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On the Spectral Expansion Formula for a Class of Dirac Operators
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Abstract

This paper deals with a problem for the canonical Dirac differential equations system with piecewise
continuous coefficient and spectral parameter dependent in boundary conditions. The resolvent operator is
constructed. The completeness theorem for eigenvector functions is proved. The spectral expansion formula
with respect to eigenvector functions is obtained and Parseval equality is given.
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1 Introduction
Consider the following boundary value problem generated by Dirac differential equations system
By + Q(x)y = Ap(x)y, 0<x<m (1.1)
with boundary conditions

Uy (y) == b1y2 (0) + bay1 (0) — A (bsy2 (0) + bay1 (0)) =0,
(1.2)

Ua(y) = c1y2 (71) + cayn (70) + A (eay2 (70) + cayn (7)) = O,

(% 1) aw- (P W), (),

p(x), q(x) are real measurable functions, p(x) € L(0, ), g(x) € Lp(0, 1), A is a spectral parameter,

where

and 1 # a > 0. Let us define k1 = b1by — bobs > 0, ko = c1c4 — coc3 > 0.

In the finite interval, the spectral properties of Dirac operators by different aspects are examined by many
authors, for example [1], [2], [3], [4], [5], [6], [7], [8], [9], [10], [11], [12], [13] and etc. In the case of p(x) # 1,
the solution of Dirac system was investigated in [5], in this work the representation of this solution has not
operator transformation. The asymptotic formulas of eigenvalues and eigenfunctions of Dirac operator with
discontinuous coefficient p(x) were studied in [1]. Numerical computation of eigenvalues of Dirac system
was worked in [11], [12]. Moreover, the theory of Dirac operators was comprehensively given in [6], [10].

This paper is organized as follows: in section 2, the operator formulation of the boundary value problem
(L.1),(L.2) and the asymptotic formula of eigenvalues of the problem (L.1),(I.2) are given. In section 3, we prove
completeness theorem of eigenfunctions. The expansion formula with respect to eigenfunctions and Parseval
equality are obtained.
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2 Preliminaries

An inner product in Hilbert space H, = L ,(0, 71; C?) & C? is given by

v,2) = [{n@HE +1n @20 e (0 ds+ C1am+ v @3

where

Z3

Z4
Let us define the operator L:

yi(x) z1(x)
Y= yZ(x))er, z=| 29 | cn,

I(y)
b1y2 (0) + b2y1(0) )
— (e1y2 (1) + c2y1 (7))

with domain

D(L) = {¥ | Y = (y1(x), y2(x),y5,y4)" € Hy, y1(x),y2(x) € AC[0, 7],

¥ = bay2 (0) + bay1 (0), ya = caya (1) + cayr (7), 1(y) € Lo, (0, C2) }
where ,
W) =5y {BY' +O(x)y}-
Consequently, the boundary value problem (L.1),(1.2) is equivalent to the operator equation LY = AY.
Lemma 2.1. The following properties for the operator L are valid:
o The eigenvector functions corresponding to different eigenvalues are orthogonal,

o The eigenvalues are real valued.

Let ¢ (x,A) = < Z;;Ei’ﬁ; ) and ¥ (x,A) = ( ll/lzglg ) be solutions of the system satisfying the

. )\bg, - b1 o —C1 — )\C3
“”(O’A)_(bz—m)’ "’(”’)‘)_< oAey )
The characteristic function of the problem (L.1),(L.2) is defined by

AA) = Wlp(x, A), (x, A)] = @2(x, M1 (x, A) — 91(x, A)ipa(x, A), (24)

where W[g(x,A), p(x, A)] is Wronskian of the vector solutions ¢(x,A) and ¢(x,A). The Wronskian does not
depend on x. It follows from that

A(A) = bap1 (0,A) + b1 (0,A) — A (baypy (0, A) + b3p2 (0,1)) = Uy ()

initial conditions

AAN) = =192 (1, A) = 21 (1, A) = A3 (70, A) + cay (7, M) = —Ua (@) -

Moreover, the zeros A, of characteristic function coincide with the eigenvalues of the boundary value problem
(1.1),(1.2). The function ¢(x, A,) and ¥(x, A,) are eigenfunctions and there exist a sequence B, such that

Y(x, An) = Bu@(x,Au),  Pn # 0. (25)
Definition 2.1. Norming constants of the boundary value problem (L.I), are defined as follows:

