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Abstract

Separation axioms in ideal topological spaces are discussed in the literature. In this paper we define the
separation axioms in ideal topological spaces in a new way which is more natural than the previous versions
and discuss some properties. Also we discuss the relationship of our definition with other definitions and
prove some results in the context of separation axioms in ideal topological space. We show a property that
holds in ideal topological theory which does not hold in the classical theory of topology; and also we show a
property that holds in the classical theory that does not hold in the ideal topological theory.
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1 Introduction

Anideal on a set X is a nonempty collection Z of subsets of X which is closed under finite union such that
if AisinZ, then all subsets of A are also in Z. In 1944 Vaidyanathaswamy[12] introduced the concept of ideals
in topological spaces. Later the concepts were further studied and discussed by Kuratowski[8], Noiri[3] 5]
and many others[2} 6, 9]. If Z is an ideal on a topological space (X, T'), then we can construct a topology on X,
called *-topology, denoted by 7*. The triplet (X, T, Z) is called an ideal topological space.

In 1995, Dontchev[2] introduced the notion of I-Hausdorff space and Abd El-Monsef[1] developed the
notion of quasi-/-Hausdorff space in 2000. Later Nasef[9] has improved the concepts of [-Hausdorff space
and quasi- I-Hausdorff space. Further, Hatir and Noiri[4] introduced semi-I-Hausdorff space which is weaker
than Hausdorff space.

In the above stated, and in many other works, these concepts were developed using notions like Z-open,
semi-Z-open, quasi Z-open and so on. But a theory highlighting the topology 7" induced by an ideal Z
was developed in [11]]. In[1T], several ideals on the same topological space (X, 7 ) were considered and the
relationship among the topologies generated by these ideals were discussed.

In this paper we define a concept called .#-Hausdorffness, in the context of ideal topological spaces
slightly different from the definition available in the literature[2]. Also we define regular, normal spaces in
the context of ideal topological spaces and prove certain results similar to results available in classical theory.
We also prove that the intersection of two .#-Hausdorff topologies is an .#-Hausdorff topology, in contrast
to the classical result which states that the intersection of two Hausdorff topologies need not be a Hausdorff
topology. Further we show that the product of two .#-Hausdorff spaces need not be an .#-Hausdorff space,
in contrast to the classical result which states that the product of two Hausdorff spaces is a Hausdorff space.

In Section 2 we recall some definitions and results from the literature and prove certain results which we
need in the sequel; in Section 3 we define and discuss Hausdorffness in ideal topological spaces; in Section 4
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we define and discuss regularity and normality in the context of ideal topological spaces and finally we give
some concluding remarks.

2 Preliminary Definitions and Results

Let us start with the definition of an ideal in a topological space.

Definition 2.1. [12] Let X be any set. An ideal on X is a nonempty collection I of subsets of X satisfying the following.
i. fA,BeZ, then AUB €T
ii. fA€Zand BC A, then B € T.

If (X, T) is a topological space and T is an ideal on X, then the triplet (X, T, T) is called an ideal topological space or
ideal space.

Throughout this paper X, 7 and Z will denote, respectively a nonempty set, a topology on X and an ideal
on X. If (X, T) is a topological space and x € X, T (x) denote the collection {U € T /x € U} of all open sets
in (X, T') containing x. We denote the complement of A in X by A°. If X is any set, by &?(X) we denote the
collection of all subsets of X and call it as the power set of X. The definitions and results which are not stated
explicitly are as in [10].

A closure operator on a set X is a function from £ (X) to 2(X), taking A to A, satisfying the following
conditions: @ = @, A C A, A = Aforall A, and for any A and B, AUB = A U B. The above four conditions
are called Kuratowski closure axioms [7]]. If “—" is a closure operator on a set X, F is the family of all subsets
A of X for which A = A, and if T is the family of complements of members of F, then T is a topology on
X and A is the T -closure of A for each subset A of X. This topology is called the topology generated by the
closure operator “ —”

Definition 2.2. [8] For any subset A of X, define

AE“I,T) ={xeX/UNA¢&TforeveryU € T(x)}.

Let A= AU A?I e Then “ — " is a Kuratowski closure operator which gives a topology on X, called the topology
generated by I, and is denoted by Tz. This topology is also called *-topology or ideal topology.

Let (X, T') be a topological space. Then the following results hold trivially.
i fZ ={0},thenTz =T.
ii. If A €Z,then A* = @ and A is closed in (X, 77).

iii. If A is closed in 77, then A(*I ) C A.

