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Abstract

In this paper, we obtain new generalizations for Hermite-Hadamard inequality by using Riemann-
Liouville fractional integral and new type convex functions.
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1 Introduction

Let f : I C R — R be a convex mapping defined on the interval I of real numbers and 4,b € [ witha < b.
The following double inequality:

b
f(”;“b) < biaaff(x)dxg M (1.1)

is known in the literature as Hermite-Hadamard inequality for convex mappings. Note that some of the
classical inequalities for means can be derived from (1.1) for appropriate particular selections of the mapping

f.

It is well known that the Hermite-Hadamard’s inequality plays an important role in nonlinear analysis.
Over the last decade, this classical inequality has been improved and generalized in a number of ways; there
have been a large number of research papers written on this subject, (see, [3} 5 12} 13 [15][16} 18] 20]) and the
references there in.

Definition 1.1. ([9]) A function f : I C R — R is said to be convex on I if inequality

f(ta+ (1—1)b) <tf(a)+ (1—1t)f(D), (1.2)
holds for all a,b € I and t € [0,1].

It is remarkable that Sarikaya et al. [11] first give the following interesting integral inequalities of Hermite-
Hadamard type involving Riemann-Liouville fractional integrals.

Theorem 1.1. Let f : [a,b] — R be a positive function with 0 < a < band f € Ly [a,b].If f is a convex function on
[a,b], then the following inequalities for fractional integrals hold:

F(550) = 300 o) + I ) < L0 S0 13)

with « > 0.
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Definition 1.2. ([IZ]) Let s € (0,1]. A function f : I C Ry = [0, 00) — R is said to be s—convex in the second sense if

f(ta+ (1 —1t)b) < tf(a)+ (1 —1)°f(b), (1.4)
holds for all a,b € I and t € [0,1]. This class of s—convex functions is usually denoted by K2.

Definition 1.3. ([I0]) Let (0,1) C J C R, I C R be an interval, and h : 1 — Ry is said to be h—convex if the
inequality

flta+ (1 —1t)b) <h(t)f(a)+h(1—1t)f(D). (1.5)
Definition 1.4. ([1,18l[17]) Let f € Ly[a, b]. The Riemann-Liouville fractional integral J%, f (x) and J;_ f (x) of order
« > 0 are defined by

Ja U (0] = plg Jo (e =0 (Dt x>a (1.6)
and

Ji [ ()] = m Je(t =0 1f ()t x <b (17)
respectively. Where T (a) = [ e™“u®~'du is Gamma function and ]2+f(x) = ]S,f(x) = f(x).

We give the following properties:

JUPLF (O] =TPf(H], a>0,8>0, (1.8)
JUPIF M =TPI*[f(H)], a=0,p>0. (1.9)

Definition 1.5. ([2l]) A function f is said to be in the Ly (a, b) space if

: :
oo,y =4 £ fls, = ([ 101 ar) <o 1< p <o, (1.10)

and for the case p = oo
|[flle = ess sup [f(t)]. (1.11)
a<t<b

Our goal in this paper is to state and prove the Hermite-Hadamard type inequality for convex functions. In
order to achieve our goal, we give an important identity and then we prove some integral inequalities by
using this identity.

In order to established main results, we first give following generalized definition.

In paper ([6]), («, B,a,b) —convex functions are defined as solutions f of the functional inequality

fla(t)x+B(t)y) < a(t) f(x)+b(t)f(y)

where 0 # T C [0,1] and «,B,4,b : T — R are given functions. We introduce a definition of
(n,m, hy, hy, ¢) —convex functions.

