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Abstract

In this article, we first established some new results on composition of weighted Stepanov-like pseudo
periodic function of class r under a uniform continuity condition with respect to Lp norm. And then, we
proved the existence and uniqueness of weighted pseudo periodic solutions to a semi-linear functional
differential equation with finite delay under Stepanov-like nonlinear term.
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1 Introduction

The periodic, almost periodic and almost automorphic solutions to differential equations can profoundly
characterize the asymptotic behavior of the corresponding dynamic systems, which have gained great
attention by many scholars [10, 17, 18]. Particularly, the concept of weighted pseudo periodicity was
introduced in [3]; Xia presented the notion of weighted Stepanov-like pseudo periodicity in [20]. In order to
investigate differential equations with delay, Xia in [21] further studied new types of functions so called
weighted pseudo periodic of class r, weighted Stepanov-like pseudo periodic of class r, respectively. For
more details on this topic, we refer to [1, 2, 4, 5, 7, 11–15, 19, 25, 26] and references therein.

The main purpose of present paper is to make a further investigation on the composition results for
weighted Stepanov-like pseudo periodic function of class r. Considering the space of weighted Stepanov-like
pseudo periodic function of class r with an integral norm coming from Lp norm, we first prove a new
composition theorem for weighted Stepanov-like pseudo periodic function of class r under a uniform
continuity condition with respect to the Lp norm suggested by [16]. And then, we apply the obtained results
to prove the existence and uniqueness of weighted pseudo periodic solution to the following semi-linear
delay differential equation with a weighted Stepanov-like pseudo periodic nonlinear term

u′(t) = Au(t) + f (t, ut), t ∈ R, (1.1)

where A is the infinitesimal generator of a C0-semigroup (T(t))t≥0, ut ∈ B is defined by ut(θ) = u(t + θ) for
θ ∈ [−r, 0], r is a no-negative constant, f and B are specified in the later.

The rest of this paper is organized as follows. In Section 2, we recall some basic definitions, lemmas, and
preliminary results which will be used throughout this paper. In Section 3, we establish some new results
on composition of weighted Stepanov-like pseudo periodic function of class r under a Lp norm uniform
continuity condition. In Section 4, we prove the existence of pseudo periodic mild solutions to the existence
and uniqueness of weighted pseudo periodic solutions to the equation (1.1) under Stepanov-like nonlinear
term. An example is also given to illustrate the main results.
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2 Preliminaries

Let (X, ‖ · ‖) and (Y, ‖ · ‖Y) be two Banach spaces and N, R stand for sets of natural numbers and real
numbers, respectively. To facilitate the discussion below, we further introduce the following notations:
· BC(R, X) (respectively, BC(R×Y, X)): The Banach spaces of bounded continuous function from R to X

(respectively, from R×Y to X) with the sup norm.
· Lp(R, X): The space of all classes of equivalence (with respect to the equality almost everywhere on R)

of measurable function f : R→ X such that ‖ f ‖ ∈ Lp(R, R).
· Lp

loc(R, X): The space of all classes of equivalence of measurable function f : R → X such that the
restriction of f to every bounded subinterval of R is in Lp(R, X).
·B: The space C([−r, 0], X) endowed with the sup norm ‖ψ‖B on [−r, 0].

Definition 2.1 ([21]). A function f ∈ C(R, X) is said to be anti-periodic if there exists a ω ∈ R \ {0} with the
property that f (t + ω) = − f (t) for all t ∈ R. The least positive ω with this property is called the anti-periodic
of f . The collection of such functions is denoted by Pωap(R, X).

Definition 2.2 ([21]). A function f ∈ C(R, X) is called to be periodic if there exists a ω ∈ R \ {0} such that
f (t + ω) = f (t) for all t ∈ R. The least positive ω with this property is called the periodic of f . The collection
of those ω periodic functions is denoted by Pω(R, X).

Let U denote the set of all functions ρ : R → (0, ∞), which are locally integrable over R such that ρ > 0
almost everywhere. For a given T > 0 and for each ρ ∈ U, we set µ(T, ρ) :=

∫ T
−T ρ(t)dt. Thus the spaces of

weights U∞ and UB are defined by

U∞ :=
{

ρ ∈ U : lim
T→∞

µ(T, ρ) = ∞
}

,

UB :=
{

ρ ∈ U∞ : ρ is bounded and inf
t∈R

ρ(t) > 0
}

.

