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Abstract

In this article, we first established some new results on composition of weighted Stepanov-like pseudo
periodic function of class r under a uniform continuity condition with respect to L? norm. And then, we
proved the existence and uniqueness of weighted pseudo periodic solutions to a semi-linear functional
differential equation with finite delay under Stepanov-like nonlinear term.
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1 Introduction

The periodic, almost periodic and almost automorphic solutions to differential equations can profoundly
characterize the asymptotic behavior of the corresponding dynamic systems, which have gained great
attention by many scholars [10] 17, [18]. Particularly, the concept of weighted pseudo periodicity was
introduced in [3]]; Xia presented the notion of weighted Stepanov-like pseudo periodicity in [20]. In order to
investigate differential equations with delay, Xia in [21] further studied new types of functions so called
weighted pseudo periodic of class r, weighted Stepanov-like pseudo periodic of class r, respectively. For
more details on this topic, we refer to [1} 2} |4, 5 [7, 1THI5| [19] 25| 26] and references therein.

The main purpose of present paper is to make a further investigation on the composition results for
weighted Stepanov-like pseudo periodic function of class r. Considering the space of weighted Stepanov-like
pseudo periodic function of class r with an integral norm coming from L” norm, we first prove a new
composition theorem for weighted Stepanov-like pseudo periodic function of class r under a uniform
continuity condition with respect to the L” norm suggested by [16]. And then, we apply the obtained results
to prove the existence and uniqueness of weighted pseudo periodic solution to the following semi-linear
delay differential equation with a weighted Stepanov-like pseudo periodic nonlinear term

u'(t) = Au(t)+ f(t,uy), t€R, (1.1)

where A is the infinitesimal generator of a Cp-semigroup (T (t));>0, us € B is defined by u;(6) = u(t + 0) for
6 € [—r,0], r is a no-negative constant, f and B are specified in the later.

The rest of this paper is organized as follows. In Section 2, we recall some basic definitions, lemmas, and
preliminary results which will be used throughout this paper. In Section 3, we establish some new results
on composition of weighted Stepanov-like pseudo periodic function of class r under a L” norm uniform
continuity condition. In Section 4, we prove the existence of pseudo periodic mild solutions to the existence
and uniqueness of weighted pseudo periodic solutions to the equation under Stepanov-like nonlinear
term. An example is also given to illustrate the main results.

*Corresponding author.
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2 Preliminaries

Let (X, || - ||) and (Y, || - |[y) be two Banach spaces and IN, R stand for sets of natural numbers and real
numbers, respectively. To facilitate the discussion below, we further introduce the following notations:

- BC(R, X) (respectively, BC(R x Y, X)): The Banach spaces of bounded continuous function from R to X
(respectively, from R x Y to X) with the sup norm.

- LP(IR, X): The space of all classes of equivalence (with respect to the equality almost everywhere on R)
of measurable function f : R — X such that ||f|| € LP(R, R).
. Lfo (R, X): The space of all classes of equivalence of measurable function f : R — X such that the
restriction of f to every bounded subinterval of R is in L7 (IR, X).

- B: The space C([—7,0],X) endowed with the sup norm ||¢|| on [—7,0].

Definition 2.1 ([21]). A function f € C(R,X) is said to be anti-periodic if there exists a w € R\ {0} with the
property that f(f +w) = —f(t) forall t € R. The least positive w with this property is called the anti-periodic
of f. The collection of such functions is denoted by Py (R, X).

Definition 2.2 ([21]). A function f € C(IR,X) is called to be periodic if there exists a w € R\ {0} such that
f(t+w) = f(t) forall t € R. The least positive w with this property is called the periodic of f. The collection
of those w periodic functions is denoted by P, (R, X).

