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Abstract

A set F of a graph G(V, E) is an edge dominating set if every edge in E − F is adjacent to some edge in
F. An edge domination number γ

′
(G) of G is the minimum cardinality of an edge dominating set. An edge

dominating set F is called a cototal edge dominating set if the induced subgraph 〈E − F〉 doesnot contain
isolated edge. The minimum cardinality of the cototal edge dominating set in G is its domination number
and is denoted by γ

′
cot(G). We investigate several properties of cototal edge dominating sets and give some

bounds on the cototal edge domination number.
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1 Introduction

Let G(V, E) be a graph with p =| V | and q =| E | denoting the number of vertices and edges respectively.
All the graphs considered here are finite, non-trivial, undirected and connected without loops or multiple
edges.

The degree of a vertex u is denoted by d(u). The degree of an edge e = uv of a graph G is the number
defined by deg(e) = degu + degv− 2. The minimum(maximum) degree of an edge is denoted by δ

′
(∆
′
). The

induced subgraph of X ⊆ E is denoted by 〈X〉. For a real number x, bxc denotes the greatest integer less than
or equal to x and dxe denotes the smallest integer greater than or equal to x. An edge independence number
β1(G) is defined to be the number of edges in a maximum independent set of edges of G. A vertex of degree
one is called a pendant vertex. An edge incident to pendant vertex is called the pendant edge. Let Ω1(G)

be the set of all pendant edges of G. As usual, Pp, Cp and Kp are respectively the path, cycle and complete
graph of order p. Km,n is the complete bipartite graph with two partite sets containing m and n vertices. Let
t ≥ 3, n ≥ 1 be two integers. We denote by Wn

t the graph Ct + Kn as a generalized wheel. Note that for
n = 1, W1

t = K1 + Cn−1 is a wheel. Br,s is a graph obtained by joining the centres of two stars K1,r and K1,s
by an edge called as Bistar or double star. The subdivision graph of a graph G, denoted by S(G), is a graph
obtained from G by deleting every edge uv of G and replacing it by a vertex w of degree 2 that is joined to u
and v.

Let G(V, E) be a connected graph. A subset S of V is called a dominating set of G if every vertex in
V − S is adjacent to at least one vertex in S. The concept of edge domination was introduced by Mitchell and
Hedetniemi [5, 7].

Definition 1.1. A subset F of E is called an edge dominating set of G if every edge not in F is adjacent to some edge
in F. The minimum cardinality of an edge dominating set of G is called an edge domination number and is denoted by
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γ
′
(G).

Definition 1.2. A dominating set D of G is a cototal dominating set if the induced subgraph 〈V − D〉 has no isolated
vertices. The cototal domination number γcot(G) of G is the minimum cardinality of a cototal dominating set.

This concept was introduced by Kulli, Janakiram and Iyer in [6]. Any undefined term or notation in this
paper can be found in Harary [4]. We need the following Theorems for our study on cototal edge domination
number.

Theorem 1.1. [3] For every n, γ
′
3,n = n .

Theorem 1.2. [2] For any connected graph G of even order p, γ
′
(G) = p/2 if and only if G is isomorphic to Kp or

Kp/2,p/2 .

In this paper, we determine the relation among the graph parameters, like edge independent number,
maximum edge degree and cototal edge domination number of a graph. We have also derived some relations
to determine cototal edge domination number of graph obtained by adding end edges to cycle, cartesian
product, subdivision of graphs, corona and join of graphs.

Definition 1.3. A set F ⊆ E(G) is said to be cototal edge dominating set if F is an edge dominating set and induced
subgraph 〈E− F〉 has no isolated edges. The minimum cardinality of cototal edge dominating set in G is the cototal edge
domination number and is denoted by γ

′
cot(G) of G.

2 Main results

We list out cototal edge domination number of some standard graphs.

Theorem 2.1.

1. For any spider G, the cototal edge domination number, γ
′
cot(G) = |Ω1(G)|.

2. For any octopus G, the cototal edge domination number, γ
′
cot(G) = |Ω1(G)|+ 2.

3. For any generalized wheel Wn
t , with t ≥ 3, γ

′
cot(W

n
t ) = dt/2e.