For a given ρ1, ρ2 ∈ U∞, we define respectively

V(T, f , r, ρ1, ρ2) =
1

µ(T, ρ1)

∫ T

−T

(
sup

θ∈[t−r,t]
‖ f (θ)‖

)
ρ2dt;

WPP0(R, X, ρ1, ρ2) :=
{

f ∈ BC(R, X) : lim
T→∞

1
µ(T, ρ1)

∫ T

−T
‖ f (t)‖ρ2(t)dt = 0

}
;

WPP0(R, X, , r, ρ1, ρ2) :=

{
f ∈ BC(R, X) : lim

T→∞

1
µ(T, ρ1)

∫ T

−T

(
sup

θ∈[t−r,t]
‖ f (θ)‖

)
·ρ2(t)dt = 0} ;

WPP0(R×Y, X, r, ρ1, ρ2) :=

{
f ∈ BC(R, X) : lim

T→∞

1
µ(T, ρ1)

∫ T

−T

(
sup

θ∈[t−r,t]
‖ f (θ)‖

)
·ρ2(t)dt = 0 and uniformly in u ∈ Y}

=

{
f ∈ BC(R, X) : lim

T→∞
V(T, f , r, ρ1, ρ2) = 0 uniformly in u ∈ Y

}
.

Definition 2.3 ([21]). Let ρ1, ρ2 ∈ U∞. A function f ∈ C(R, X) is called weighted pseudo anti-periodic for
ω ∈ R \ {0} if it can be decomposed as f = g + ϕ, where g ∈ Pωap(R, X) and ϕ ∈WPP0(R, X, ρ1, ρ2). Denote
by WPPωap(R, X, ρ1, ρ2) the set of such function.

Definition 2.4 ([21]). Let ρ1, ρ2 ∈ U∞. A function f ∈ C(R, X) is called weighted pseudo periodic for ω ∈
R \ {0} if it can be decomposed as f = g + ϕ, where g ∈ Pω(R, X) and ϕ ∈ WPP0(R, X, ρ1, ρ2). Denote by
WPPω(R, X, ρ1, ρ2) the set of such function.



Shan Zheng. / Weighted Stepanov-like... 245

Definition 2.5 ([21]). Let ρ1, ρ2 ∈ U∞. A function f ∈ C(R, X) is called weighted pseudo anti-periodic of class
r for ω ∈ R \ {0} if it can be decomposed as f = g + ϕ, where g ∈ Pωap(R, X) and ϕ ∈ WPP0(R, X, r, ρ1, ρ2).
Denote by WPPωap(R, X, r, ρ1, ρ2) the set of such function.

Definition 2.6 ([21]). Let ρ1, ρ2 ∈ U∞. A function f ∈ C(R, X) is called weighted pseudo periodic of class r
for ω ∈ R \ {0} if it can be decomposed as f = g + ϕ, where g ∈ Pω(R, X) and ϕ ∈ WPP0(R, X, r, ρ1, ρ2).
Denote by WPPω(R, X, r, ρ1, ρ2) the set of such function.

Remark 2.1 ([21]). If r = 0, then the weighted pseudo anti-periodic function of class r reduces to the
weighted pseudo anti-periodic function, the weighted pseudo periodic function of class r reduces to the
weighted pseudo periodic function. That is, WPPωap(R, X, 0, ρ1, ρ2) = WPPωap(R, X, ρ1, ρ2), and
WPPω(R, X, 0, ρ1, ρ2) = WPPω(R, X, ρ1, ρ2).

Let ‖ · ‖p denote the norm of space Lp(0, 1; X) for p ∈ [1, ∞), we give the following definitions.

Definition 2.7 ([6, 17]). Let p ∈ [1, ∞). The space BSp(R, X) of all Stepanov-like bounded functions, with the
exponent p, consists of all measurable functions f : R→ X such that f b ∈ L∞ (R, Lp(0, 1; X)), where f b is the
Bochner transform of f defined by f b(t, s) := f (t + s), t ∈ R, s ∈ [0, 1]. This is a Banach space with the norm

‖ f ‖Sp = ‖ f b‖L∞(R,Lp) = sup
t∈R

(∫ t+1

t
‖ f (τ)‖pdτ

)1/p

= sup
t∈R

‖ f (t + ·)‖p.

For ρ1, ρ2 ∈ U∞, we list the following weighted ergodic space in BSp(R, X):

R(T, f , r, ρ1, ρ2) =
1

µ(T, ρ1)

∫ T

−T
ρ2(t)

 sup
θ∈[t−r,t]

(∫ θ+1

θ
‖ f2(s)‖p · ds

) 1
p

 dt,

SpWPP0(R, X, r, ρ1, ρ2) :=
{

f ∈ BSp(R, X) : lim
T→∞

1
µ(T, ρ1)

∫ T

−T
ρ2(t) sup

θ∈[t−r,t]

(∫ θ+1

θ
‖ f (s)‖pds

) 1
p

 dt = 0


=

{
f ∈ BSp(R, X) : lim

T→∞
R(T, f , r, ρ1, ρ2) = 0

}
,

SpWPP0(R×Y, X, r, ρ1, ρ2) :=
{

f ∈ BSp(R, X) : lim
T→∞

R(T, f (·, u), r, ρ1, ρ2)

= 0 uniformly in u ∈ Y} .

