization of the problem of classical condition, was
motivated by physical problems. The pioneering work on nonlocal conditions is due to Byszewski see ([4], [5],
[6]). Since it is demonstrated that the nonlocal problems have better effects in applications than the classical
Cauchy problems, differential equations with nonlocal conditions have been studied by many authors and
some basic results on nonlocal problems have been obtained, see ([12], [17], [22]) and the references therein for
more comments and citations, A. Debbouche, D. Baleanu and R. P. Agarwal [13] proved the existence of mild
and strong solutions for fractional nonlocal nonlinear integro-differential equations of Sobolev type using
Schauder fixed point theorem, Gelfand-Shilov principles combined with semigroup theory. A. Debbouche
and ].J. Nieto [11] studied the existence and uniqueness of mild solutions for a class of Sobolev type fractional
nonlocal abstract evolution equations with nonlocal conditions and optimal multi-controls in Banach spaces
by using fractional calculus, semigroup theory, a singular version of Gronwall inequality and Leray-Schauder
fixed point theorem.

Stochastic differential and integro-differential equations have attracted great interest due to its applications
in various fields of science and engineering. There are many interesting results on the existence, uniqueness
and asymptotic stability of solutions to stochastic differential equations, see ([8]], [14], [18]], [19], [28], [29], [30],
[35], [36]) and the references therein. In particular, fractional stochastic differential equations have also been
studied by several authors, see ([9], [31], [32]).

More recently, El-Borai [16] studied the existence of mild solutions for a class of semilinear stochastic
fractional differential equations by using Leray-Schauder fixed point theorem. Cui and Yan [9] studied the
existence of mild solutions for a class of fractional neutral stochastic integro-differential equationswith infinite
delay in Hilbert spaces by means of Sadovskii’s fixed point theorem. Sakthivel et al. [31] investigated the
existence and asymptotic stability in pth moment of mild solutions to a class of nonlinear fractional neutral
stochastic differential equations with infinite delays in Hilbert spaces by using semigroup theory and fixed
point technique. The existence of mild solutions for impulsive fractional stochastic differential equations with
infinite delay has also been established in [32].

For our best knowledge, there is no work reported on the existence of a-mild solutions for Sobolev type
fractional stochastic integro-differential evolution equations with fractional sobolev stochastic nonlocal
conditions in fractional power space Xj.

Motivated by the above works, we introduce here a new nonlocal fractional stochastic condition of Sobolev
type, and we prove the existence of #-mild solutions for the problem (1.1)-(1.2) by using a new strategy which
relies on the compactness of the operator semigroup generated by T = AL~!, Schauder fixed point theorem
and approximating techniques. The rest of this paper is organized as follows. In Section 2 we present some
essential facts in fractional calculus, semigroup theory, stochastic analysis that will be used to obtain our main
results. In Section 3, we state and prove existence results on a-mild solutions for Sobolev type fractional
stochastic system (1.1)-(1.2). Finally, in Section 4, as an example, a fractional stochastic parabolic partial
differential equation with a sobolev type fractional stochastic nonlocal condition is considered.

2 Preliminaries

Throughout this paper, (X, ||-||) is a separable Hilbert space.
The operators A : D(A) C X -+ X,L: D(L) C X - X and M : D(M) C X — X satisfy the following
conditions:
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(A1) L, A and M are closed linear operators.
(A2) D(M) C D(L) C D(A) and L and M are bijective.
(A3) L™': X - D(L) € Xand M~!: X — D(M) C X are linear, bounded, and compact operators.

From (A3), we deduce that L~! is bounded operators. Note (A3) also implies that L is closed since the
fact: L~ is closed and injective, then its inverse is also closed. It comes from (A1) — (A3) and the closed graph
theorem, we obtain the boundedness of the linear operator AL~ : X — X. Consequently, —AL~! generates
a semigroup {S(t) = AL > O}. We suppose that Ky = sup;- ||S(t)|| < oo, and for short, we denote by

Ci=||L7Y],C=||M!||and T = AL™.

(A4) The resolvent R(A, T) is compact for some A € p(T), the resolvent set of T.