Definition 1.6. Let ¢ : [a,b] C R — [a,b]. A function f : I C Ry — R, hy,hy : [0,1] — Ro, m,n € (0,1]. Then
f is said to be (n,m, hy, hy, @) —convex if the inequality

f(ntg (a) +m(1—t)p (b)) < nhy (t) f(g (a)) + mha(t) f (9 (b))- (1.12)
holds for all a,b € I and t € [0,1]. If the inequality reverses, then f is said to be (n,m, hy, hy, ¢) —concave on I.
Taking ¢ (x) = x, hy (t) =t, hy(t) =1 —tand m = n = 1 in Definition 1.6, we obtain Definition 1.1,
flta+ (1 —16)b) <tf(a)+ (1—1)f(D).
Taking ¢ (x) = x, hy (t) = t and hy(t) = 1 — t in Definition 1.6, we obtain (1, m)—convex functions in ([19]),
f(nta+m(1—1t)b) < ntf(a)+m(1—t)f(b).

Taking ¢ (x) = x, hy (t) = tP and hy(t) = 1 — * in Definition 1.6, we obtain (8, a, 1, m)—convex functions in
(140,
f(nta +m(1—t)b) < ntPf(a) +m(1—t%)f(b).

The following Lemma will be used to established our main results:
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Lemma 1.1. ([T4]) Let f : I — R be a differentiable mapping on (a,b) with a < b. If f' € Ly [¢(a), ()] for
¢(a), (b) € I, then the following equality for fractional integrals holds:

f(¢(a)) + f(o(b)) T(a+1) . .
2 "~ 2(p(b) — ¢(a))” [](P(a)+f(¢(b)) + ](p(b)*f((/)(a))}

(1.13)

_ M J 11— 0% — ) F(tp(a) + (1~ Dg(b))d.
0

Proof. It suffices to note that

I

1
Of (1 =) =] f'(tp(a) + (1 — t)p(b))dt

|
o,

1
(1 =1)" f'(tp(a) + (1 - t)g(b))dt + Of (—t%) f'(tg(a) + (1 = t)p(b))dt

=L+

By integration by parts, we get

_ (wy flt0@) + (0= Do(t)) | o
b o ela)— )

) N N P
= o) — @ el =gl | 1 fte@+ 1= teb))dl

1
Off"‘_lf(tip(a) + (1= t)o(b))dt
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@(b) — ¢(a)

Multiplying the both sides by 5

, we obtain lemma which completes the proof. O

2 Main results

Theorem 2.1. Let I be an interval a,b € I with0 < a < band ¢ : I — R a continuous increasing function. Let
f: I C R — R be a differentiable function on I°. If f' € Ly ([p(a), p(b)]) for ¢(a), ¢(b) € I, n,m € (0,1] and
hi,hy : [0, l] — Ry, then

(2.14)
< O 202) (1 (900) oyl (70 ).
Proof. From Lemma 1.1 and (n,m, hy, hy, ¢) —convexity of |f’|, we obtain
f(9(a)) + f(e(b)) [(at1) « "
LD IO P [ (8 + T Fl9@)]|
—o(a) 1
< PRLZ0 1 ] (tgla) + (1= g e)
= ‘P(b) Ofl\ (1—1)% — | f’(ntq)gla)—l—m(l—t)@;b))‘dt
1
< PO fa e (n] (22) i+ (42 e )
_ 1/2
:M{Oﬂl—w ] (o7 (222 il 5 0 |1 (222, )
1 gy (2@ (@b
R T G A )]thrm)dt},
where
7 1—1)" — ] dt = } [tﬂ‘—(l—t)"‘]dt:l_z%
‘Of I 172 a+1’
which completes the proof. O

Corollary 2.1. Under the assumptions of Theorem 2.1 with hy(t) = h(t), ha(t) = h(1 —1t), , then the following
inequality holds

LWV LoD P (g ot + i Flota)]

()

2 2(g(b) — @(a))"
< ¢(b) — ¢(a)2 21" 171]] o <
‘f +f( (b))  T(x+1) - [](D;J(a)*'f((P(b)) +]Z§(b)_f(go(a))H

- 2 a+1

Furthermore, if n = m =1, then

()
2(p(b) — ¢(a

_ola _nl—a
< PO PO 22 (1 (9@ + If (90D
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Corollary 2.2. Under the assumptions of Corollary 2.1 with hi(t) = h(t) = t°, n = m = 1, then the following
inequality holds

Flo@) +flel) T+ 1, a
2 ST oy s £ (08D + iy Fop(a)]|

o a _nl—ua
< PO P2 2L (1 (pl@)] + I (90))).