Definition 2.8 ([21]). Let ρ1, ρ2 ∈ U∞. A function f ∈ BSp(X) is said to be Stepanov-like weighted pseudo
anti-periodic of class r (or Sp-weighted pseudo anti-periodic of class r) if there exist
φ ∈ SpWPP0(R, X, r, ρ1, ρ2) such that g = f − φ satisfied g(t + ω) + g(t) = 0 a.e t ∈ R. Denote by
SpWPPωap(R, X, r, ρ1, ρ2) the collection of such function.

Definition 2.9 ([21]). Let ρ1, ρ2 ∈ U∞. A function f ∈ BSp(X) is said to be Stepanov-like weighted pseudo
periodic of class r (or Sp-weighted pseudo periodic of class r) if there exist φ ∈ SpWPP0(R, X, r, ρ1, ρ2) such
that g = f − φ satisfied g(t + ω)− g(t) = 0 a.e t ∈ R. Denote by SpWPPω(R, X, r, ρ1, ρ2) the collection of
such function.

3 Results on composition theorem

The main aim of this section is to establish some new results on composition of weighted Stepanov-like
pseudo periodic function of class r. We first list the following “uniform continuity condition” with respect
to the Lp norm for a function h: R×X → X with h(·, u) ∈ Lp

Loc(R, X) for each u ∈ X, which was initially
adopted in [16]:
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(A1) For any ε > 0, there exists σ > 0 such that x, y ∈ Lp(0, 1, X) and ‖x− y‖p < σ imply that

‖h(t + ·, x(·))− h(t + ·, y(·))‖p < ε, t ∈ R.

Definition 3.10 ([21]). Let ρ1, ρ2 ∈ U∞. The function ρ1 is said to be equivalent to ρ2(i.e. ρ1 ∼ ρ2) if ρ1
ρ2
∈ UB.

From arguments in [21], we know that the notation “∼” is a binary equivalence relation on U∞. For a
given weight ρ ∈ U∞, its equivalence class can be denoted by cl(ρ) = {$ ∈ U∞ : ρ ∼ $}. It is clear that
U∞ =

⋃
ρ∈U∞ cl(ρ).

Let ρ ∈ U∞, τ ∈ R be given, and define ρτ by ρτ(t) = ρ(t + τ) for t ∈ R. Denote [22]

UT = {ρ ∈ U∞ : ρ ∼ ρτ for each τ ∈ R}.

In view of [21], we know the conclusion that for ρ1, ρ2 ∈ UT and infT>0
µ(T,ρ1)
µ(T,ρ2)

= δ0 > 0, the space
(WPPω(R, X, r, ρ1, ρ2), ‖ · ‖∞) is a Banach space with sup norm.

Using similar ideas as in [8, 9, 23, 24], one can easily show the following result.

Lemma 3.1. If ρ1, ρ2 ∈ UT and infT>0
µ(T,ρ1)
µ(T,ρ2)

= δ0 > 0, then the decomposition of weighted Stepanov-like
pseudo periodic function of class r is unique.

Lemma 3.2. Let f ∈ BSp(R, X), ρ1, ρ2 ∈ U∞, supT>0
µ(T,ρ2)
µ(T,ρ1)

< ∞, then f ∈ SpWPP0(R, Lp(0, 1, X), r, ρ1, ρ2) if
and only if for every ε > 0,

lim
T→∞

1
µ(T, ρ1)

∫
M(T,ε, f )

ρ2(t) · dt = 0,

where M(T, ε, f ) =
{

t ∈ [−T, T] : supθ∈[t−r,t]

(∫ θ+1
θ ‖ f (s)‖pds

) 1
p ≥ ε

}
.

Proof. Sufficiency: From the statement of lemma it is clear that ‖ f ‖Sp < ∞ and for any ε > 0, there exist T0 > 0
such that T > T0,

1
µ(T, ρ1)

∫
M(T,ε, f )

ρ2(t)dt <
ε

M + 1
, M = ‖ f ‖Sp .