Without loss of generality, we assume that 0 € p(T). Then it is possible to define the fractional power T*
for 0 < @ <1, as a closed linear operator on its domain D(T*) with inverse T~*. Hereafter, we denote by X,
the Banach space D(T*) normed with ||x||, .

Lemma 2.1 (See [26])). Let T be the infinitesimal generator of an analytic semigroup S(t). If 0 € p(T), then

a) D(T*) is a Hilbert space with the norm ||x||, = ||T*x|| for x € D(T*).
b

)

) S(t): X — D(T*) for each t > 0 and o > 0.
)

)

)

(
(b) S
(c) S(#)T*x = T*S(t)x for each x € D(T*) and t > 0.

(d) If0 < a < B <1, then D(TP) — D(T%).

(e) Foreveryt > 0, T*S(t) is bounded on X and there exist Ky > 0 and § > 0 such that

K K
a0t o D

TS ()] < J2e < 32

(vi) T~ is a bounded linear operator in X with D(T*) = Im (T™*).
Definition 2.1 The fractional integral of order & > 0 of a function f € L'([a,b], RT) is given by
1t
o« = _ oya—1
10 = g [ =9 S
where T is the gamma function. If a = 0, we can write I*f(t) = (ga * f) (), where

L1y
£ = T(a) / ¢
a (t) { 0, F<0,

and as usual, * denotes the convolution of functions. Moreover, lin%ga(t) = 4(t), with ¢ the delta Dirac
a—

function.
Definition 2.2 The Riemann—Liouville derivative of order n —1 < o < n, n € N, for a function f € C([0, +0))
is given by

1 ar gt
EDYf(t) = 71“(11—04)@/0 (t_j;()i)ﬂnds, t>0.

Definition 2.3 The Caputo derivative of order n —1 < « < n, n € N, for a function f € C([0,+o0)) is given by
c L n—1 tk X
DEf(t) =" D" f(£) = k;) G0 ), >0

Remark 2.1 The following properties hold. Letn —1 < o <n, n € N
(i) If £(t) € C" ([0,00)), then

t (n) s
CDf(t) = N L /O f) g =2 fM(s), t> 0.

n—ua)Jo (t—s)rtl-n
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(ii) The Caputo derivative of a constant is equal to zero.

(iii) The Riemann—Liouville derivative of a constant function is given by

Ipy.c = 1"(1C—a) (x —a)".
If f is an abstract function with values in X, then integrals which appear in Definitions 2.1-2.3 are taken in
Bochner’s sense.
According to previous definitions, it is suitable to rewrite problem (1.1)-(1.2) as the equivalent integral
equation
x(t) = x(0) fo Lt —s)171 Ax (s) ds
1

! rwaL (1 o (), He ) (9 @)

Remark 2.2 We note that:
(a) For the nonlocal condition, the function x(0) is dependent on t.

(b) LDtlfq [Mx(0)] is well defined, i.e., if ¢ = 1 and M is the identity, then (1.2) reduces to the usual nonlocal
condition.
(c) The function x(0) takes the form

M xo + 1"(11—17) /(:(t —8)"TM oy (s, x(s))dwy(s),

where Mx(0)|—o = xo.

(d) The explicit and implicit integrals given in (2.1) exist (taken in Bochner’s sense).

Let L?(T, X, ) be the Banach space of all I',-measurable square integrable random variables with values in
the Hilbert space X,. Let E(-) denotes the expectation with respect to the measure P. An important subspace
of L2(Ty, Xy ) is given by Lg(l"b, Xy) = {x € L*(Ty, X,) : xis Ty — measurable} )

Let C(J,L?(T,X,)) be the Hilbert space of continuous maps from ] into L?(T,X,) satisfying
sup¢; E[[x(t )||2 < 0. Let Ha(], X,) is a closed subspace of C(J,L?(T, X,)) consisting of measurable and
T';-adapted X,-valued process x € C(J, L?(T, X,)) endowed with the norm ||| |, = (supe; E[|x(t £)|[2)1/2.

Then it easy to check that (M, |[y,) is a Hilbert space. For any constant 7 > 0, let
Br = {x € Hatlxflgy, < T} , clearly that B; is a bounded closed conves set in H,.