T 1
= [ {d0An) + @B A f () + - [baga(0, M) + bagn O M) +

1
+ o [c392(7T, An) + caqpi (T, /\n)]z. (2.6)
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Lemma 2.2. [[7] The following relation is valid:
anPn = A(Ay), 2.7)
where A(A) = £A(M).
Now, as a different from other works, the system has p(x) discontinuous coefficient. This coefficient

influences the form of the solution of the equation (1.I). Therefore, the solution of the equation (I.1I) has the
integral representation (not operator transformation) as follows (detail in [5]): Assume that

7T
|10 dx < 4o

is satisfied for Euclidean norm of matrix function Q)(x). Then the integral representation of the solution of
equation (1.1) satisfying the initial condition E(0, A) = I, (I is unite matrix) can be represented

1(x)
E(x,A) = e A1) 4 /} ( )K(x,t)e*)‘Btdt,
—u(x

where

X, 0<x<aqg,
TOR

x—aa+a, a<x<m,

and for a kernel K(x, t) the inequality

/”(x) K (x, 8)| dt < 7™ —1,
—u(x)

x) = [0 ds
holds.

Using this integral representation, the following lemma is proved:

Lemma 2.3. [[7] The solution ¢(x,A) = ( #1(x,4) ) has the following integral representation

¢2(x,A)
o1 (x,A) = (Abz— bl)cosAy x) + (Abg — by) sin Au (x) +
+ (/\b3 — bl |: 11 X t cos At+ A12 (x f) sm)xt] dt+
+ (Aby — bz Fm x,t)sin At — Ay (x, ) cos /\t} dt, 2.8)
@2 (x,A) = (Abz—by)sinAu (x) + (by — Abg) cos Ap (x) +

)
p) [ ~ .
+ (Abs — by) /o { 21 (x,1) cos At+ Agp (x,t) sin At] dt+

221 (x,t)sin At — App (x,t) cos )\t} dt, (2.9)

where

and Al] (.X,.) €Ly (0/ 7T), ;11] (X,.) €Ly (0/ 7'[), AZ] (xl') €Ly (O 7-[) AZ] ( ) €L (0/ ﬂ)’j =12
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Moreover, using and (2.9), as |A| — oo uniformly in x € [0, 77], the following asymptotic formulas
hold:
¢1(x,A) = A (bzcos Au (x) + bysinAp (x)) + O (e“’”)“”(">) , (2.10)

92(x,1) = A (bssin Ap (x) — by cos Ap (x)) +O (el mH)). 2.11)

Lemma 2.4. [I7] The eigenvalues Ay, (n € Z) of the boundary value problem (1.1),(1.2) are in the form

Ap = ;\n + €n,
where ) )
~ 1 C304 — C403 7T
Ap = — arct
" [n+ 7 an<bsf13+€4b4>} p ()

and {e, } € l. Moreover, the eigenvalues are simple.

3 Completeness Theorem

Firstly, we construct the resolvent operator and then we prove the completeness theorem of the
eigenfunctions of the problem (I.1), (1.2). The expansion formula respect to eigenfunctions is obtained and
Parseval equality is given.

Lemma 3.5. If A is not a spectrum point of operator L, then the resolvent operator exists and has the following form

vx) = [ R DA0p(Ot + o) + By, o)
where
o1 [ ENeA), <z
R =50 | ST, to (313)

here @(t, A) denotes the transposed vector function of ¢(t, A).

f(x)
= x) = Alx) o construct the resolvent operator of L, we solve
Proof. Let F(x) = ( }‘z ) € D(L), f(x) = ( Fo(x) ).T truct th lvent operator of L, 1

the following problem
By +Q(x)y = Ao (x)y+p(x) f (x) (3.14)

b1y2 (0) + bay1 (0) — A (b3y2 (0) + bay1 (0)) = f3,
(3.15)

c1y2 () + oy (1) + A (eayz (1) + cayr (7)) = —fa.

By applying the method of variation of parameters, we want to find the solution of problem (T.T), which
has a form

y(x,A) = c1(x, A)p(x, A) + Co(x, A)p(x, A). (3.16)
Then, we get the equations system
cr(x, A)p(x, A)Bo(x, A) = P(x, A)p(x)f (%),

c2(x,A)@(x, M) B (x,A) = ¢(x, A)p(x)f(x).
Using this system, we have

e ) = a(mA) = 557 [ B ASOe(0d (3.17)

ca(x,0) = 20,0) = 557 [ 2L MDD (3.18)
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Substituting the expression (3.17) and (3.18) into (3.16)), we find

¥(x,2) = 1(mA)g(x,A) + e 0,)9(x ) + [ Ralx ) fOp(D),

where
_ 1 [ yxAetA), <y

Rl t) = =37 { oL NP(tA),  E> 1.