Thus

1
µ(T, ρ1)

∫ T

−T

 sup
θ∈[t−r,t]

(∫ θ+1

θ
‖ f (s)‖pds

) 1
p

ρ2(t)

 dt

:=
1

µ(T, ρ1)

∫
M(T,ε, f )

 sup
θ∈[t−r,t]

(∫ θ+1

θ
‖ f (s)‖pds

) 1
p

ρ2(t)

 dt

+
1

µ(T, ρ1)

∫
[−T,T]\M(T,ε, f )

 sup
θ∈[t−r,t]

(∫ θ+1

θ
‖ f (s)‖pds

) 1
p

ρ2(t)

 dt

≤ M

µ(T, ρ1)

∫
M(T,ε, f )

ρ2(t)dt +
ε

µ(T, ρ1)

∫ T

−T
ρ2(t)dt

≤ M ε

M + 1
+

ε

µ(T, ρ1)

∫ T

−T
ρ2(t)dt

≤ ε + sup
T>0

µ(T, ρ2)

µ(T, ρ1)
ε.

So

lim
T→∞

1
µ(T, ρ1)

∫ T

−T

 sup
θ∈[t−r,t]

(∫ θ+1

θ
‖ f (s)‖pds

) 1
p

ρ2(t)

 dt = 0,

that is f ∈ SpWPP0(R, Lp(0, 1, X), r, ρ1, ρ2).
Necessity: Suppose on the contrary that exist ε0 > 0, such that

1
µ(T, ρ1)

∫
M(T,ε0, f )

ρ2(t)dt
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does not converge to 0 as T → ∞, then there exist δ > 0 such that for each n,

1
µ(T, ρ1)

∫
M(Tn ,ε0, f )

ρ2(t)dt ≥ δ, for some Tn ≥ n.

Then

1
µ(Tn, ρ1)

∫ Tn

−Tn

 sup
θ∈[t−r,t]

(∫ θ+1

θ
‖ f (s)‖pds

) 1
p

ρ2(t)

 dt

≥ 1
µ(Tn, ρ1)

∫
M(Tn ,ε0, f )

 sup
θ∈[t−r,t]

(∫ θ+1

θ
‖ f (s)‖pds

) 1
p

ρ2(t)

 dt

≥ ε0

µ(Tn, ρ1)

∫
M(Tn ,ε0, f )

ρ2(t)dt

≥ ε0δ,

which contradicts the fact that f ∈ SpWPP0(R, Lp(0, 1, X), r, ρ1, ρ2), and the proof is complete.

Lemma 3.3 ([16]). Let h be the function in (A1), and x: R → X with x(R) compact. For ε > 0, there exist a
finite set {xk}m

k=1 ⊂ x(R) such that

‖h(t + ·, x(t + ·))‖p < ε + m sup
1≤k≤m

‖h(t + ·, xk‖p, t ∈ R.

Next, we establish main composition results for weighted Stepanov-like pseudo periodic function.

Theorem 3.1. Assume that ρ1, ρ2 ∈ U∞, r ≥ 0, f = g + φ ∈ SpWPPω(R ×X, X, r, ρ1, ρ2), h = h1 + h2 ∈
SpWPPω(R, X, r, ρ1, ρ2) with h1(R) compact, g(t + ω)− g(t) = 0, h1(t + ω)− h1(t) = 0. Assume g satisfies
(A1), φ satisfies (A1) and { f (·, z) : z ∈ K} is bounded in SpWPPω(R, X, r, ρ1, ρ2) for any bounded K ⊂ X,
then f (·, h(·)) ∈ SpWPPω(R, X, r, ρ1, ρ2).

Proof. Let H1(t) = g (t, h1(t)) , H2(t) = f (t, h(t))− f (t, h1(t)) , H3(t) = φ (t, h1(t)) , t ∈ R. Then

f (t, h(t)) = g (t, h1(t)) + f (t, h(t))− f (t, h1(t)) + φ (t, h1(t)) = H1(t) + H2(t) + H3(t).

Since
g(t + ω, h1(t + ω)) = g(t, h1(t + ω)) = g(t, h1(t)),

we have
H1(t + ω)− H1(t) = 0.

Thus we need only to prove H2, H3 ∈ SpWPP0(R, Lp(0, 1, X), r, ρ1, ρ2).
It is easy to see that H2 ∈ BSp(R, X) since { f (·, z) : z ∈ K} is bounded in SpWPPω(R, X, r, ρ1, ρ2) for any

bounded K ⊂ X. Noticing that f satisfies (A1) since g and φ satisfy (A1), for ε > 0, let σ > 0 be given by (A1),
then

‖H2(t + ·)‖p = ‖ f (t + ·, h(·))− f (t + ·, h1(·))‖p < ε, for ‖h2(t + ·)‖ < σ.