Definition 2.4 By the a-mild solution of the problem (1.1)-(1.2), we mean that the I't-adapted stochastic process
x € Hp which satisfies

1. x(0) € L*(T, Xy), where x (0) = M~'xo + ¢ 1 ) fo “IM 10y (s, x(s) )dwy (s) and Mx(0)|i=o = xo;
2. x(t) € Xy has cddlig paths on t € [ almost surely and for each t € ], x(t) satisfies the integral equation
1 t
x(t) = StM_1x+7/ t—s) 905 (s,x(s))dwy(s) | 2.2 2.1
0 = SOM ! [t ey [ (-9 ol x(s)das) e8)

+ /Ot (t—s) " LT (= 8)ou (s, x(s), Hx (s))dw (5)

where Sq(t)x = 0+°° hy(s)S (t9s) xds and T, (t)x = q f+°° shy(s)S (t1s) xds.
Here, S(t) is a Cp-semigroup generated by a linear operator T AL7!: X — X, hy is a probability density
function defined on (0, 00), that is hig(s) > 0, s € (0,00) and [;° hy(s)ds = 1.

The following lemma follows from the results in ([15], [16]], [21] [33], [34]) and will be used throughout
this paper.
Lemma 2.2. The operators S4(t) and T, (t) have the following properties:

(1) Forany fixed t > 0, Sy(t) and T, (t) are linear and bounded operators in Xy,

ieforany x € Xq, HSq(t)xH < Ko [[x][/ ”7:7

)2/l < i il
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(2) The operators {Sy(t) : t > 0} and {T,(t) : t > 0} are strongly continuous.
(3) Foreveryt >0, Sy(t) and T, (t) are compact operators in X, and hence they are norm-continuous.
(4) Foreveryt > 0, the restriction of S4(t) to X, and the restriction of T,(t) to X, are compact operators in X,.

(5) The restriction of S4(t) to X, and the restriction of T, (t) to X are continuous in (0,+oc0) by the operator norm

[RP

(6) Foranyx € Xandt € ], gK. T (2—a)

I(1+g9(1—«))"

| T*T5(t)x|| < Aat™7 ||x||, where Ay =

3 Main results

In this section, we give the existence of a-mild solutions for the problem (1.1)-(1.2). We impose the following
assumptions on the data of the problem (1.1)-(1.2).

(H1) The functions o7 : ] X Xp X X5 — Lg satisfies the Carathéodory type conditions, i.e. o1(+,x, Hx) is
strongly measurable for all x € X, and 01 (t,-,) is continuous for a.e. t € J.

1
(H2) For some T > 0, there exist constants g1 € [%,9(1 —a)), p1 > 0 and functions ¢ € L% 1(J,R") such
that fora.e. t € J,

2 el

sup El|oq(t,x, Hx)||” < ¢ (t) and liminf———— = pj < 4o0.

HXH%{ <r T—+00 T
,<

(H3) The nonlocal function o5 : | x X, — LY is continuous, and there exist a constant p, > 0 and a
nondecreasing continuous function & : Rt — R* such that for some T > 0 and all x € B,

D (1)

Elloz(t,x)|? <@ (1) and liminf = 02 < 0.

T—+00
(H4) There exists a constant 6 € (0,b) such that oz (¢, x) = 02(t,y) forany x,y € Hp with x(t) = y(t), t € [4, b].

Theorem 3.1 If the assumptions (H1)-(H4) are satisfied, then the problem (1.1)-(1.2) has at least one a-mild solution
provided that

2
[(5) 7@ ot e,

2—2,
(AT (Q) R (L) L <

(3.1)

Proof Let {6, : n € IN} be a decreasing sequence in (0,b) such that lim,_,. d, = 0. We first prove the
following problem

D] [Lx (t)] = Ax (t) + oy (t,x (t), Hx (t)) dw;t(t), te], (3.2)
x(0) =S (6,) <M1x0 + mlq) /Ot(t — s)quaz(s,x(s))dwz(s)) (3.3)

has at least one a-mild solution x;,, € Hj. To this end, for fixed n € IN, we define an operator ¥, : H, — H»
by
(Fa) (1) = Sy(t)S (80) M1 [x0 + gy Jo (= 5) (s, x(5))dwa(s) |
+ fot (t—s)T! L7YT5(t — s)ou (s, x(s), Hx (s))dw; (s), t€ .
By direct calculation, we know that ¥}, is well defined. From Definition 2.4, it is easy to see that the a-mild

solution of the problem (3.2)-(3.3) is equivalent to the fixed point of the operator ¥ .
In what follows, we prove that there exists a positive constant R, such that ¥, (Bg) C Bg.