-
iv. If 7y C 7, are two ideals on X then 77, C 7z,.

Now we prove a result which we use in the sequel.
Theorem 2.1. Let (X, T") be a topological space. Let T and T, be two ideals on X. Then Tz,nz, = Tz, N Tz,.

Proof. Since the intersection of two ideals is an ideal, 77,7z, is meaningful. AsZ; N1, C 7y and 7y N1, C 1o,
we have Tz,n7, C Tz, and T7,nz, € Tz,. Therefore T7,~7, C Tz, N Tz,.

Conversely, let us assume that V' € 7z, N7z, and let A = V. Then A is closed in 77, N 7z, and hence A
is closed in TIl and A is closed in 7}2. This implies that Ajll,T) C A and AZ‘I%T) C A. We aim to prove that A
is closed in 77,7z, It is enough to show that AE*I] Ty T) C A. Assume that x ¢ A. This implies that x ¢ Ale, -
and x ¢ AZFIz, - Then there exist open sets U and V in T containing x suchthat UNA € Z; and VN A € T5.

Letustake G=UNV.Clearly x € Gand G € 7. Also
GNA=UNV)NA=UNA)N(VNA) eI NI,

Thus there exists an open set G € 7 (x) such that GN A € Z; NZ,. Therefore x ¢ AZ‘I T and hence
12/

A(*IlﬂIQ,T) C A. This implies that A is closed in 77,~7,. Thus Tz, N Tz, C Tz,nz,- O
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We note that this result is not true in case of intersection of infinitely many ideals. If {Z,} is a collection of
ideals on (X, T'), then we have only 7nz, € N7z,. The equality holds if and only if (X, 7") is an Alexandroff
space[l11} Theorem 3.3].

3 Hausdorff Spaces in Ideal Topological Spaces

In this section we define Hausdorff space in the context of ideal topological spaces, compare it with the one
available in the literature and prove some results. We start with the definition of Z-open sets and Hausdorff
spaces in the context of ideal topological spaces given by Dontchev][2].

Definition 3.3. [3] Let (X, T,Z) be an ideal topological space. A subset A of X is said to be Z-open if A C int(A*).

Definition 3.4. [2] An ideal topological space (X, T ,Z) is called Z-Hausdorff if for every two distinct points x,y of X,
there exist disjoint Z-open sets U,V in (X, T ) such that x € Uandy € V.

According to this definition, if (X,7) is a topological space and if Z = Z(X), then (X, T) is not Z-
Hausdorff even if (X, 7') is Hausdorff. Indeed, if A is any subset of X, then A € Z and hence A* = @ which
implies that no set other than the empty set is Z-open; so one cannot find two disjoint Z-open sets containing
two distinct points. Furthermore, the set X = {1},cn U {0} under the usual metric of R is a metric space and
hence it is Hausdorff; but when Z = {@}, X is not Z-Hausdorff. Example 3.1 in [4] shows that an Z-Hausdorff
space need not be Hausdorff. So an Z-Hausdorff space need not be a Hausdorff space and a Hausdorff space
need not be an Z-Hausdorff space according to the definition available in the literature.

However, according to the theory of Z-Hausdorff space we are going to develop in this paper, every
Hausdorff space is an Z-Hausdorff space and there are Z-Hausdorff spaces which are not Hausdorff space. To
avoid confusions in the notations we write .#-Hausdorff instead of writing 7-Hausdorff in the new sense.

Definition 3.5. Let (X, T') be a topological space and L be an ideal on X. Then (X, T ) is said to be .#-Hausdorff with
respect to the ideal T if for every pair of distinct points x and y in X, there exist two open sets Uy and Uy in T such that
xel,yelandhNly € 1.

From the very definition itself, it follows that every Hausdorff space is .#-Hausdorff whatever be the ideal
Zonitas® € Z;if X = {1,2}, T = {9, X,{1}} and Z = {@,{1}}, then X is .#-Hausdorff with respect
to Z whereas it is not Hausdorff in the classical sense. Thus the class of .#-Hausdorff spaces is strictly larger
than the class of Hausdorff spaces. Whenever there is no ambiguity we just write .#-Hausdorff leaving the
tail “with respect to the ideal Z”.

In view of the discussion below Definition there are many .#-Hausdorff spaces in our context which
are not Z-Hausdorff space according to Definition Example 3.1 in [4] shows that an Z-Hausdorff space
need not be an .#-Hausdorff space in our context. From this we conclude that our definition of Hausdorffness
is different from, and more natural than, the one available in the literature.