This implies that MT,ε(H2) ⊂ MT,σ(h2) by the notation defined in Lemma 3.2. Meanwhile since h2 ∈
SpWPP0(R, Lp(0, 1, X), r, ρ1, ρ2), supT>0

µ(T,ρ2)
µ(T,ρ1)

< ∞ by Lemma 3.2,

lim
T→∞

1
µ(T, ρ1)

∫
M(T,σ,h2)

ρ2(t) · dt = 0.

Thus
lim

T→∞

1
µ(T, ρ1)

∫
M(T,ε,H2)

ρ2(t) · dt = 0,

which shows that H2 ∈ SpWPP0(R, Lp(0, 1, X), r, ρ1, ρ2).
For ε > 0, let σ be given by (A1) with φ, in view of Lemma 3.3, there is a finite set {xk}m

k=1 ⊂ h1(R) such
that for t ∈ R,

‖φ(t + ·, h1(t + ·))‖p < ε + m sup
1≤k≤m

‖φ(t + ·, xk‖p, t ∈ R,
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so
‖φ(t, h1(t)‖p < ε + m sup

1≤k≤m
‖φ(t, xk‖p, t ∈ R.

Since φ(·, x) ∈ SpWPP0(R, Lp(0, 1, X), r, ρ1, ρ2), for each x ∈ X, there is T > T0, 1 ≤ K ≤ m,

R (T, φ(·, xk), r, ρ1, ρ2) =
1

µ(T, ρ1)

∫ T

−T

 sup
θ∈[t−r,t]

(∫ θ+1

θ
‖φ(s, xk)‖p ds

) 1
p

 ρ2(t) · dt

<
ε

m
.

Then for T > T0,

R (T, H3, r, ρ1, ρ2) :=
1

µ(T, ρ1)

∫ T

−T

 sup
θ∈[t−r,t]

(∫ θ+1

θ
‖φ(s, h1(θ))‖p ds

) 1
p

 ρ2(t) · dt

≤ ε + m sup
1≤k≤m

1
µ(T, ρ1)

∫ T

−T

 sup
θ∈[t−r,t]

(∫ θ+1

θ
‖φ(s, xk)‖p ds

) 1
p


ρ2(t) · dt

= ε + mR (T, φ(·, xk), r, ρ1, ρ2)

= ε + m · ε

m
= 2ε.

This yields that
lim

T→∞
R(T, H3, r, ρ1, ρ2) = 0.

That is H3 ∈ SpWPP0(R, LP(0, 1, X), r, ρ1, ρ2). The proof is complete.

According to Theorem 3.1, we can obtain the following corollaries.

Corollary 3.1. Assume that ρ1, ρ2 ∈ U∞, r ≥ 0, f = g + φ ∈ SpWPPωap(R×X, X, r, ρ1, ρ2), h = h1 + h2 ∈
SpWPPωap(R, X, r, ρ1, ρ2) with h1(R) compact. g(t + ω) + g(t) = 0, h1(t + ω) + h1(t) = 0. Assume g satisfies
(A1), φ satisfies (A1) and { f (·, z) : z ∈ K} is bounded in SpWPPωap(R × X, X, r, ρ1, ρ2) for any bounded
K ⊂ X, then f (·, h(·)) ∈ SpWPPωap(R, X, r, ρ1, ρ2).

Corollary 3.2. Assume that ρ1, ρ2 ∈ U∞, r ≥ 0, f = g + φ ∈ SpWPPω(R × X, X, r, ρ1, ρ2),
h ∈ WPPω(R, X, r, ρ1, ρ2). Assume g satisfies (A1), φ satisfies (A1) and { f (·, z) : z ∈ K} is bounded in
SpWPPω(R, X, r, ρ1, ρ2) for any bounded K ⊂ X, then f (·, h(·)) ∈ SpWPPω(R, X, r, ρ1, ρ2).

Corollary 3.3. Assume that ρ1, ρ2 ∈ U∞, r ≥ 0, f = g + φ ∈ SpWPPωap(R × X, X, r, ρ1, ρ2),
h ∈ WPPωap(R, X, r, ρ1, ρ2). Assume g satisfies (A1), φ satisfies (A1) and { f (·, z) : z ∈ K} is bounded in
SpWPPωap(R, X, r, ρ1, ρ2) for any bounded K ⊂ X, then f (·, h(·)) ∈ SpWPPωap(R, X, r, ρ1, ρ2).

4 Weighted pseudo periodic mild solution

In this section, we deal with weighted pseudo periodic mild solutions to the problem (1.1). We list the
following basic assumptions:

(A2) ρ1, ρ2 ∈ UT , infT>0
µ(T,ρ2)
µ(T,ρ1)

> 0 and supT>0
µ(T,ρ2)
µ(T,ρ1)

< ∞.