(3.4)



160 Kerboua Mourad / The Sobolev type fractional...

If this is not true, then for each T > 0, there would exist xr € Br and t; € ] such that E ||(¥,x¢)(¢7) ||i > T.
It follows from Lemma 2.2 (1) and (6), the assumption (H2) and Hoélder inequality that

T o< E|(¥nxo)(t)]?

< S,(£)S (5,) M1 LI - d ’
< 2k |[8y(t005 60 M [0+ o [t =) ot xelo)nte) |
"t 2
+2E /0 (tr — s)”’f1 L_17Z,(tT — )01 (s, x¢(s), Hxy (s))dws (s)

< 2 sy @ (mrr)
- mr I'(1-q)
tr
x/o (tr — 5) 2 E ||oa(s, x2(s)||* ds3.5 (3.2)
2 tr
2L (@ [ (e =Y BTy ke = s)er (s e(s) Have 5) s
272 1 ? oo 2
< 2C2K0Tr(Q)<r(1q)> @ (1) /O (tr — )2 ds
tr 2g-2-2a 2-2q tr 1 2q1-1
+2C2Tr (Q) A2 (/ (tr—s) T2 ds) y < o2 (S)ds>
0 0
< 2CK3Tr (Q) 1 2c1>() LIS
= S0 T(1—q) Y g1
+2C2Tr (Q) A2p>9-11—24) (1_671)2_2‘71 ool 1
! ¢ q—q1—aq T

Dividing both side of (3.5) by T, then taking the lower limit as T — +o0, we get

2
{ZC%K(Z)Tr Q) (T(llw) ) 51t 2

2-2
+2C%Tr(Q)A,,2¢b2(’1"’l’“‘7)( o ) qlpl}>l-

q—q1—aq -

which contradicts (3.1).

Next, we prove that ¥, is continuous in Bg. To this end, let {xm}zz1 C Bg be a sequence such that
li_r>n Xu = x in Br. By the Carathéodory continuity of oy and o>, we have
m o]

nli_r}r;oal (s, %m(s), Hxy (s)) = 01(s,x(s), Hx (s)), a.e.s € ]. (3.6)
r%i_r}rlocrz(s, Xm(s)) = 02(s,x(s)), aesec]. (3.7)

From the assumption (H2), we get that for each t € ],

(t=)* TV E |loy(s, xm(s), Ham (5)) — o1 (s, x(s), Hx (s))]|*
< (£ =) (2E |0 (s, % (s), Hovw (5)| (3.8)

+2E |71 (5, % (5), Hx (5)) 7)< 4 (=207 g (s).
From the assumption (H3), we get that for each t € ],

(£ 5) 2T E 0a(s, 0m(s)) — 0n(s, x(s)) 2
<a(-s) Ter). 9

Using the fact that the functions s — 4 (t — )27 17%) g (s) and s — 4 (t —s) % gg (s) are Lebesgue
integrables for s € [0,t], t € ], by Lemma 2.2 (1) and (6), (3.6), (3.7), (3.8), (3.9) and the Lebesgue dominated
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convergence theorem, we get that

E[(¥nxm) (£) = (¥2x) (£)]|73.10 (33)
42 1 \? t -

2 v s P 7@ () ) -9

XE ||oa (s, xm(s)) — oa(s, x(s)||* ds
QPRRCICERY

(Q [ (£ =5

XE || T*T4(t = s) (01(s, xm(s), Hxm (s)) — o (s, x(s), Hx (s H ds

1 2 1
212 —2q+1
2C3K3Tr (Q) (F(l—q)) = ot

XE ||oa(s, xm(s)) — o2(s,x(s)) >
-t
+C21r (Q Ag/o 2q—1-aq)

IA

2
+2 17|

IN

XE |01 (s, xm(s), Hxm (s)) — 01 (s, x(s), Hx (s))||* ds
— 0 as m — oo.