Theorem 3.2. Let (X, T,Z) be an ideal topological space. Then X is .#-Hausdorff with respect to T if and only if the
following holds:

If x,y € X with x # y, then there exist sets V1, Vo € T and Iy, Iy € T suchthatx € V1 — L,y € Vo — I
and (Vl — 11) N (Vz — 12) el

Proof. Assume that X is .#-Hausdorff. Let x, y € X such that x # y. Since X is .#-Hausdorff, there exist open
sets V1 and V,in T such thatx € V, y € V and Vi NV, € Z. By taking I; = I, = @ we see that the statement
holds.

To prove the converse, let x,y € X such that x # y. Then there exist sets V1,V, € T and 1, I, € Z such
thatxe Vi — I,y € Vo — L and (Vi — 1) N (Vo — L) € Z. We claim that Vi NV, € 7.

As (Vl - 11) N (V2 - 12) = (Vl N Vz) - (Il U 12), we have

VinV,=[(Vi—h)N(Va=L)]u[(VinVz) N (I UL)].

Since I1, I, € Z,wehave LU, € Z. Since (ViNW)N (L UL) C (LUL)and (V; —L)N (Vo — 1) € Z, we
have V1NV, € Z. Thus X is .#-Hausdorff. O
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If Zisanidealonaset X andif Y C X, thenZy = {ANY /A€ Z}isanidealonY.

Theorem 3.3. If (X, T) is an . -Hausdor{f space with respect to the ideal Z and if Y C X, then (Y, Ty) is .#-Hausdorff
space with respect to the ideal Ty where Ty is the subspace topology on Y inherited from T.

Proof. Let y1, y2 € Y be such that y; # y,. Since X is .#-Hausdorff, there exist open sets Gy, G, in 7 such
thaty; € G1,y2 € Goand G1 NGy € Z. Let H = YN Gy and Hy = Y N Gy. Then H; and H; are open sets
in Ty containing y; and y; respectively. As H; N Hy = (G1 N Gy) NY, we have H; N Hy € Zy. Therefore Y is
#-Hausdorff with respect to the ideal Zy. O

In the crisp topological theory, the intersection of two Hausdorff topologies on a set X need not be
Hausdorff. That is, if 77 and 7, are two Hausdorff topologies on X, then 77 N 7, need not be Hausdorff. But
if 71 and 7, are Hausdorff topologies on a set X and if there exists a topology 7 and two ideals Z; and Z, on
X such that 71 = Tz, and T, = Tz, then 71 N T2 is a Hausdorff topology on X (See Theorem 3.6).

First we give a necessary and sufficient condition for a space (X, 7") to be .#-Hausdorff with respect to an
ideal Z.

Theorem 3.4. Let (X, T) be a topological space and T be an ideal on X. Then (X, T) is #-Hausdorff if and only if
(X, T7) is Hausdorff.

Proof. Let x and y be two distinct points in an .#-Hausdorff space (X, 7). Then there exist open sets U
and Vin 7 such thatx € U,y € Vand UNV € Z. Letus take U; = U— (UNV)—{x}) and Uy =
V—-((UNV)—{y}). Clearly x € Uy and y € Up. SinceUNV € Z, (UNV) — {x} € Z; therefore it is closed
in 77 and hence Uj is open in 77. Similarly U, is open in 77. Thus we get two open sets U; and U, in 77 such
that x € Uy, y € Uy and Uy N U, = @. Therefore, (X, 77) is Hausdorff.

Conversely, let x and y be two distinct points in (X, 7). Since (X, 77) is Hausdorff, there exist open sets U
and Vin Tz suchthatx € U,y € Vand UNV = @. As U € Tz, U° is closed in 77 and hence (U)* C U°.
Since x ¢ U, we have x ¢ (U°)*. Thus there exists U; € 7T containing x such that U; N U° € Z. Let
L =y NUC Clearly x € Uy — I; C U. Similarly there exists Uy € 7T and I, € Zsuchthaty € U — L, C V.
Since UNV =@, wehave (U; — L) N (U — L) = @. It follows that Uy N U, € I} U I, and hence U; NU, € 7.
Thus we get open sets Uy and U in 7 such that x € Uy, y € Uy and Uy NU, € Z. Therefore (X, T) is
#-Hausdorff. O

Theorem 3.5. Let Z; and I, be ideals on (X, T). If (X, T') is .#-Hausdorff with respect to Z; and I, then (X, T) is
& -Hausdorff with respect to the ideal T; N 1.