(A3) The operator T(t) generated by A is exponentially stable, that is, there exist constants M, c > 0 such
that ‖T(t)‖ ≤ Me−ct for t ≥ 0.

(A4) f ∈ SpWPPω(R, X, r, ρ1, ρ2), and there exist a positive constant L f such that for ψi ∈ B, i = 1, 2,
‖ f (t, ψ1)− f (t, ψ2)‖p ≤ L f ‖ψ1 − ψ2‖B.
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Let q > 1 such that 1
p + 1

q = 1. Denote

α0 = M
(

eqc−1

qc

) 1
q

, α = α0

∞

∑
k=1

e−ck.

Under the condition (A3), we give the following definition.

Definition 4.11. A function u: R→ X is said to be a mild solution to the problem (1.1) if

u(t) =
∫ t

−∞
T(t− s) f (s, us)ds,

for all t ∈ R.

Lemma 4.4. Let ρ1, ρ2 ∈ UT ,u ∈ SpWPPω(R, X, r, ρ1, ρ2), then ut belongs to SpWPPω(R, B, r, ρ1, ρ2).

Proof. Suppose that u = α + β, where α ∈ Pω(R, X) and β ∈ SpWPP0(R, X, r, ρ1, ρ2), then ut = αt + βt and
αt ∈ Pω(R,B, r, ρ1, ρ2). On the other hand, for T > 0, we see that

1
µ(T, ρ1)

∫ T

−T

 sup
θ∈[t−r,t]

(∫ θ+1

θ
sup

τ∈[−r,0]
‖β(s + τ)‖pds

) 1
p
 ρ2(t)dt

≤ 1
µ(T, ρ1)

∫ T

−T

 sup
θ∈[t−2r,t]

(∫ θ+1

θ
‖β(s)‖pds

) 1
p

 ρ2(t)dt

≤ 1
µ(T, ρ1)

∫ T

−T

 sup
θ∈[t−2r,t−r]

(∫ θ+1

θ
‖β(s)‖pds

) 1
p

+ sup
θ∈[t−r,t]

(∫ θ+1

θ
‖β(s)‖pds

) 1
p

 ρ2(t)dt

≤ 1
µ(T, ρ1)

∫ T−r

−T−r

 sup
θ∈[t−r,t]

(∫ θ+1

θ
‖β(s)‖pds

) 1
p

 ρ2(t + τ)dt

+
1

µ(T, ρ1)

∫ T

−T

 sup
θ∈[t−r,t]

(∫ θ+1

θ
‖β(s)‖pds

) 1
p

 ρ2(t)dt

≤ µ(T + r, ρ1)

µ(T, ρ1)
· 1

µ(T + r, ρ1)∫ T−r

−T−r

 sup
θ∈[t−r,t]

(∫ θ+1

θ
‖β(s)‖pds

) 1
p

 ρ2(t)
ρ2(t + r)

ρ2(t)
dt

+
1

µ(T, ρ1)

∫ T

−T

 sup
θ∈[t−r,t]

(∫ θ+1

θ
‖β(s)‖pds

) 1
p

 ρ2(t)dt.

The fact ρ1, ρ2 ∈ UT implies that there exists η > 0 such that

ρ1(t + r)
ρ1(t)

≤ η,
ρ1(t− r)

ρ1(t)
≤ η,

ρ2(t− r)
ρ2(t)

≤ η.

For T > r,

µ(T + r, ρ1) =
∫ T−r

−T−r
ρ1(t)dt +

∫ T+r

T−r
ρ1(t)dt

≤
∫ T−r

−T−r
ρ1(t)dt +

∫ T+r

−T+r
ρ1(t)dt

=
∫ T

−T
ρ1(t− r)dt +

∫ T

−T
ρ1(t + r)dt

≤ 2ηµ(T, ρ1),
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then

1
µ(T, ρ1)

∫ T

−T

 sup
θ∈[t−r,t]

(∫ θ+1

θ
sup

τ∈[−r,0]
‖β(s + τ)‖pds

) 1
p
 ρ2(t)dt

≤ 2η2

µ(T + r, ρ1)

∫ T+r

−T−r

 sup
θ∈[t−r,t]

(∫ θ+1

θ
‖β(s)‖pds

) 1
p

 ρ2(t)dt

+
1

µ(T, ρ1)

∫ T

−T

 sup
θ∈[t−r,t]

(∫ θ+1

θ
‖β(s)‖pds

) 1
p

 ρ2(t)dt.

Note that β ∈ SpWPP0(R, X, r, ρ1, ρ2), ρ1, ρ2 ∈ UT , then βt ∈ SpWPP0(R,B, r, ρ1, ρ2). Therefore ut ∈
SpWPPω(R,B, r, ρ1, ρ2).