4. For any wheel Wn, with n ≥ 3, γ
′
cot(Wn) = dn/2e.

Theorem 2.2. For any path Pp with p ≥ 5, the cototal edge domination number,

γ
′
cot(Pp) =

{
b p

3 c+ 2 if p ≡ 1(mod3),

b p
3 c+ 1 if p ≡ 0 or 2(mod3).

Proof. Let Pp : v1, v2, ..., vp be any path and let ei = vivi+1 be an edge. Let

S1 =


S if p ≡ 2(mod3),

S ∪ {ep−1} if p ≡ 0(mod3),

S ∪ {ep−1, ep−2} if p ≡ 1(mod3).

be an edge set where S = {ej : j = 3k + 1 for 0 ≤ k ≤ d p
3 e − 1}. Clearly S1 is an edge dominating set and the

induced subgraph 〈E− S1〉 has no isolated edges. Therefore |S1| will be the cototal edge dominating set with
minimum cardinality. Hence the proof.

Theorem 2.3. For any cycle Cp with p ≥ 3, the cototal edge domination number,

γ
′
cot(Cp) =


b p

3 c if p ≡ 0(mod3),

b p
3 c+ 1 if p ≡ 1(mod3),

b p
3 c+ 2 if p ≡ 2(mod3).
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Proof. Let Cp : v1, v2, ..., vp be any cycle and let ei = vivi+1 be an edge. Let

S1 =

{
S if p ≡ 0 or 1(mod3),

S ∪ {ep} if p ≡ 2(mod3).

be an edge set where S = {ej : j = 3k + 1 for 0 ≤ k ≤ d p
3 e − 1}. Clearly S1 is an edge dominating set and the

induced subgraph 〈E− S1〉 has no isolated edges. Therefore |S1| will be the cototal edge dominating set with
minimum cardinality. Hence the proof.

Theorem 2.4. For any complete graph Kp with p ≥ 3 vertices, the cototal edge domination number, γ
′
cot(Kp) = b p

2 c.

Proof. Let S be a maximum matching of Kp. We know that the edge independence number β1(G) of a graph
G is the maximum cardinality of an independent set of edges. Furthermore for an integer p ≥ 3 and integers
m and n with 1 ≤ m ≤ n, we have β1(Kp) = b p

2 c. Clearly S is an edge dominating set. Also the induced
subgraph 〈E− S〉 has no isolated edges. Therefore S is a cototal edge dominating set of Kp.

γ
′
cot(Kp) = |S|,

=
⌊ p

2

⌋
.

Hence the proof.

Corollary 2.1. Let G
′

be a graph obtained from Kp by adding the pendant edges to the vertices of Kp. Then the cototal
edge domination number,

γ
′
cot(G

′
) =

{
γ
′
cot(Kp) if p is even,

γ
′
cot(Kp) + 1 if p is odd.

Theorem 2.5. For any complete bipartite graph Km,n with 2 ≤ m ≤ n the cototal edge domination number, γ
′
cot(Km,n)

= m.

Proof. Let v be any vertex on Km,nsuch that deg(v) = min(m, n). Let S be the set containing all the edges
incident on v. It is clear that S is an edge dominating set. Also the induced subgraph 〈E− S〉 does not contain
an isolated edge. Thus S is a cototal edge dominating set and the minimal cardinality |S| of S will be the
cototal edge domination number. Thus

γ
′
cot(Km,n) ≤ |S|,

= deg(v).

Therefore γ
′
cot(Km,n) = m. Hence the proof.

Theorem 2.6. Let F be a cototal edge dominating set of a connected graph G with p ≥ 5 vertices. Then every pendant
edge e = uv with degree(support vertex) = 2 is in F.

Proof. Let e = uv be a pendant edge with degree of support vertex v is 2. Suppose e /∈ F and e1 ∈ N(e).
Since F is a dominating set we have e1 ∈ F. Also the induced subgraph 〈E− F〉 contains an isolated edge, a
contradiction. Therefore every pendant edge with degree of support vertex equal to two, is in F. Hence the
proof.

The following Theorem gives a sharp upper bound for the cototal edge domination number of G.