Taking the boundary conditions (3.15), we have
__f1 __f3
c(mA) = AN c2(0,A) = A

Consequently,

_[" fa f3

v ) = [ RAGe OFOp(d+ 590 \) + 5700

is obtained. O

Theorem 3.1. The system of the eigenfunctions {¢(x,An)}, (n € Z) of boundary value problem (1.1),(1.2) is complete
in Ly, (0, 71;C?) & C2.

Proof. Taking into account and that (x,A,) = AEXA””) @(x,Ay). Using (3.12), (3.13) and this equality,
we get

Res w(x,0) = —-o(v a0 { [ aors (o0 — 5 - 5} 319)

A= n
Let F(x) € Ly,(0, 77;C?) & C? be such that

(F(0, p(x,An)) = [ AF It + - fa lbaga (0,0) + bugn (0,1)] +

1
i [c392 (70, An) + caqpr (1, An)] = 0.
It follows from the boundary conditions and that

b3 (0, An) + bagy (0, M) = —kq

and .
32 (71, An) + caq1 (71, An) = _l?z‘
n

Thus,
fa

(F(x),9e ) = [ 9(t M) f (Dot~ f = 4 =0
is found. From here and , Resy—,,y (x,A) = 0 is obtained. Hence, y(x, A) is entire function with respect
to A for each fixed x € [0, 7] . The following inequality is similarly obtained as in ([8], Lemma 1.3.2)
[AQ)] > [AP® Csexp(|ImA| () (3.20)
which is valid in the domain
Gs:={A:[A=Ay| =6, n=0,%1,+2..},

where J is a sufficiently small positive number. Taking into account the inequality (3.20) and the following
equalities (see [1])

lim max exp (— [ImA| u(x)) ‘ /0 “at ) f(t)p(t)dt' —0, (321)

[A| =00 0<x<7

lim max exp (— [ImA| (u(7) — p(x)))

[A| =00 0<x<7T

I lﬁ(t,?\)f(t)p(ﬂdt‘ —o, (3.22)

we have
lim max |y(x,A)| =0.

[A]—o0 0<x<T

Consequently, y(x,A) = 0. From (3.14) and (3.15), F(x) = 0 a.e. on (0, 77) is obtained. O
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Theorem 3.2. Let F (x) € D(L). Then the following expansion formula holds:

fx) = ). angp(x,An), (3.23)
f3= _i an [b392 (0, An) + bagr (0,An)], (3.24)
fa= _i an [b392 (70, An) + bagr (71, An)], (3.25)

where

an = (F(x), 9(x, An)) -

o7

The series converges uniformly with respect to x € [0, 7). The series - converges in Ly 4 (0, 71; C?) ® C? for
F(x) € Ly, (0, 7t; C?) & C? and Parseval equality

IF)>= Y aulanf® (3.26)
n=—oo
is valid.

Proof. Since ¢(x,A) and (x, A) are solution of the problem (1.1),(1.2),

V) = o) [ { =g s a0 | o

~agg ) [ {5 MB N0 | 0+ gt )+ Fpnn)

can be written. Integrating by parts and using the expression of Wronskian

V5 ) = =3 () = 32(5.2) + 06 ) + 9 ) (627)

is obtained, where

2(x,A) = A(l)\) {1p(x,)\) /O (6, VBF (Dt + o(x, A) /x” B(t, )BF (£)dt+

X T

+ () [ wnmnuvuwr+wnAyA1Mumoavawﬁ.
It follows from and that

lim max |z(x,A)| =0, A€ Gs. (3.28)

[A] =00 0<x<7T

Now, we integrate y(x, A) with respect to A over the contour I'y with oriented counter clockwise as follows:

1
Iv(x) = 5 j{_ y(x, A)dA,
N

1 C3b4 — C4b3>) 7T us }
I'n=<A:|A| = N—i—arctan( + ,
N { A ( T bscs +csby ) ) p(m)  2u(m)

N is sufficiently large natural number. Applying residue theorem, we have

where

N
In(x) = HEN Res y(x,4)
B N 1 T N f4 N f3
S M 2O R BIOLCL R Wi v LEZOES W v 1C20)
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On the other hand, taking into account the equation (3.27)

N
fx) =Y ang(x,An) +en(x) (3.29)
n=—N
is found, where
1 1
en(x) = ~5 7{"1\, Xz(x,/\)d)\
and
1 /7
m=— [ gt A FOp(0

From (3.28), limy_,comaxo<x<x [en(x)| = 0. Thus, by going over in (3.29) to the limit as N — oo the expansion
formula (3.23) with respect to eigenfunction is obtained. Since the system of {¢(x,A,)}, (n € Z) is complete
and orthogonal in Ly ,(0, 77; C?) @ C?, Parseval equality lb is valid. O
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