Let U denote the set of all functions p : R — (0, c0), which are locally integrable over R such that p > 0
almost everywhere. For a given T > 0 and for each p € U, we set u(T,p) := [ _TT p(t)dt. Thus the spaces of
weights U, and Up are defined by

Uy = {p eU: lim u(T,p) = oo},
T—o0

U := {p € Uy : pis bounded and tin]lgp(t) > O} .
€

For a given p1, p» € Uw, we define respectively

1 T
Vv T/ e 7 == su 6 dt,
(Tfrpvpa) = s /4 <Ge[t_r;ﬂ||f( )II)pz

1 T
WPPy(R, X, o1, p2) = {f € BC(R ) Jim s [0 lpa(0)dt = o},-

1 T
WPPy(R,X,,r,01,02) := {f € BC(R,X) : lim 7/ ( sup |f(9)|>

T—oo u(T,p1) J-T 0et—r,t]

-02(t)dt =0} ;

: 1T
WPPy(R x Y, X, 1,01,02) := {f € BC(R,X) s lim s / . (9 P ]If(9)||>
1) = Elt—rt

-p2(t)dt = 0 and uniformly inu € Y }
= {f € BC(R,X) : 7lim V(T, f,r,p1,p2) = 0 uniformly in u € Y} .
—00

Definition 2.3 ([21]]). Let p1,02 € Uw. A function f € C(R,X) is called weighted pseudo anti-periodic for
w € R\ {0} if it can be decomposed as f = g + ¢, where ¢ € Pyap(R,X) and ¢ € WPPy(R, X, p1, p2). Denote
by WPPp (R, X, p1,p2) the set of such function.

Definition 2.4 ([21]). Let p1,02 € U. A function f € C(R,X) is called weighted pseudo periodic for w €
R\ {0} if it can be decomposed as f = g+ ¢, where g € P, (R, X) and ¢ € WPPy(R, X, p1,p2). Denote by
WPP,(R,X, p1,p2) the set of such function.
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Definition 2.5 ([21]). Let p1,p2 € Uw. A function f € C(RR, X) is called weighted pseudo anti-periodic of class
rfor w € R\ {0} if it can be decomposed as f = g + ¢, where g € Py (R, X) and ¢ € WPPy(R, X, 7, 01, 02).
Denote by WPPWP(]R, X, 1, p1, p2) the set of such function.

Definition 2.6 ([21]). Let p1,p2 € Uw. A function f € C(RR,X) is called weighted pseudo periodic of class r
for w € R\ {0} if it can be decomposed as f = g+ ¢, where ¢ € P, (R,X) and ¢ € WPPy(R, X, 1, p1,p2).
Denote by WPP, (R, X, 7, p1, p2) the set of such function.

Remark 2.1 ([21]). If » = 0O, then the weighted pseudo anti-periodic function of class r reduces to the
weighted pseudo anti-periodic function, the weighted pseudo periodic function of class r reduces to the
weighted pseudo periodic function.  That is, WPPuap(RR,X,0,01,02) = WPPusp(R,X,p1,02), and
WPP,(R,X,0,01,02) = WPP,(R, X, p1, 02).

Let || - ||, denote the norm of space L?(0,1;X) for p € [1,00), we give the following definitions.

Definition 2.7 ([6,[17]). Let p € [1,c0). The space BS? (IR, X) of all Stepanov-like bounded functions, with the
exponent p, consists of all measurable functions f : R — X such that f* € L* (R, L?(0,1;X)), where f? is the
Bochner transform of f defined by f?(t,s) := f(t +s),t € R,s € [0,1]. This is a Banach space with the norm

41 1/p
Il = 1 anany =sup ([ IFCIPdT) = sup 2+
teR \/t teR

For p1, p2 € Uw, we list the following weighted ergodic space in BSP (R, X):

T 0 5
R(T, f,r,p1,02) = ﬂ(Tl,pl)/TPz(t) (9 S[:I_P . (/6 " 1 f2() 117 ‘dS) ) dt,

1T
SPWPPy(R, X, 7, p1,02) := {f € BS"(R,X) : Tlgl;om/_sz(t)

(9:[?—13,t] </99+1 ||f(5)||pd3> ;> dt = o}

— 00

SPWPPy(R x Y, X,r,p01,02) := {f € BSP(R,X) : Tlim R(T, f(-,u),r,01,02)
—00
= O uniformlyinu € Y}.