Theorem 2.7. For any connected graph G with δ(G) > 2, the cototal edge domination number, γ
′
cot(G) ≤ β1(G).

Proof. Let G be a graph with δ(G) > 2. Let S be an edge independent set in G such that |S| = β1(G). Clearly
every edge e1 ∈ E− S is adjacent to atleast one edge of S. Hence S is an edge dominating set. Since δ(G) > 2,
the induced subgraph 〈E− S〉 is connected. Therefore S is a cototal edge dominating set. Hence γ

′
cot(G) ≤

β1(G). Hence the proof.

Let S = {e1, e2, · · · es} be a set of non-adjacent edges to e. The characterization of all graphs for which
γ
′
cot(G) = q−4′ seems to be a difficult problem. In the next Theorem, we characterize few graphs for which

γ
′
cot(G) = q−4′ .
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Theorem 2.8. Let G be a graph with δ(G) ≥ 2 and e = uv with d(u), d(v) ≥ 3 be an edge with maximum degree.
Then γ

′
cot(G) ≤ q−4′(G).

Proof. Let e = uv be an edge with maximum degree. Let E1 = {e1, e2, · · · er} be the set of edges adjacent
to e. Then F = E − E1 is an edge dominating set and since δ(G) ≥ 2 the induced subgraph 〈E − F〉 has no
isolated edges. Therefore F is a cototal edge dominating set of G. Hence |F| ≤ |E| − |E1|. Therefore γ

′
cot(G) ≤

q−4′(G). Equality holds in the following cases:

Case i) S = 0.
Let e = uv be an edge with maximum degree. Since d(u), d(v) > 2, the induced subgraph 〈E− {e}〉 has
no isolated edges. Because there are no non-adjacent edges to e and all the edges in G are dominated by
{e}. Therefore F = {e} is a cototal edge dominating set. Hence
γ
′
cot(G) = q−4′(G).

Case ii) |S| = 1.
Let e = uv be an edge with maximum degree. Since there is only one edge e1 not adjacent to e, we get
F = {e} ∪ {e1} as an edge dominating set. Also 〈E− F〉 has no isolated edges. Therefore F is a cototal
edge dominating set. Hence γ

′
cot(G) = q−4′(G).

Hence the proof.

Corollary 2.2. If degree of each vertex in 〈S〉 is one and for all w− {u, v} in V(G), the other end vertices of the edges
not in S are either u or v then
γ
′
cot(G) = q−4′(G)− 1.

�

Let e = uv be an edge satisfying d(e) = q − 1. Let H be a family of graphs isomorphic to K1,r, Br,s, where
r, s ≥ 3, the graphs formed by adding P3 to Br,s such that end vertices of P3 is u and v or the graph G ′′ formed
by adding P3 to Br,s and removing pendant edges adjacent to u or adjacent to v or both of Br,s. Few graphs
which belong to G ′ or G ′′ are shown in Figure 1. Now we have the following Theorem.

Figure 1: Illustration for the familyH

Theorem 2.9. The cototal edge domination number ofH is one if and only if the graph belongs toH.

Proof. The inequality 1 ≤ γ
′
cot(H) is obvious. If there exists an edge e = uv ∈ H where d(e) = q − 1 then

γ
′
cot(H) = 1. Assume γ

′
cot(H) = 1. Then F = {e1} is a minimum cototal edge dominating set of G. Since F

is a dominating set of G, e1 must be an universal edge which belongs to the family H. If e /∈ H then there
is a possibility where the induced subgraph 〈E − F〉 contains an isolated edge. It is a contradiction to the
definition of cototal edge dominating set. Therefore e ∈ H. Hence the proof.
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The following Theorem relates γ
′
cot of few standard graphs G with their

subdivision graph S(G) in terms of vertices.

Theorem 2.10. For any path Pp, γ
′
cot(Pp) + γ

′
cot(S(Pp)) ≤ p + 3.