Proof. Let x and y be two distinct points in (X,7). By Theorem (X,7z,) and (X, 7z,) are Hausdorff.
Since (X, Tz,) is Hausdorff, as in the proof of Theorem there exist Uy, Vp € T and I, J; € Z; such that
xel—hL,yeVi—Jiand (U — L) N (V= J1) = @. Similarly there exist Uy, Vo € T and I, J, € Z such
thatx e Uy — L,y € Vo — Jo and (UZ*IZ)H (Vz*]z) = Q.

Let Wiy = UjNlyand Wy, = Vi NV, Clearly x € Wi, y € Wy and Wi, W, € T. LetI = (I] Uh) N
(LUJ). Sincel C hUJ;and I C LU J,, we have I € Z; NZ;. We claim that Wy NW, € Z; NZ,. As
(LI1 —Il)ﬂ(Vl —]1) = @ and (Uz—lz)ﬂ(VZ—fg) =@, wehave 1 NV; C HUJjand U, NV, C LU J5.
Since W1 N W, = (U7 N'Vy) N (U N V,), we have Wy N W, C I and hence Wy N W, € 77 NZ,. Therefore (X, T)
is .#-Hausdorff with respect to the ideal Z1 N Z,.

O

Theorem 3.6. Let 71 and T, be Hausdorff topologies on a set X. Let there be a topology T and two ideals Ty and T, on
X such that Ty = Tz, and T, = Tz,. Then Ty N T, is a Hausdorff topology on X.

Proof. Since Ty = Tz,, T2 = Tz,, by Theorem (X, T) is #-Hausdorff with respect to the ideals Z; and 7.
Also by Theorem (X, T) is #-Hausdorff with respect to the ideal Z; N Z; by Theorem (X,Tz,n1,) 18
Hausdorff. By Theorem Tz,nz, = Tz, N T1,. Therefore (X, Tz, N Tz,) is Hausdorff. In other words, 7; N 7>
is a Hausdorff topology on X. O

If o7 and & are collections of subsets of X and Y, then the collection & x Z = {Ax B/ A € «/,B € #}
is called the product of &7 and . If Z; and I, are ideals on X and X5, then Z; X 7, need not be an ideal on
X; x Xp. Indeed, if X = {1,2,3},Z = {®,{1},{2},{1,2} },thenZ x Zisnotanidealon X x X as {(1,1),(2,2)}
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is not in Z x Z whereas {(1,1)},{(2,2)} are in Z x Z. However with ideals Z; on X and 7, on Y we can
associate an ideal Z; ® 7, on X X Y in a natural way. The ideal Z; ® 75 is in fact the smallest ideal containing
7, x I, which can be obtained as the intersection of all ideals containing 77 x Z,.

It is well known that the product of two Hausdorff spaces is a Hausdorff space in crisp topological theory.
But this is not true in ideal topological theory. That is, if (X1, 77) is .#-Hausdorff with respect to the ideal Z;
and (X, 7>) is #-Hausdorff with respect to the ideal 7, then (X; X Xp, 71 x 72) need not be .#-Hausdorff
with respect to the ideal Z; ® 7 as seen in the following example.

Example 3.1. Let X1 = {1,3}, Xo = {1,4}; let Ty = {D, X1, {1}}, To = {©D, Xo, {1} }; then Ty and T, are topologies
on Xy and Xp; let Ty = {@,{1}}, I, = {@, {1}}; then I, and I, are ideals on X7 and X. Clearly the product topology
T1 x T5 is the collection

{0, X1 x X, {(1, D },{(1,1), (L4}, {(1,1), 3,1}, {(1,1),(1,4),(31)}}

and the ideal Ty ® T is the collection {@,{(1,1)}}. As we cannot separate the points (1,4) and (3,4), X1 x Xy is not
& -Hausdorff with respect to the ideal T; @ 1.

We note an interesting observation in the comparison of Hausdorff theory between the crisp and ideal
topological theory. One point sets in Hausdorff spaces are closed in crisp theory whereas it is not so in the
theory of ideal topology. For example, if X = {1,2,3}, T = {9, X, {1},{1,2}} and Z = {®, {1}, {2}, {1,2}},
then {1}, {2} are not closed in (X, T); but X is .#-Hausdorff with respect to Z.