Definition 2.8 ([21]). Let p1, 02 € Uw. A function f € BSP(X) is said to be Stepanov-like weighted pseudo
anti-periodic of class r (or SP-weighted pseudo anti-periodic of «class r) if there exist
¢ € SPWPPy(R,X,r,p1,p2) such that ¢ = f — ¢ satisfied g(t + w) + g(t) = 0 a.e t € R. Denote by
SPWPPuap(R, X, 1,01, 02) the collection of such function.

Definition 2.9 ([21]). Let p1, 02 € Uw. A function f € BSP(X) is said to be Stepanov-like weighted pseudo
periodic of class r (or SP-weighted pseudo periodic of class r) if there exist ¢ € SPWPPy(R, X, 1, p1,p2) such
that ¢ = f — ¢ satisfied ¢(t + w) — g(t) = 0 a.e t € R. Denote by SPWPP,(R,X,r,p1,p2) the collection of
such function.

3 Results on composition theorem

The main aim of this section is to establish some new results on composition of weighted Stepanov-like
pseudo periodic function of class r. We first list the following “uniform continuity condition” with respect
to the L” norm for a function h: R x X — X with h(-,u) € L (R,X) for each u € X, which was initially
adopted in [16]:
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(A1) For any & > 0, there exists o > 0 such that x,y € LP(0,1,X) and ||x — y||, < o imply that

1h(t 4+ x()) =h(t+-y())p <& tER.
Definition 3.10 ([21]]). Let p1, 02 € Ue. The function p; is said to be equivalent to p;(i.e. p1 ~ pp) if /% € Ug.
From arguments in [21]], we know that the notation “~” is a binary equivalence relation on Us. For a
given weight p € U, its equivalence class can be denoted by cl(p) = {0 € Uw : p ~ 0}. Itis clear that

U = Upeum cl(p).
Let p € U, T € Rbe given, and define p” by p*(t) = p(t + 7) for t € R. Denote [22]

Ur ={p € U : p ~ p" for each T € R}.

In view of [21], we know the conclusion that for p;,0o € Ur and infrsg z g"; ;; = & > 0, the space

(WPP,(R,X,1,01,02), | - |le) is @ Banach space with sup norm.
Using similar ideas as in [8, 9] 23] 124], one can easily show the following result.
V(T/pl)

#(Tp2)
pseudo periodic function of class r is unique.

Lemma 3.1. If p1, 02 € Ur and infr = 6y > 0, then the decomposition of weighted Stepanov-like

Lemma3.2. Let f € BSP(R,X), 1,02 € Us, supy- ki) < oo, then f € SPWPRy(R, LP(0,1,X), 7,1, p2) if

and only if for every e > 0,
1

lim —— / £ -dt =0,
T—co U(T,01) JM(T,ef) pa(t)

1
where M(T,¢, f) = {t €-T,T]: SUPge i1 4 < 99+1 Hf(g)”l’ds) r> g}.

Proof. Sufficiency: From the statement of lemma it is clear that || f||s» < oo and for any € > 0, there exist Ty > 0

such that T > Ty,

1 €

T Nt < ———, M = )
w(T,p1) /M(T,s,f) pa(t)at < — 7= 1 f1lsv
Thus
1
1 T < 0+1 )p
u(T,01) su s)||Pds t) | dt
u(T,p1) /—T (Ge[tpm] /9 £ ()l P2 ))
1
1 0+1 )p
w(T,p1) /M(T,s,f) (Qe[tpr/t] (/9 ()l p2( ))
1
1 6-+1 1
+ — su s pds> A | dr
w(T,p1) /[—T,T]\M(T,s,f) (ee[t}:,t] (/9 1£(s)l 02( ))
M ¢ T
< — Bdt + —— #)dt
~ u(T,p1) /M(T,g,f) Pa(t) u(T, 1) /7TP2( )
Me P T
< t)dt
- M +1 + u(T,01) /_TPZ( )
V(T/P2)
§S+Su — ‘e
T>13 V(szl)
So