Therefore, by (3.10) we know that

E|[(¥nxm) — (¥ux)||, = S;UIIDEH(‘Ynxm) (t) = (¥ux) (]2 =0 as m — oo.
S

which means that ¥, is continuous in Bg.
Now, we demonstrate that ¥, : Bx — Bg is a compact operator. We first prove that {(¥,x)(t) : x € Br}
is relatively compact in X, for all t € J. For t = 0, since the compactness of S(t) for every t > 0 implies that

the restriction of S(f) to X, is compact semigroup in X,, for Vn € IN we can deduce, by the assumption (H3),

that {(¥,x)(0) : x € Br} is relatively compact in X,. For0 < t < b, € € (0,t), arbitrary 6 > 0 and x € Bg, we
define the operator ¥5° by

(‘I’Z"sx) () = S;(t)S(6n) M ["“r(ll—q) /0 t(t—s)-qaz(s,x(s))dwz(s)} 311 (3.4)
/t e/ gt (t—s)1 L7y (7) (S (t — ) 7) 0 (s, x(s), Hx (s))dtduw, (s)
= SOSE M [t e [ (-5 oals, 6o

115 (45) /Ot_e /;o gt (t— )" hy (7) (S (t—5)" T — €95) oy (s, x(s), Hx (s))ddwy (s)

Since the restriction of S (€15) (€16 > 0) to X, is compact semigroup in X,, by Lemma 2.2 (4) we know
that the set {(‘I’f,"sx) (t) : x € Br} is relatively compact in X, for Ve € (0,t) and V5 > 0. Moreover, for every
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x € Bg, by assumption (H2), Lemma 2.2 (6) and Holder inequality we know that

E|[ (e ()~ (x) 0]

14

2

IN

t /(5 gt (t—s)" L7y (7) (S (t — )7 7) 0 (s, x(s), Hx (s))dtduw, (s)

o
2

+2E ‘

/t 6/ gt (t—s)" L7y (1) (S (t — )7 T) 04 (s, x(s), Hx (s))drdw, ()

ZHL*H Tr (Q) /Ot (t — )21

XE |1 (s, x(s), Hx (s))||* ds

+2HL H Tr (Q t (t — )21

t—e

x
2

IN

‘/05 qthy (t) T* (S (t—s)T 1) dt

2

‘ /;O qthy (T) T* (S (t —s)T 1) dt

XE||oq1(s, x(s), H s))H ds

1_ 2 qu
ZC%Tr( )M2H§0 I Zq o (‘71)

IN

qg—q1—a9

2
x 20— 7—xq) (/0 gt "y (1) dT)

2 2 1—q 7" 2(q—q1—aq)
+2CiTr (Q) Az || @rll W[ ]<qq1aq> c2(a—q1—aq)

Therefore, letting 6,6 — 0, we see that there are relatively compact sets arbitrarily close to the set
{(¥nx) (t) : x € Bg}in X, for 0 < t < b. Hence, the set {(¥,x) (t) : x € Br} is also relatively compact in X,
for 0 < t < b. And since {(¥,x) (t) : x € Br} is relatively compact in X,, we have the relatively compactness
of {(¥nx) (t) : x € B} in X, forallt € J.

Next, we prove that ¥, (Bg) is equicontinuous. For t = 0, since S(J,) is a compact operator for Vn € IN, we
know that the functions {(¥,x) (f) : x € Br} are equicontinuous att = 0. Forany x € Bgand 0 < t; < t, < b,
we get that

E|(¥ux) (t2) — (¥ux) (1) |2
5]
85,(1f2)5((5n)M71 [xo+ 1"(11—11)/0 (t—s)”’az(s,x(s))dwz(s)}

IN

4E‘

. 2
—8;(t1)S (61) ML [xo + 1"(11—11) /Ot (t— s)—‘iaz(s,x(s))dwz(s)]

2

14

ty
V4E / (ty — )77 L™V (1 — 5)o1(s, x(s), Hx (s))dwy (s)

51

%
2

+4E /Oh ((t2 =) = (b = )71 ) L7 Ty (b2 = s)on (s, x(s), Hx (5))dwon ()

i1
2

+4E /Of (b —s)" 'L T (To(ta —s) — To(t1 — 5)) o1(s, x(s), Hx (s))dwi (s)
=h+h+B+1L.