Proof. Let S be the γ
′
cot set of Pp. Therefore by Theorem 2.2,

γ
′
cot(Pp) = |S| (2.1)

Let S
′

be its γ
′
cot set of subdivision of Pp. Then by Theorem 2.2 we get

γ
′
cot

(
S(Pp)

)
= |S′ | that is

γ
′
cot(S(Pp)) =


2p
3 if p ≡ 0(mod3),⌊

2p
3

⌋
+ 2 if p ≡ 1(mod3),⌊

2p
3

⌋
+ 1 if p ≡ 2(mod3).

(2.2)

Consider a particular case where p ≡ 1(mod3). Adding equations (2.1) and (2.2), we get

γ
′
cot(Pp) + γ

′
cot(S(Pp)) = |S|+ |S

′ |,

=
⌊ p

3

⌋
+
⌊2p

3

⌋
+ 4,

≤ p + 3.

The other two cases are obvious. Hence the proof.

Theorem 2.11. For any Cycle Cp , γ
′
cot(Cp) + γ

′
cotS((Cp)) ≤ p + 2.

Proof of this Theorem is similar to the Theorem 2.10.

�

The corona G = H ◦ K1 is a graph constructed from a copy of H, where for each vertex v ∈ V(H), a new
vertex v

′
and a pendant edge vv

′
are added. The following Theorem gives a sharp bound for the cototal edge

domination number of (Gp1 ◦ Gp2).

Theorem 2.12. Let G be a connected graph with p1 vertices and K1,p2 be any star. The cototal edge domination number
of the corona of G and K1,p2 , is given by γ

′
cot(G ◦ K1,p2) = p1.

Proof. Let ui ∈ V1 for 1 ≤ i ≤ p1 be a vertex set of G and v be a support vertex of K1,p2 . Let S = {uiv : ∀ui ∈ G}
be an edge set in the corona (G ◦ K1,p2). Then S is a minimum edge dominating set of (G ◦ K1,p2). Clearly the
induced subgraph 〈E − S〉 does not contain any isolated edge. Hence S = {e1, e2 · · · ep1} is a cototal edge
dominating set with minimum cardinality. Therefore
γ
′
cot(G ◦ K1,p2) = p1. Hence the proof.

Theorem 2.13. Let G1(p1, q1) and G2(p2, q2) be two connected graphs. The cototal edge domination number of the
corona of G1 and G2, is given by γ

′
cot(G1 ◦ G2) ≤ p1 + p1b p2

2 c. Equality holds if G2 is either a cycle or a complete
graph.

Proof. Let ui ∈ V1 for 1 ≤ i ≤ p1 and let vj ∈ V2 for 1 ≤ j ≤ p2 be the vertex set of G1 and G2 respectively.
Let S = {uivk : ∀ui ∈ G1 and any one vertex vk ∈ V2} be an edge set in the corona (G1 ◦ G2). Let E1 be an
edge dominating set for the graph G2. Then set S along with p1 copies of E1 in the corona will form an edge
dominating set F of (G1 ◦ G2). Clearly 〈E− F〉 doesnot contain isolated edges. Therefore

γ
′
cot(G1 ◦ G2) ≤ |S|+ p1(|E1|),

≤ p1 + p1

⌊ p2

2

⌋
.

Hence the proof.
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For disjoint graphs G1 and G2, the join G = G1 + G2 is the graph with V(G) = V(G1) ∪ V(G2) and
E(G) = E(G1) ∪ E(G2) ∪ {uv : u ∈ V(G1) ∧ v ∈ V(G2)}. In the following Theorem we give the result on the
join of two paths.
Let ε = 2p1 − p2 be a constant used in the Theorem below.

Theorem 2.14. Let Pp1 and Pp2 be any two paths of order p1, p2 respectively. Then the cototal edge domination number,

γ
′
cot(Pp1 + Pp2) ≤

d
p2
2 e+

⌈
p1−b

p2
2 c

2

⌉
for ε > 0,

p1 +
p2−2p1

2 for ε ≤ 0.