] 1 T 0+1 %

Elt—rt
thatis f € SPWPPy(IR,LP(0,1,X),7, 01, p2)-
Necessity: Suppose on the contrary that exist g > 0, such that

—
_— t)dt
R (T, p1) Jgreo py P2
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does not converge to 0 as T — oo, then there exist § > 0 such that for each n,

H(Tl, p1) /M(Tn,so,f) pa(t)dt > 6, for some Ty > 1.
Then
1 T 0+1 L
W L (9:[;111,@ ([ 1) pzm) i
1 041 >
- m -/M(Tn,go,f) (9:[?}2,4 (/9 ||f(5)||pd5> Pz(t)) dt
> ﬁ /M(ngo,f) pa(b)dt
> €od,
which contradicts the fact that f € SPWPPy(IR, LP(0,1,X),7,p1,p2), and the proof is complete. 0

Lemma 3.3 ([16]). Let i be the function in (A1), and x: R — X with x(R) compact. For ¢ > 0, there exist a
finite set {x;}}" ; C x(R) such that

[A(t+ -, x(t+))llp <e+m sup [|h(t+ -, xcllp, tER.
1<k<m

Next, we establish main composition results for weighted Stepanov-like pseudo periodic function.

Theorem 3.1. Assume that p1,p2 € U, ¥ > 0, f = g+ ¢ € SPWPP,(R x X, X,7,01,02), h = h1 +hy €
SPWPP, (R, X, 1, p1,p2) with b1 (R) compact, g(t + w) — g(t) = 0, hy(t + w) — h1(t) = 0. Assume g satisfies
(Al), ¢ satisfies (A1) and {f(-,z) : z € K} is bounded in SPWPP, (R, X, r,p1,p2) for any bounded K C X,
then f(-,h(-)) € SPWPP,(R, X, 1, p1,02).

Proof. Let Hy(t) = g (t,h1(t)), Ha(t) = f (t,h(t)) — f (t,h1(t)), H3(t) = ¢ (¢, h1(t)), t € R. Then

f(&h(8) =g (&, () + £ (&, (1) — £ (£ (1) + ¢ (£ 1 (t)) = Hi(t) + Ha(t) + Hz ().

Since
gt+w m(t+w)) =gt h(t+w)) =gt mh(t)),
we have
Hi(t+w)— Hy(t) = 0.

Thus we need only to prove Hy, H3 € SPWPPy (R, L?(0,1,X),7,01,02)-

It is easy to see that H, € BSP (R, X) since {f(-,z) : z € K} is bounded in SPWPP, (R, X, 1, p1, p2) for any
bounded K C X. Noticing that f satisfies (A1) since g and ¢ satisfy (Al), for ¢ > 0, let ¢ > 0 be given by (A1),
then

[H2(t+)llp = [If(E+ - h () = f(E+ - m())llp <e for [t + )] <o

This implies that Mr.(Hy) C Mry(hy) by the notation defined in Lemma Meanwhile since h, €
M

SPWPPy(R, LP(0,1,X),7, p1,02), supr-. bi722)

< o0 by Lemma

1
lim L / P - dt = 0.
T o) Doy P2

Thus
lim # / 02
e f(T, 01) JM(TeHy)
which shows that H, € SPWPPy (IR, LP(0,1,X),7, p1,p2)-
For € > 0, let o be given by (Al) with ¢, in view of Lemma there is a finite set {x;}}*; C h1(R) such
that for t € R,

() -dt =0,

[p(t -+ a(t+ Dy <etm sup [g(t+- %l tER,
1<k<m
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SO

lp(t, I ()lly <e+m sup [lp(t,xelly <€ R.
1<k<m

Since ¢(+,x) € SPWPPy(R,LP(0,1,X),7,p1,p2), foreach x € X, thereis T > Ty, 1 < K < m,

1 T 0-+1 %
RIgCa o) = s [ | s ([ 10texaipas) ) ot -a

€

< —.
m

Then for T > Ty,

I = ! ! up o (s, hy(0 d % d
R(T,Hs,r,pq, = , r t) - dt
( 3,7,01,02) u(T,p1) ./_T Ges[t,,,t] (/9 llp(s, h1 ()| 5> p2(t)