14

where

L = 4E‘

Sy (125 (6) M1 |30+ s [ (0=9) Teals x(o)dals)|

f 2
~SS B M [0+ s [0 =5) on(s x6)) (o)

7
o

2

7
o

I, = 4E ? (=) L7V (b — s)oi (s, x(s), Hx (s))daws (s)
51
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2

7
11

I3 =4E H/Otl ((tz —s)1 (4 — s)q_l) L‘l’ﬁ,(tz —5)oq(s, x(s), Hx (s))dw (s)

2

ta =4 | [ (=97 L (T (12— 5) = Tyt = 9) e x(6), Hr (4))dn (9

o

Therefore, we only need to check I; — 0 independently of x € Bg whent, —t; =+ 0,i =1,2,---,4.
For I, by Lemma 2.2 (1) and (5) and the assumption (H3), we know that

1 2

L < 4E H (Sq(t2) — S4(t1)) S (65) M1 [F(lq) /Otl(tl — s)qaz(s,x(s))dwz(s)]

%
2

+4E 5,05 (8 M [ [ (=971 (0 =9) ) s x| |
+4E[[$y(125 6 M | s [ 9) (s w(6) )| 2

< 4|m \KzTr <r ! )2 t;rl @ (1) E|S;(t2) = S4(t1)]
w1 1 @ sy P ([ (291 (-9

1 >2 (tz_tl)72q+1cp(r)

wa v Fam @ sl (g ) o

— 0 as thph—t; — 0.

For I, by the assumption (H2), Lemma 2.2 (6) and Holder inequality, we have

L < 4HL’1H2Tr(Q1)/t (tr — )T | T*To (t2 — ) |2 E |l (5, x(s), Hyx (s)) |2 ds

t
< 4C2Tr (Q)) A /t (t— )22 o () ds

1

4C32Tr (Qq) A2 e N )
1) Az | or|| LT 0y \ 7 — 41— a4 (t2 —t)

— 0 as thph—t; — 0.

For I3, by the assumption (H2), Lemma 2.2 (6) and Holder inequality, we get that

I

IN

@ [ (29 =9 T2 =) Elents, 500 Hx () P

< 4CITr(Q) A2 /Otl ((tz )2y —s)zq"%z”‘) @R (s)ds

t 2q——2-2a 2q——2-2u 224
< 4CTr (Q) A2 </0 ((tz—s) T (tp—s) T )ds) x ||lor]l L o
t

< 4CHTr (Q) A2 _l-q e _ 1 \2(q—q1—aq)
< @atlon (o) )

— 0 as tp—t; — 0.

For € > 0 small enough, by Lemma 2.3 (5) and (6), the assumption (H2) and Holder inequality, we know
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that
2 t1—e€
o< sup |Ta—s) =Tyt -9l 8L 1@ [T (=Y
SE[O,tlfe] 0
XE |1 (s, x(s), Hx (s))||* ds
2 t
L @ [T =TT (Tt =) = To(h = 9)
-
X E ||o1(s, x(s), Hx (s))||* ds
t1—e
< sup Hfi(tzfs)fﬁ(tlfs)Hi.SC%Tr(Q)/l (t1 — )27 gp (s)ds
s€[0,t1—€] 0
t
F16C3Tr(Q) [ (=571 (12 =) = (t1 =) ™) g (s) ds
t1—€
< swp [Tyt —s) = To(h =) 8CETr (Q) gl o

s€[0,t;—€] 21 [0,b]

_ 2-2q -1 q—q 2-20m
% <1 ‘71) tll—ql T
-0

_ 2-2q,
+32C2T7 (Q) A2 ||gR|l 1 (1‘71) 200-q1—aa)
L2 Top) \q—q1— &
s 0 as tp—t; — 0 and € — 0.