Specially, x =s =n =m =1, then

Flola)+rlo) 1
2 90— 9@ gy

< POZ2@ (51 (i) 4 IF (p0))])

Theorem 2.2. Let I be an interval a,b € I with0 < a < band ¢ : I — R a continuous increasing function. Let
f : I C R — R be a differentiable function on I°. If f* € Ly ([p(a), ¢()]) for ¢(a), ¢(b) € I, n,m € (0,1] and
hy,ho - [0, 1] — Ry, then

f((a)) + f(o(b)) T(x+1) . )
’ 2 = 3090) = gl Vo@D + 5 Flo(a)] ]

S

Proof. From Lemma 1.1, Holder inequality, and the (1, m, h1, hy, ¢) —convexity of |f'|?, we obtain

(2.15)

¢(a)
)

+m||hyl|

q f'<"’,§f>>H}.

F(

f(¢(a)) + f(e(b)) T(a+1) )
‘ 2 2(p(b) — ¢(a))® [ o)+ f(@(0)) + I(p(b)*f((P(a))} ‘

<M}|(1_t — 1] [f'(tp(a) + (1 — t)@(b))| dt
0

m

< gD(b);(P(ﬂ) fl |(1 7t)tx —tlx‘
0

f’(nt@ +m(1—1t) ¢(b) ) ’ dt

1 a
< PO Fia g o) i 01X s 0] L2
1/p 1/q
< 90) ol {(j\(l_tf—twf) ( [t ) |71 £2) th>

1 Vp 74
" (H(l—t t“|Pdt) (fm"lhz o
0 0

R ONAR
f(m)‘ dt)
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00) = 0@ [ (410 pe_ ) : 9(b)
§22{<{K1—t)—4|Pm> [nHM|qf( qf(1n)H

+m|[h]

¢(a)
)

1/p
< ) {<1f/2[(1—t) )P [ - (- m)
0 1/2
[ty B |l (22 ]}

1

1/p
[ T=6" =] dt+ [ [#9 = (1- )] ‘”)

IN
P
=

N |
BS)
&
——
/N
—
~
N

0 1/2
["thu F& )> +m|[hell, f“%]}
< 20290 {{apzﬂ (1= )} [t 2 me f’<$))H}

where
1/2 xp ap d 1 ap ap d 1 1
1—1t)"" —t t= P —(1—t t= -7,
[l —erjae= | - -na= i (1 55)
which completes the proof. O

Corollary 2.3. Under the assumptions of Theorem 2.2 with hy(t) = h(t), ha(t) = h(1 —1t), , then the following
inequality holds

‘f@@»+f@®ﬂ [(a+1) [

2 2(g(b) — ¢(a))"

< 20-el0) th{afﬂ(wiﬁ}w(

Furthermore, if n = m = 1, then

V f((D [(a+1)

TS (0(8)) + Iy (oa)]

£ | 28 ).

+m (5
m

+ (I3 £ ) + T30l

_ a 1/
< POy {2 (1= ) b 0 Gl 41 o)

Corollary 2.4. Under the assumptions of Corollary 2.3 with hy(t) = h(t) = t°, n = m = 1, then the following
inequality holds

‘fWWD+fWWD [(a+1)
2 2(p(b) — ¢(a

< o9 (N2 (Y 0 et + 1 o)

Specially, 0 =s =n =m =1, then

555 [ F00) + Ty Flol@)]|
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Corollary 2.5. Under the assumptions of Corollary 2.4 with hy(t) = h(t) =t, n = m = 1land ¢(x) = x,, then the
following inequality holds

‘f(a) ;f(b) B ZF(;“_JF;)Z [, £ (b) + Ig‘f(aﬂ‘

() G () @i e

Specially, x =s =n =m =1, then

f(a)+ f(b) 10
‘ 5 _(b—a) ff(x>dx

a

<O (N2 I @i .
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