L " ot xllrds)”
<e+m su 7/ su (/ S, X Ps)
1§k£m u(T,p1) J-1 Ge[tg,t] 0 4 ¢

p2(t) - dt
= e+ mR (T, ¢(-,xx),7,01,02)
= ¢ + m - i
m
= 2¢.
This yields that
lim R(T, Hs,7,p01,02) = 0.
T— o0
That is H3 € SPWPP)(IR, LP(O, 1,X),r,p1,p2)- The proof is complete. O

According to Theorem .1} we can obtain the following corollaries.

Corollary 3.1. Assume that p1,02 € Ueo,¥ > 0, f = g+ ¢ € SPWPPWP(]R x X, X,r,01,02), h = hy +hy €
SPWPPuap(R, X, 7, 01,02) with i1 (R) compact. g(t +w) + g(t) =0, hi(t +w) + hy(t) = 0. Assume g satisfies
(A1), ¢ satisfies (Al) and {f(-,z) : z € K} is bounded in SPWPPyu,(R x X, X, 1, 01,02) for any bounded
K C X, then f(-,h(-)) € SPWPPuap(R, X, 7,01, 02).

Corollary 3.2. Assume that p;,00 € Usr > 0, f = g+ ¢ € SPWPP,(R x X, X,7,01,02),
h € WPP,(R,X,r,p1,02). Assume g satisfies (Al), ¢ satisfies (A1) and {f(-,z) : z € K} is bounded in
SPWPP, (R, X, 1, p1, p2) for any bounded K C X, then f(-, h(-)) € SPWPP, (R, X, 1, p1,02)-

Corollary 3.3. Assume that p1,00 € Uw,t > 0, f = g+¢ € SPWPPyu,(R x X, X,7,01,02),
h € WPPuap(R,X,7,01,02). Assume g satisfies (A1), ¢ satisfies (A1) and {f(-,z) : z € K} is bounded in
SPWPPuap(R, X, 1, 01,02) for any bounded K C X, then f(-,h(-)) € SPWPPuqp(R, X, 7,01, 02).

4 Weighted pseudo periodic mild solution

In this section, we deal with weighted pseudo periodic mild solutions to the problem (1.1). We list the
following basic assumptions:

. T, T,
(A2) p1,p2 € U, infrs ZgTﬁ; > 0 and sup;- ZETZS < o

(A3) The operator T(t) generated by A is exponentially stable, that is, there exist constants M, ¢ > 0 such
that | T(t)|] < Me ! for t > 0.

(A4) f € SPWPP,(R,X,r,p1,02), and there exist a positive constant Ly such that for ; € B, i = 1,2,
If(t 1) = f(E2)llp < Lellgr — g2 »-
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Let g > 1 such that % + % = 1. Denote

qc

Under the condition (A3), we give the following definition.

1
eqc—l q @
aO—M< ) , tX:tXQZE k.
k=1

Definition 4.11. A function u: R — X is said to be a mild solution to the problem (1.1} if

t
u(t) :/ T(t — s)f(s, us)ds,

forallt € R.

Lemma 4.4. Let p1,p2 € Ur,u € SPWPP,(R, X, 7,01,p2), then u; belongs to SPWPP,, (R, 8,7, p1,02).

Proof. Suppose that u = a + B, where a € P,(R,X) and B € SPWPPy(RR, X, r,p1,02), then u; = a; + B and
at € Py(R,B,1,01,02). On the other hand, for T > 0, we see that

1
1 T 0+1 r
1 sup sup Iﬁ(s+T)||’7dS> pa(t)dt
u(T,p1) /—T (Ge[t ] </9 T€[-1,0]

r

< (eei“%,t] (/ " IB)17ds) :’> oa(t)dt
<[ (ee[f‘if’w ([ |ﬁ<s>|Pds)’1’

- s ([ tecpas) ;’) oa()dt

<t [ (95?% ([ tgepas) ;) palt + )i

1 T 6+1 L
* T (9:[;13” ([ ipiras) )pzmdf

u(T,p1)  w(T+r,p1)