Proof. Let Pp1 and Pp2 be the two paths labelled in order as u1e1u2e2 · · · up1−1

ep1−1up1 and v1e
′
1v2e

′
2 · · · vp2−1e

′
p2−1vp2 respectively. Let us consider the following cases:

Case i) Suppose ε > 0.
Choose an edge set E1 = {uiv2i : 1 ≤ i ≤ b p2

2 c}. Then |E1| = b p2
2 c. Let E2 be the set of alternate edges in the

path up1 , up1−1, · · · , ub p2
2 c

in order such that |E2| =
⌈

p1−b
p2
2 c

2

⌉
. Then E1 ∪ E2 forms a cototal edge dominating

set in the join of the two paths Pp1 and Pp2 . Thus

γ
′
cot(Pp1 + Pp2) ≤ |E1|+ |E2|,

≤
⌊ p2

2

⌋
+
⌈ p1 − b p2

2 c
2

⌉
.

Case ii) Suppose |ε| ≤ 0.
Choose an edge set E

′
1 = {uiv2i : 1 ≤ i ≤ p1} then |E′1| = p1. Let E

′
2 be the edge dominating set of the path

v2p1+1, · · · vp2 in order such that |E′2| = d
p2−2p1

2 e. Thus E
′
1 ∪ E

′
2 forms a cototal edge dominating set in the join

of the two paths Pp1 and Pp2 . Thus

γ
′
cot(Pp1 + Pp2) ≤ |E

′
1|+ |E

′
2|,

≤ p1 +
⌈ p2 − 2p1

2

⌉
.

Hence the proof.

In the following Theorem we give the result on the join of two cycles.

Theorem 2.15. Let Cp1 and Cp2 be any two cycles of order p1, p2 respectively. Then the cototal edge domination number,

γ
′
cot(Cp1 + Cp2) ≤

d
p2
2 e+

⌊
p1−d

p2
2 e+1

2

⌋
for ε ≥ 0,

p1 + d ε
3e for ε < 0.

Proof. Let Cp1 and Cp2 be the two cycles labelled in order as, u1e1u2e2 · · · up1

ep1 u1 and v1e
′
1v2e

′
2 · · · vp2 e

′
p2

v1 respectively. Let us consider the following cases
Case i) Suppose ε ≥ 0.
Consider the edge set E1 = {uiv2i−1 : 1 ≤ i ≤ d p2

2 e}. Let E2 be the set of alternate edges in the path

ud p2
2 e+1, ud p2

2 e+2, · · · up1 , u in order such that |E2| =
⌈

p1−d
p2
2 e+1

2

⌉
. Then E1 ∪ E2 forms a cototal edge

dominating set in the join of two cycles Cp1 and Cp2 . Thus

γ
′
cot(Cp1 + Cp2) ≤ |E1|+ |E2|,

≤
⌈ p2

2

⌉
+
⌊ p1 − d p2

2 e+ 1
2

⌋
.

Case ii) Suppose |ε| < 0.
Choose an edge set E

′
1 = {uiv2i−1 : 1 ≤ i ≤ p1} then |E′1| = p1. Let E

′
2 be the edge dominating set in the path

v2p1 , v2p1+1, · · · vp2 in order such that |E′2| = d
p2−2p1

3 e. Thus E
′
1 ∪ E

′
2 forms a cototal edge dominating set in the

join of the two cycles Cp1 and Cp2 . Thus

γ
′
cot(Cp1 + Cp2) ≤ |E

′
1|+ |E

′
2|,

≤ p1 +
⌈ p2 − 2p1

3

⌉
.
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Hence the proof.

In the following two Theorems we are adding K2 to a cycle Cp. For an edge e = uv of a graph G with
deg(u) = 1 and deg(v) > 1, we call e an end edge and u an end vertex.

Theorem 2.16. Let G
′

be the graph obtained by adding k end edges u1vj for j = 1, 2, · · · k to a cycle Cp where u1 ∈ Cp

and {v1, v2, · · · vk} /∈ Cp. Then the cototal edge domination number, γ
′
cot(G

′
) = d p

3 e.

Proof. Let Cp : u1, u2, · · · , up be a cycle with p vertices and G
′

be the graph obtained by adding k end edges
{u1v1, u1v2, · · · u1vk} such that u1 ∈ Cp and {v1, v2, · · · vk} /∈ Cp. Let ei = uiui+1 be an edge on cycle.
Let S = {ej : j = 3l + 1 for 0 ≤ l ≤ b p

3 c − 1} and

S1 =

{
S if p ≡ 0 or 2(mod3),

S ∪ {ep−2} if p ≡ 1(mod3).

be an edge set on S. Then S1 is an edge dominating set and the induced subgraph 〈E− S1〉 doesnot contain
isolated edges. Therefore S1 is a cototal edge dominating set and |S1| will be the cototal edge domination
number for the graph G

′
. Hence the proof.