From the proof of Lemma 4.4, we can easily deduce the following corollary.

Corollary 4.4. ([21, Lemma 2.14]) Let ρ1, ρ2 ∈ UT ,u ∈ WPPω(R, X, r, ρ1, ρ2), then ut belong to WPPω(R,
B, r, ρ1, ρ2).

Lemma 4.5 ([21]). Let φn → φ uniformly on R where each φn ∈ WPP0(R, X, r, ρ1, ρ2),ρ1, ρ2 ∈ U∞, if
supT>0

µ(T,ρ1)
µ(T,ρ2)

< ∞, then φ ∈WPP0(R, X, r, ρ1, ρ2).

Lemma 4.6. Assume that (A2)–(A3) hold, if φ ∈ SpWPPω(R, X, r, ρ1, ρ2), then

(Γφ)(t) =
∫ t

−∞
T(t− s)φ(s)ds ∈WPPω(R, X, r, ρ1, ρ2).

Proof. By φ ∈ SpWPPω(R, X, r, ρ1, ρ2), we let φ(s) = φ1(s) + φ2(s), where φ2 ∈ SpWPP0(R, X, r, ρ1, ρ2) and
φ1(t + ω)− φ1(t) = 0 a.e. t ∈ R, then

(Γφ)(t) =
∫ t

−∞
T(t− s)φ1(s)ds +

∫ t

−∞
T(t− s)φ2(s)ds = (Γ1φ1)(t) + (Γ2φ2)(t).

First, we show that Γ2φ2 ∈WPP0(R, X, r, ρ1, ρ2). Consider the integrals

Xn(t) =
∫ t−n+1

t−n
T(t− s)φ2(s)ds.

Fix n ∈N and t ∈ R, we have

‖Xn(t + h)− Xn(t)‖ ≤
∫ n

n−1
‖T(s)(φ2(t + h− s)− φ2(t− s))‖ds

≤ M
∫ t−n+1

t−n
‖φ2(s + h)− φ2(s)‖ds

≤ M
(∫ t−n+1

t−n
‖φ2(s + h)− φ2(s)‖pds

) 1
p

.

In view of φ2 ∈ Lp
loc(R, X), we get

lim
h→0

∫ t−n+1

t−n
‖φ2(s + h)− φ2(s)‖pds = 0,

which yields limh→0 ‖Xn(t + h)− Xn(t)‖. This means that Xn(t) is continuous.
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By Hölder’s inequality, one has

‖Xn(t)‖ ≤
∫ n

n−1
‖T(s)φ2(t− s)‖ds

≤
∫ n

n−1
Me−cs‖φ2(t− s)‖ds

≤ Me−c(n−1)
∫ n

n−1
‖φ2(t− s)‖ds

≤ Me−c(n−1)
∫ t−n+1

t−n
‖φ2(s)‖ds

≤ Me−c(n−1)
(∫ t−n+1

t−n
‖φ2(s)‖pds

) 1
p

≤ Me−c(n−1)‖φ2‖Sp .

Since
∞

∑
n=1

Me−c(n−1)‖φ2‖Sp ≤ M
1− e−δ

‖φ2‖Sp < +∞,

it follows that ∑∞
n=1 Xn(t) converges uniformly on R. Let X(t) = ∑∞

n=1 Xn(t) for t ∈ R. Then

X(t) = (Γ2φ2)(t) =
∫ t

−∞
T(t− s)φ2(s)ds, t ∈ R .

It is obvious that X(t) ∈ BC(R, X). So, we only need to show that

lim
T→∞

1
µ(T, ρ1)

∫ T

−T
ρ2(t)

(
sup

θ∈[t−r,t)
‖X(θ)‖

)
dt = 0. (4.2)

In fact, by Hölder’s inequality,

‖Xn(t)‖ ≤
∫ n

n−1
Me−cs‖φ2(t− s)‖ds

≤ M̃
∫ t−n+1

t−n
‖φ2(s)‖ds

≤ M̃
(∫ t−n+1

t−n
‖φ2(s)‖pds

) 1
p

,

for some constant M̃ > 0, then

1
µ(T, ρ1)

∫ T

−T
ρ2(t)

(
sup

θ∈[t−r,t)
‖Xn(θ)‖

)
dt

≤ M̃
µ(T, ρ1)

∫ T

−T
ρ2(t)

 sup
θ∈[t−r,t)

(∫ θ−n+1

θ−n
‖φ2(s)‖pds

) 1
p

 dt,

and hence Xn ∈ WPP0(R, X, r, ρ1, ρ2) since φ2 ∈ SpWPP0(R, X, r, ρ1, ρ2). By Lemma 4.5, the equation (4.2)
holds, whence Γ2φ2 ∈WPP0(R, X, r, ρ1, ρ2).