Ty 041 ; pa(t+7)
[+ (95?3,“ (o) ) 20" iy

1 T 6+1 L
* o L (9:[?% ([ 1poiras) )pzmdf.

The fact p1, 02 € Ur implies that there exists 7 > 0 such that
pt+r) o opalt—r) o pat—r)

n®) = T =T e =

ForT >,
"T—r T+r
u(T+r,0) = / p1(t)dt + p1(t)dt

J—=T—r T—r

T—r T+r
<[ ewdr+ [ pioat
—T—r —T+r

T T
:/_Tpl(t—r)dt—i—/_Tpl(t—i—r)dt
< 2np(T, p1),
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then

1
1 T 0+1 ’
u(T,p1) /—T (ee[tpr,t] </9 re[}r)ﬂ] ot ! ) ) =
1
2172 T+r ( 0+1 )p
s I (95?‘1,@ [ 186l a(t)
1
1 T 0+1 P
‘M(T,Pl) -/—T (ges[?pr,t] (/6 Hﬁ( )” ) PZ( )

Note that § € SPWPPy(R,X,1,p1,02), p1,p2 € Ur, then py € SPWPP(R,B,7,p1, p2). Therefore u; €
SPWPP, (R, B, 1,01, 02). -

From the proof of Lemma 4.4, we can easily deduce the following corollary.

Corollary 4.4. ([21, Lemma 2.14]) Let p1,02 € Ur,u € WPP,(R,X,7,p1,p2), then u; belong to WPP, (R,
%r 7,01, PZ)

Lemma 4.5 ([21]). Let ¢, — ¢ uniformly on R where each ¢, € WPPy(R,X, 7,01, p2),01,02 € U, if
Supr- Vgilg < oo, then ¢ € WPPy(R, X, 1, p1,02)-

Lemma 4.6. Assume that (A2)—(A3) hold, if ¢ € SPWPP, (R, X, 7, p1,p2), then

(Tp)(t) = [w T(t—s)¢(s)ds € WPP,(R,X,r,p1,p2).

Proof. By ¢ € SPWPP, (R, X,r,p1,02), we let ¢(s) = ¢1(s) + ¢2(s), where ¢, € SPWPPy(R, X, 1, p1,02) and
Pp1(t+w) —¢1(t) =0ae. t € R, then

t
(09)(t) = [ T(t—s)pn(sds+ [ T(t—5)gals)ds = (Tagn) (1) + (Cagp) (1)

First, we show that I'y¢, € WPPy(R, X, , p1, p2). Consider the integrals

()= [T (o)

—n

Fixn € N and t € R, we have

1%t 4 1) = X0 < [* ITE)@alt+1-5) = ga(t =) ds

t—n+1
<M [ ligals+ 1) = a(s) s
t—n+1 %
<m ([ s 1) - ga(o)les)

In view of ¢ € L (R,X), we get

loc

t—n+1

lim [¢2(s +h) — ¢o(s)|[Pds = 0,
h—0Jt—n

which yields limy, .o || X, (t + h) — X, (t)||. This means that X, () is continuous.
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By Holder’s inequality, one has

X0 < [* ITE)ga(t = 5)]ds
< [7 Mol -5 as
< Me 0 [ (i - ) as

t—n+1
< Me=0 D [T gas)llds
t—n

1

t—n+1 ?

< e 0 ([T o)
t

< Me U D]| ¢ |p.

Since

> el M
Y Me <= D|gy]|sp < ] —5 llpallsp < +o0,
n=1 —e

it follows that } ;> ; X, (f) converges uniformly on R. Let X(t) = Y_;" ; X, (t) for t € R. Then
t
X(t) = (Tagpo)(t) = [ T(t—s)pa(s)ds, t €R.