Theorem 2.17. Let G
′

be the graph obtained by adding k end edges uivj to a cycle Cp with d(ui) ≥ 3 where ui ∈ Cp,
for i = 1, 2, · · · p, vj /∈ Cp for j = 1, 2, · · · k. Then the cototal edge domination number, γ

′
cot(G

′
) = d p

2 e.

Proof. Let Cp : u1, u2, · · · , up be a cycle and G
′
be the graph obtained by adding k end edges uivj where ui ∈ Cp

for i = 1, 2, · · · p and vj /∈ Cp for j = 1, 2, · · · k. Let ei = uiui+1 be an edge of G
′
.

Let S = {ej : j = 2l + 1 for 0 ≤ l ≤ b p
2 c − 1} and

S1 =

{
S ∪ {ep−1} if p ≡ 0(mod2),

S ∪ {upv1} if p ≡ 1(mod2).

be an edge set of G
′
. Then S1 is an edge dominating set and the induced subgraph 〈E− S1〉 doesnot contain

isolated edges. Therefore S1 is a cototal edge dominating set and |S1| will be the cototal edge domination
number for the graph G

′
. Hence the proof.

The following corollary is the immediate consequence of the above Theorems.

Corollary 2.3. Let G
′

be the graph obtained by adding k end edges uivj to a cycle Cp of order p ≥ 3 in any manner then
from the above Theorems, we
get d p

3 e ≤ γ
′
cot(G

′
) ≤ d p

2 e.

3 Cartesian product of independent cototal edge domination number

In this section we define a new parameter ”Independent cototal edge domination number” of a graph. An
edge dominating set F is called an independent edge dominating set if no two edges of F are adjacent [1]. An
independent edge domination number γ

′
i(G) of G is the minimum cardinality taken over all independent edge

dominating sets of G. The cototal edge dominating set is said to be an independent cototal edge dominating
set if the induced subgraph 〈F〉 is an independent edge set.

The cartesian product of G and H, denoted G×H, has vertex set V(G)×V(H). Two vertices (u, v), (u
′
, v
′
),

in V(G)× V(H) are adjacent if either u = u
′

and vv
′ ∈ E(H), or v = v

′
and uu

′ ∈ E(G). The graph Pn × Pm
has m copy of the graph Pn in m columns. Let γ

′
icot(Pn × Pm) denotes the size of minimum independent

cototal edge dominating set of two paths (Pn × Pm where n ≤ m. In the next Theorem, we calculate γ
′
cot for

the product of two paths P3 and Pm.

Theorem 3.18. Let P3 be a path of length 3 and Pm be any path with m ≥ 3. Then independent cototal edge dominating
number of the product of these two paths, γ

′
icot[P3 × Pm] = m.

Proof. Consider the independent edge set

S =
{
{(1, 2 + 3k), (1, 3 + 3k)}, {(2, 1 + 3k), (2, 2 + 3k)}, {(3, 2 + 3k), (3, 3 + 3k)}/k = 0, 1, 2 · · · bm

3 c − 1
}

, as
shown in Figure 2.
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Figure 2: Cartesian product of P3 × Pm

Case i) Let m ≡ 0(mod3).
Then S is an independent edge dominating set and the induced subgraph 〈E − S〉 of P3 × Pm has no
isolated edges. By Theorem 1.1, S is an independent cototal edge dominating set of P3 × Pm with
minimum cardinality. Therefore |S| = m.

Case ii) Let m ≡ 1(mod3).
Then S1 = S∪ {(1, n), (2, n)} is an independent edge dominating set and the induced subgraph 〈E− S1〉
of P3 × Pm has no isolated edges. By Theorem 1.1, S1 is an independent cototal edge dominating set of
P3 × Pm with minimum cardinality. Therefore |S1| = |S|+ 1 = m.