From φ1(t + ω)− φ1(t) = 0 a.e. t ∈ R, one has

(Γ1φ1)(t + ω) =
∫ t+ω

−∞
T(t + ω− s)φ1(s)ds = (Γ1φ1)(t), a.e. t ∈ R .

Hence Γφ ∈WPPω(R, X, r, ρ1, ρ2). This completes of the proof.

Theorem 4.2. Let conditions (A2)–(A4) hold, then the problem (1.1) has a unique weighted pseudo periodic
mild solution if αL f < 1.
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Proof. Define F : WPPω(R, X, r, ρ1, ρ2)→WPPω(R, X, r, ρ1, ρ2) as (Fu)(t) =
∫ t
−∞ T(t− s) f (s, us)ds.

If u ∈WPPω(R, X, r, ρ1, ρ2), by Corollary 4.4 and Corollary 3.2, f (s, us) ∈ SpWPPω (R, X, r, ρ1, ρ2). Owing
to Lemma 4.6, it is not difficult to see that F (WPPω(R, X, r, ρ1, ρ2)) ⊆WPPω(R, X, r, ρ1, ρ2).

For any u, v ∈WPPω(R, X, r, ρ1, ρ2), we have

‖(Fu)(t)− (Fv)(t)‖ =
∥∥∥∥∫ t

−∞
T(t− s)( f (s, us)− f (s, vs))ds

∥∥∥∥
=

∥∥∥∥∫ ∞

0
T(s) ( f (t− s, ut−s)− f (t− s, vt−s)) ds

∥∥∥∥
≤ M

∞

∑
k=1

(∫ k

k−1
e−cqsds

) 1
q
(∫ k

k−1
‖ f (s, us)− f (s, vs)‖pds

) 1
p

= α0

∞

∑
k=1

e−ck ‖ f (t + k− 2 + ·, ut+k−2+·)− f (t + k− 2 + ·,

vt+k−2+·)‖p

= α‖ f (t + k− 2 + ·, ut+k−2+·)− f (t + k− 2 + ·, vt+k−2+·)‖p

≤ αL f ‖ut+k−2+· − vt+k−2+·‖B
≤ αL f ‖u(t + k− 2 + ·)− v(t + k− 2 + ·)‖
= αL f ‖u− v‖,

then F is a contraction since αL f < 1. By the Banach contraction mapping principle, F has a unique fixed
point in WPPω (R, X, r, ρ1, ρ2), which is the unique WPPω mild solution to the problem (1.1).

Corollary 4.5. Assume that conditions (A2), (A3) and the following condition (A4′) are satisfied:

(A4′) f ∈ SpWPPωap(R, X, r, ρ1, ρ2), and there exist a positive constant L f such that for ψi ∈ B, i = 1, 2,
‖ f (t, ψ1)− f (t, ψ2)‖p ≤ L f ‖ψ1 − ψ2‖B.

Then the problem (1.1) admits a unique weighted pseudo anti-periodic mild solution provided that αL f < 1.

Example 4.1. Consider the partial differential equation which was inspired by [21]

∂

∂t
u(t, ξ) =

∂2

∂ξ2 u(t, ξ) + a0(t)u(t, ξ) +
∫ 0

−r
a1(s)u(t + s, ξ), (t, ξ) ∈ R,

u(t, 0) = u(t, π) = 0,
(4.3)

where a0 ∈WPPω(R, X, r, ρ1, ρ2), ρ1 = et, ρ2 = 1 + t2.
Let X =

(
L2([0, π], R), ‖ · ‖L2

)
and define the operator A on X. By Au = u′′ with

D(A) =
{

u ∈ X : u′′ ∈ X, u(0) = u(π) = 0
}

.

It is well-known that A is the infinitesimal generator of C0-semigroup (T(t))t>0 on X such that ‖T(t)‖ ≤ e−t

for every t ≥ 0.
Define the function f : R×B→ X by

f (t, ψ)(ξ) = a0(t)ψ(0, ξ) +
∫ 0

−r
a1(s)ψ(s, ξ)ds,

then the equation (4.3) can be rewritten as an abstract system in the form (1.1), where u(t) = u(t, ·). Moreover,
we can show

‖ f (t, ·)‖ ≤ ‖a0‖+

√
r
(∫ 0

−r
a2(s)ds

)
, t ∈ R.

In view of Theorem 4.2, the equation (4.3) has a unique weighted pseudo periodic mild solution whenever

‖a0‖+
√

r
(∫ 0
−r a2(s)ds

)
< 1.
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