It is obvious that X(#) € BC(IR, X). So, we only need to show that

. 1 T
%ﬂom/qu(t) ( sup )||X(9)||> dt = 0. (4.2)

Oe(t—rt

In fact, by Holder’s inequality,
"
1Xn(®)]] < / Mt —s)|ds
n—

. pt—n+1
<M [ lga(s)lds

- t—n+1 i
<it( [ emeras)

for some constant M > 0, then
e 1% (0] )
—_— o (t su t
u(T, p1) pr ee[t}z,i) !

~ 1

M T ( 6—n+1 )p
< - t su s)||Pds dt,
< o | (96[3/” L e )

and hence X,, € WPPy(R, X, r,p1,p2) since ¢ € SPWPPy(RR,X,r,p1,p2). By Lemma the equation
holds, whence T'x¢» € WPPy(RR, X, 7, p1,02)-
From ¢ (t + w) — ¢1(t) = 0 a.e. t € R, one has

t+w
(T1r) (t+ w) = /_ T(t+w — )¢ (s)ds = (T1gn)(£), ae. t € R.
Hence I'¢ € WPP, (R, X, 7, p1,p2). This completes of the proof. O

Theorem 4.2. Let conditions (A2)—(A4) hold, then the problem has a unique weighted pseudo periodic
mild solution if aLf < 1.
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Proof. Define F : WPP,(R, X, r,p1,02) = WPP,(R,X,r,p1,p2) as (Fu)(t) = ffoo T(t—s)f(s,us)ds.

If u € WPP,(R,X,r,p1,02), by Corollaryand Corollary f(s,us) € SSWPP, (R, X,r,p1,p2). Owing
to Lemma it is not difficult to see that F(WPP, (R, X, 7, 01,02)) € WPP,(R, X, r,01,02).

For any u,v € WPP, (R, X, r,p1,p2), we have

IFu6) = (Fo) Ol = | [ Tl= (s ) = fls, 000

| T (= s ) = £t =s,000)) ds
< Mko_il (/kkle—fﬂsazsy (/kkl £ (s, us) f(s,vs)vﬂds)’]’

=0 Y e | f(t+k =2+ upp o) — fE+k—2+",
k=1

Vpyk—2+-) Hp

=alf(t+k=2+  uppas) = fE+Hk =24 004024 )|lp
<aLgllupik2v. — Orsk2v-llm
<alflu(t+k—2+-)—o(t+k—2+")|

=aLgllu -0,

then F is a contraction since aLy < 1. By the Banach contraction mapping principle, / has a unique fixed
point in WPP,, (R, X, r, p1,p2), which is the unique WPP,, mild solution to the problem (1.1). O

Corollary 4.5. Assume that conditions (A2), (A3) and the following condition (A4') are satisfied:

(A4") f € SPWPP,4,(R,X,r,01,02), and there exist a positive constant L, such that for ¥; € B, i = 1,2,
p P10 p f P
If(t 1) = f(E2)llp < Lellgr — g2 »-

Then the problem (1.1) admits a unique weighted pseudo anti-periodic mild solution provided that aL, < 1.
p q g p P p f

Example 4.1. Consider the partial differential equation which was inspired by [21]

d e 0
&u(tlg) = @”(tlg) +a0(t)”(tf§) + /—r al(s)”(t+sf‘:)r (t/é‘) e,

u(t,0) =u(t,7) =0,

(4.3)

where ag € WPP, (R, X, r,01,02), 01 = €', 020 = 1+ t2.
Let X = (L?([0, ], R), || - || ;2) and define the operator A on X. By Au = u” with

D(A) = {ueX:u" e X,u(0) =u(m) =0}.

It is well-known that A is the infinitesimal generator of Cy-semigroup (T(t));~o on X such that ||T(t)| < e~
forevery t > 0.
Define the function f : R X 8 — X by

FE4)(©) = a($(0.0) + [ a(o)(s, 2,

then the equation (4.3) can be rewritten as an abstract system in the form (1.1), where u(t) = u(t, -). Moreover,

we can show
0
10 < llaol 7 ([ 2(e)ds), e m

In view of Theorem the equation (4.3) has a unique weighted pseudo periodic mild solution whenever
laoll+ (/7 (J°, a2(s)ds) < 1.
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