4 Regular and Normal Spaces

Now we define regular and normal space in the context of ideal topological spaces and prove some results.

Definition 4.6. Let (X, T") be a topological space and Z be an ideal on X. Let singleton sets be closed in X. Then (X, T)
is said to be ¥ -regular with respect to the ideal T if given x € X and a closed set B not containing x, there exist two
open sets Uy and Uy in T such that x € Uy, B C Upand Uy NUp € I.

As @ € I, every regular space is .#-regular with respect to the ideal Z whatever be the ideal Z. An
#-regular space with respect to an ideal Z need not be regular. For example, any uncountable set X with
cocountable topology is not regular; but it is .#-regular space with respect to the ideal Z where Z = 2 (X).

In Theorem 3.4 we have proved that a space (X, T) is .#-Hausdorff with respect to the ideal Z if and only
if (X, 7T7) is Hausdorff. But in the case of regular spaces it is not so. That is, if (X, T') is .#-regular with respect
to an ideal Z, then (X, 77) need not be regular. For example, in R with usual topology, let Z be the collection
of all subsets of {1, 3, %, -+ }. Since R with usual topology is regular, it is .#-regular with respect to the ideal
Z; but it is not Tz-regular because we cannot separate the point 0 and a closed set {1, %, %, .-+ }. However,
(X, T7) is regular if the following additional condition is satisfied.

C1: Forany A € 7 and x ¢ A, there exists U in 7 such that x € U and UNA=0Q.

Theorem 4.7. If (X, T') is .7 -reqular with respect to the ideal T and if C1 holds, then (X, T7) is regular.

Proof. Let F be closed in 77 and x ¢ F.

Suppose F is closed in T, by .#-regularity, there exist Uy, Uy € T suchthatx € Uy, FC Upand U1 NUp €
7. If needed replacing U; by U; N F°, wecanassume U1 NF =@. Let [ =U; NUy, Vi =Ujand Vo = Up — L.
Since INF = @and F C Uy, F C V,. Clearly V; NV, = @. Thus we obtained two open sets Vi, V; in Tz such
thatx € V3, F C Va and V3 NV, = @. Hence (X, 77) is regular in this case.

Now we prove the general case. Since F is closed in 77, we have F (*z, n S F and hence x ¢ F (2, - Then
there exists U € T (x) suchthat UNF € Z. Let = UNFand F; = F — I. Clearly UNF; = @. Let F, be the
closure of F; with respect to 7. Since x € U and UN F; = @, we have x ¢ F,. Therefore F, is closed set in
T such that x ¢ F,. By the particular case discussed above, there exist V1, V, € Tz suchthatx € V4, F, C V;
and VNV, = @. Since x ¢ I € 7, by the condition C1, there exists an open set U € 7T such that x € U and
UNI=Q®.Letustake W; = Uand W, = U". Alsox € W, I C Wo and Wy N W, = @. Let G; = V; N W; and
Gy = VL UW,. Clearly x € Gy and G1 NGy = @. Since F, C V, and I C W,, we have F C G;. Thus we get
open sets G, Gy in 77 such that x € Gy, F C G, and G; N Gy = @ and hence (X, 77) is regular. O
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We can weaken condition C1 by the following condition:
C2: Forany A € Tand x ¢ A, thereexist U,V € Trsuchthatx e U, AC Vand UNV = .

Theorem 4.8. If (X, T) is .#-reqular with respect to the ideal T and if C2 holds, then (X, T7) is regular.

If x ¢ I € Z, by the condition C2, there exist Wy, W, in Tz such that x € Wy, I C Wy and Wy NW, = @.
Replacing the sets W; and W, in the proof of Theorem [4.7]by these W; and W, we get the proof.

If U is a set that exists in condition C1, then U and U" serve as the open sets in condition C2. Thus C2 is
weaker than C1. The following example shows that C2 is strictly weaker than C1.

Example 4.2. Let X = {1,2,3,4},7 = {0, X, {1}, {2}, {1,2}} and T = {@,{1},{2},{1,2}}. Let A = {2},
x = 3. As the only open set containing x in T is X, condition C1 is not satisfied whereas it is easy to verify that
condition C2 is satisfied.