Asaresult, E || (¥nx)(t2) — (¥nx)(f1) ||i tends to zero independently of x € By as t; — t; — 0, which means
that ¥, : BR — Bg is equicontinuous. Hence by the Arzela-Ascoli theorem one has that ¥, : Bg — Brisa
compact operator. Therefore, by Schauder fixed point theorem we obtain that for each n € IN, ¥, has at least
one fixed point x, € Br which is in turn a a-mild solution of the problem (3.2)-(3.3). Furthermore, for any
t € J, xu(t) is given by

X (t) = Sy(t)S(6,) M [x0+r(%_q)fot(t—s)_qaz(s,xn(s))dwz(s)}

t - (3.12)
+ [y (=) T LT (t — 8)o (s, xu (), Hxy (s))dws (s)-

Finally, we show that the set {x,, : n € N} C Bg is precompact in H,. Denote by

() = S0 (6) M [x0+ rily fo (=) oa(s, xu(s))dws(s)], e

and
2 = [y (=) T LT (= 8)on(s, xu(s), Hxn (5))dwi (s), te€J.

Therefore, it is sufficient to show that the sets {x} : n € N} and {2 : n € N} are precompact in Ho.
Let { € (0,0) be fixed, where ¢ is the constant in (H4). By taking the method similar to the proof
of the compactness of the operator ¥, we can see that the sets {x} :n € ]N}|[§ p) and {x2 : n € N} are

precompact in C([¢, b], L*(T, X)) and C([0, b], L*(T, X)), respectively. In particular, the set {x3 : n € N}| 0]
is precompact in C([¢, b], L?(T, X,)). Therefore, we have proved that the set {x, : n € N} (¢ 5 is precompact
in (2, 6], 12(T, X.).

Without loss of generality, we let

X, — x in C([&b],L*(T, X)) as n — oo,

Denote by

Then we have
x0 = x% in C([0,b], L*(T, X,)) as n — co.
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Therefore, to prove that the set {x, : n € N} is precompact in C([0, b], L?(T, X,)), we only need to prove
that the set {x} : n € N}| [0,¢] 18 precompact in C ([0,¢], L3(T, X4)). By the strong continuity of the semigroup
S(t)(t > 0) and the assumptions (H3) and (H4), we have
t

1"(11—17)/0 (ts)—qaz(s,xn(s))dw2(5)>

ml—q)./J(t—s>-qoz<srX<S>>dw2<S))

2| ()

<E[[5(60) [/ (1= 51T (cas xh(5) - —on(s,24(9)) ()

E HS((S,Z)M—1 (xo+

2

~M! (X() +

o

IN

2

42 HM*1H2 (r(11—q)>2 « E Hs (62) /Ot(t —§) Ty (s, x%(s) )dws (s)

— [ = en(s, (o) dwnte)|

IN

2G3 (mlq))ZK%E PRGBS

2
- /Ot(t —$)ay(s, ¥ (s), Hax® (s))dwa(s)

«
2

1\’ t
+2C3 () ><EH S(6,)—1 / t—8) 1T (s, x°(s))dwy (s
H(mmsy) < E|S@0 =D [ (t=9 T 0n(s 1 (0)iuas)
— 0 as n—> o0,

which means that the set {S (8y) M1 (xo + H%_q) fot(t —5) oy (s, xn(s))dwz(s)) ‘ne ]N} is
precompact in X,. By the continuity of the operator S,;(t)(t > 0), we know that the set
{Sq(t)S (8y) M1 (xo + ﬁ fot(t —5) oy (s, xn(s))dwz(s)) ‘nE ]N} is precompact in X, for t € [0,¢]. By

Lemma 2.2 (2) and the assumption (H3), we know that for every n € N and t1, t, € [0, ] with t; < tp,

E ‘ Sq(t2)S (8,) M (xo + 1_(11_{1) /Otz(tz —s) 1o (s, xn(s))dwz(s))

2

—8;(t1)S (0n) M1 <xo + 1,(11_11) /Otl(tl —35) o (s, xn(s))dwz(s)>

1 2

3E H (Sy(t2) —S4(t1)) S (6n) Mt {1"(1—11) /Otl(tl —5) 1Ty (s, xn(s))dwz(s)}

[ (12 =971 = (1 )70 Tt (o)) al)|

IN

o

1 2

I'(1—gq)

1"(11_‘1) /:(tz —35) 1T*05 (s, xn(s))dZUz(S):|

+3E ‘ Sq(t2)S (6,) M1 {

o
2

+3E ‘ Sq(t2)S (6,) M1 {

o
— 0 as thp—t; — 0.