Case iii) Let m ≡ 2(mod3).

Then S2 = S ∪
{
{(2, n− 1), (3, n− 1)}, {(1, n), (2, n)}

}
is an independent edge dominating set and the

induced subgraph 〈E − S2〉 of P3 × Pm has no isolated edges. By Theorem 1.1, S2 is an independent
cototal edge dominating set of P3 × Pm with minimum cardinality. Therefore |S2| = |S|+ 2 = m.

Thus γ
′
icot[P3 × Pm] = m. Hence the proof.

In the next Theorem, we generalize γ
′
cot for the product of two paths Pn and Pm.

Theorem 3.19. Let Pn be a path with n vertices and Pm be any path with m vertices where n ≤ m. Then independent
cototal edge domination number of the cartesian product of two paths,

γ
′
icot[Pn × Pm] =


nm
3 if m ≡ 0(mod3),⌈
nm
3

⌉
+ 1 if m ≡ 1 or 2(mod3).

Proof. Consider an independent edge set as shown in Figure 3.
If i is odd, then

S =

{⋃
i=1,3,···n {(i, 3k + 2), (i, 3k + 3)} : k = 0, 1, · · · bm

3 c − 1,⋃
i=2,4,···n−1 {(i, 3k + 1), (i, 3k + 2)} : k = 0, 1, · · · bm

3 c − 1.

If i is even, then

S =

{⋃
i=1,3,···n−1 {(i, 3k + 2), (i, 3k + 3)} : k = 0, 1, · · · bm

3 c − 1,⋃
i=2,4,···n {(i, 3k + 1), (i, 3k + 2)} : k = 0, 1, · · · bm

3 c − 1.

Case i) Let m ≡ 0(mod3).
Then S is an independent edge dominating set and the induced subgraph 〈E − S〉 of Pn × Pm has no
isolated edges. Thus S is an independent cototal edge dominating set of Pn × Pm. Therefore

γ
′
icot[Pn × Pm] ≤ |S|,

≤ nm
3

.

Case ii) Let m ≡ 1(mod3).
Let us discuss the following subcases.
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Figure 3: Cartesian product of Pn × Pm

1. n is an odd number.
Let S1 =

{
{(1, m), (2, m)}, {(3, m), (4, m)}, · · · {(n− 2, m),

(n− 1, m)}
}

. Then F1 = S ∪ S1 is an independent edge dominating set and the induced subgraph

〈E− F1〉 of Pn × Pm. Thus |F1| ≤ |S|+ |S1|.

2. n is an even number.
Let S2 =

{
{(1, m), (2, m)}, {(3, m), (4, m)}, · · · {(n− 2, m),

(n− 1, m)}
}

. Then F2 = S ∪ S2 is an independent edge dominating set and the induced subgraph

〈E− F2〉 of Pn × Pm has no isolated edges. Thus |F2| ≤ |S|+ |S2|.

Combining the above two subcases, we conclude that F1 and F2 form an independent edge dominating
set of Pn × Pm in both the cases respectively. Therefore

γ
′
icot[Pn × Pm] ≤ |S1 ∪ S2|+

⌊n
2

⌋
,

≤
⌈nm

3

⌉
+ 1.

Case iii) Let m ≡ 2(mod3).
For n ≥ 4, we can partition the set of m columns of Pn × Pm into Bi, i = 1, 2, · · · bm

3 c blocks at the
beginning and two columns at the end. The set S will dominate Bi blocks. In addition we dominate m
and m− 1 columns by a set isomorphic to SR as shown in Figure 4. Let n = 4q + l : 1 ≤ q ≤ b n

4 c, 0 ≤ l ≤
3. Consider the following two cases to find SR

i) If q = 1 then SR = {Rl : 0 ≤ l ≤ 3}

ii) If q > 1 then SR =
{
(b n

4 c − 1)R0 + Rl : 0 ≤ l ≤ 3
}

Therefore S3 = S∪ SR is an independent edge dominating set and the induced subgraph 〈E− S3〉 of Pn×
Pm has no isolated edges. Thus S3 is a independent cototal edge dominating set of Pn × Pm. Therefore,

γ
′
icot[Pn × Pm] ≤ |S3|,

≤ |S|+ |SR|,

≤
⌈nm

3

⌉
+ 1.
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Figure 4: SR

Hence the proof.