The following theorem can be proved analogous to Theorem 3.2]

Theorem 4.9. Let T be an ideal on (X, T). Then X is .#-regular with respect to L if and only if the following holds:
If x € X and a closed set B not containing x, then there exist sets V1,V, € T and I, I € I such that x €
i—L,BCV,—DLand (Vl 711) N (Vz *12) e

Theorem 4.10. Let Zy and I, be ideals on (X, T). If (X, T) is .7 -regqular with respect to Iy and I, then (X, T ) is
J-regular with respect to the ideal Ty N I.

Proof. Let x € X and B a closed set in (X, 7') not containing x. Since X is .#-regular with respect to Z;, there
exist two open sets Uj, V1 in T such that x € Uy, B C Vj and U; N Vp € Z;. Similarly there exist two open sets
Up, Voin T such thatx € Up, BC Vaand Up NV, € Iy LetU = Ui NUpand V = V4NV, Clearly x € U
and BC V.SinceUNV = (U3 NV;)N(UxNV,), wehave UNV € T3 NZ,. Thus there exist two open sets U,
Vin T suchthatx € U, B C Vand UNV € Z3 NI, and hence (X, T) is .#-regular with respect to the ideal
1N I,.

O

Theorem 4.11. Let (X, T,Z) be an ideal topological space. If X is an % -reqular space with respect to Z and if Y C X,
then (Y, Ty) is #-reqular space with respect to the ideal Ty where Ty is the subspace topology on'Y inherited from T

Proof. Let A be a closed set in (Y,7y) and x ¢ A. Since A is closed in Y, we have A = Y N F where F
is closed in X. As F is closed in X and x ¢ F, there exist Uy, U, in 7 such that x € U;, F C U, and
UiNnyeZ LetVy =YNUyand V, = YN U,. Clearly x € V4, A C V, and V4, V; are open sets in Ty. As
ViNnV, = (U;NUp) NY, wehave V1 NV, € Zy. Therefore Y is .#-regular with respect to the ideal Zy. O

Theorem 4.12. Every .¥-regular space is % -Hausdorff space with respect to the same ideal.
Now we define normal space in the context of ideal topological spaces and prove some results.

Definition 4.7. Let (X, T") be a topological space and T be an ideal on X. Let singleton sets be closed in X. Then (X, T)
is said to be .7 -normal with respect to the ideal I if given two disjoint closed sets A and B, there exist two open sets U
and Uy in T such that A C Uy,BC Upand U1 NU, € Z.

As @ ¢ 1, every normal space is .#-normal space with respect to the ideal Z whatever be the ideal Z on
X. The converse is not true. For example, any infinite set X with cofinite topology is not normal; but it is
#-normal space with respect to the ideal Z where Z = 2(X).
The following theorem can be proved analogous to Theorem

Theorem 4.13. Let (X,T,Z) be an ideal topological space. Then X is .%-normal with respect to T if and only if the
following holds:

If A and B be two closed sets such that AN B = @, then there exist sets V1,V, € T and 11,1, € 1 such that
ACV,—1,BCV,—1Iand (V1 —Il)ﬂ(VZ—Iz) el

The following theorem can be proved analogous to Theorem [4.10]
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Theorem 4.14. Let 7y and I, be ideals on (X, T). If (X, T) is #-normal with respect to Iy and I, then (X, T ) is
& -normal with respect to the ideal 1y N 1,.

Theorem 4.15. Every .#-normal space is .#-regular with respect to the same ideal.

Theorem 4.16. Let (X,T,Z) be an ideal topological space. If X is an .#-normal space with respect to Z and if Y is a
closed subset of (X, T), then (Y, Ty) is .#-normal with respect to the ideal Iy where Ty is the subspace topology on Y
inherited from T.

Proof. Let Y be a closed subset of X and let A and B be disjoint closed sets in (Y, 7y). Then A and B are
disjoint closed sets in (X, 7). By .#-normality, there exist U, Uy in 7 such that A C U;, B € U and
UiNnteZ LetVi =YNU;and V, = YN U,. Clearly A C Vi, B C V, and Vj, V; are open sets in Ty. As
VinV, = (U;NnUy) NY, wehave V4 NV, € Zy. Therefore Y is .#-normal with respect to the ideal Zy. O

Conclusion

We defined and discussed the separation axioms in ideal topological spaces in a new way which is more
natural than the previous versions. We proved a property that holds in ideal topological theory which does
not hold in the classical theory of topology and also established a property that holds in the classical theory
which does not hold in the ideal topological theory. This makes the ideal topological theory interesting and
independent. Many concepts available in the classical theory may be discussed using the theory developed in
this paper.
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