This means that the set {x}(t) : n € N} is equicontinuous for ¢ € [0, ¢]. Therefore, applying Arzela-Ascoli
theorem again one obtains that the set {x} : n € N}| (0,¢] 18 precompact in C([0, ], L2(T, Xy)).

Therefore,we have proved that the set {x, : n € N} is precompact in C([0, b], L?(T, X,))-
Hence, without losing the generality, we may suppose that

xy, — x* in C([0,b], L3(T, X)) as n — oo.

Taking limits in (3.12) one has

X () = SG(8)S (8, M [xo + iy Jy (= 5) o (s, x° (s))dwz(s)]
+ fot (t—s) T LV (t — s)on (s, x*(s), Hx* (s))dwy (s).
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for all t € ], which means that x* € C([0,b], L?>(T', X,)) is a a-mild solution of the problem (1.1)-(1.2) and
the proof of Theorem 3.1 is completed.

4 An example

n this section, we present an example, which do not aim at generality but indicate how our abstract result can
be applied to concrete problem. Let N > 1 be an integer, U C RN be a bounded domain, whose boundary 9Q)
is an (N — 1)-dimensional C>*#-manifold for some 0 < y < 1. We consider the nonlocal problem of Sobolev
type fractional stochastic parabolic partial differential equation of the form

) > in (z,t,x(zt), [[K(t ,s)ds) dy (¢
D} [x(z,t) — %z (z,t)]—%x(z,t)zsm (Z &0 do et(d:)x(z ’ S) M(),zeu,te], 4.1)
0= 2 N R  PICTAT. u 42
X(0) = 2 x0<z>+r(é)k_zlck/o<—s> x(2,t) 2 (s) |, z € (42)

where €D/ is the Caputo fractional derivative of order g € (0,1),0 < t; < ... < t,, < b and ¢ are positive
sin (z,t,x(z,t),fot K(t,s)x(z,s)ds)

constants, k = 1,...,m; the functions x(¢)(z) = x(z,t), o1(t,x (t),Hx(t))(z) = ef and
o (t,x(t))(z) = YiLqcex(z ty); @i(t) and wo(t) are two sided and standard one dimensional Brownian
motions defined on the filtered probability space (Q,T,P),

J=1[00b], KEC(ART), A={(ts) eR*:0<s<t<b}.

Let X = L?(U), define the operators L : D(L) C X — X, A : D(A) = H?(U)NH} (U) C X — X and
M:D(M) C X — Xby Lx = x — 1", Ax = —x"" and M~'x = x” where the domains D(L), D(A) and D(M)
are given by

{x € X : x,x are absolutely continuous, x” € X, x|,; = 0}.

It is easy to see that L ™! is compact, bounded with |[L~1|| < 1and T = AL~! generates the above strongly
continuous semigroup S(t) on L2 (U) with ||S(t)|| < e~! < 1. Therefore, with the above choices, the system
(4.1)-(4.2) can be written as an abstract formulation of (1.1)-(1.2).

From the definitions of o7 and o7, it is easy to verify that o7 : Xo X Xg — Lg and oy : Xg — Lg whenever
x € C(J,L*(T, Xp)). Moreover, we see that the assumptions (H1)~(H4) and the condition (3.1) hold with

1 |U| d 2 2
n=5 ¢r(t)="F, @ (1) =mlU| Y}, T3, p1=p2=0, d="t.
k=1

Therefore, by Theorem 3.1, we have the following result.
Theorem 4.1 The nonlocal problem of Sobolev type fractional stochastic parabolic partial differential equation has at
least one 0-mild solution.
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