Now let us study few more bounds on cartesian product of two cycles.

Theorem 3.20. Let C3 be a cycle of order 3 and Cm be any cycle of order m. Then independent cototal edge dominating
number of the cartesian product of two cycles,

γ
′
icot[C3 × Cm] =

{
m if m is even,

m + 1 if m is odd.

Proof. Consider an independent edge set.

S =
{
{(1, 2k− 1), (2, 2k− 1)}, {(2, 2k), (3, 2k)} : k = 1, 2, · · · dm

2 e
}

.

Case i) Suppose m is an even number.
Then S is an independent edge dominating set and the induced subgraph 〈E − S〉 of C3 × Cm has no
isolated edges. Thus S is an independent cototal edge dominating set of C3 × Cm. Therefore |S| = m.

Case ii) Suppose m is an odd number.

Then S1 = S∪
{
(3, 1), (3, m)

}
is an independent edge dominating set and the induced subgraph 〈E− S1〉

of C3 × Cm has no isolated edges. Thus S1 is an independent cototal edge dominating set of C3 × Cm.
Therefore |S| = m + 1.

Hence the proof.

Theorem 3.21. Let C4 be a cycle of order 4 and Cm be any cycle of order m where m ≥ 4. Then independent cototal
edge dominating number of the cartesian product of two cycles, γ

′
icot[C4 × Cm] ≤ m + dm

2 e.

Proof. Consider an independent edge set

S =
{
{(1, 2k− 1), (2, 2k− 1)}, {(2, 2k), (3, 2k)} : k = 1, 2, · · · dm

2 e
}

and the set,

S1 =


{
(4, 2i− 1), (4, 2i)

}
if m ≡ 0(mod2),{

(4, 2i− 1), (4, 2i)
}
∪
{
(3, m), (4, m)

}
if m ≡ 1(mod2),

for i = 1, 3, · · · bm
2 c. Then S ∪ S1 is an independent edge dominating set and the induced subgraph 〈E− (S ∪

S1)〉 of C4 × Cm has no isolated edges. Thus S ∪ S1 is an independent cototal edge dominating set of C4 × Cm.

γ
′
icot[C4 × Cm] ≤ |S ∪ S1|,

≤ m +
⌈m

2

⌉
.
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Hence the proof.

Now let us study few more bounds for independent cototal edge dominating number on cartesian product
of a path, cycle and complete graph.

Theorem 3.22. Let P3 be a path with 3 vertices and Cm be any cycle with m vertices where m ≤ 3. Then independent
cototal edge dominating number of the cartesian product,

γ
′
icot[P3 × Cm] ≤

{
m if m ≡ 0(mod3),

m + 1 if m ≡ 1 or 2(mod3).

Proof. Partition the set of m columns of P3 × Cm into Bi blocks for m ≥ 6. For j = 1, 2, · · · bm−3
3 c,

S =

{⋃
i=1,3 {(i, 3j− 2), (i, 3j− 1)},⋃
i=2 {(i, 3j− 1), (i, 3j)}.

Figure 5: Ri

Case i) m ≡ 0(mod3).
Then S ∪ R0, (as shown in R0 of Figure 5) is an independent edge dominating set and the induced
subgraph 〈E− (S ∪ R0)〉 of P3 × Cm has no isolated edges. Thus S ∪ R0 is an independent cototal edge
dominating set of P3 × Cm. Therefore

γ
′
icot(P3 × Cm) ≤ |S ∪ R0|,

≤ nm
3

= m.

Case ii) m ≡ 1(mod3),
Then S ∪ R1 (as shown in R1 of Figure 5) is an independent edge dominating set and the induced
subgraph 〈E− (S ∪ R1)〉 of P3 × Cm has no isolated edges. Thus S ∪ R1 is an independent cototal edge
dominating set of P3 × Cm. Therefore

γ
′
icot[P3 × Cm] ≤ |S| ∪ |R1|,

≤
⌈nm

3

⌉
,

≤ m + 1.

Case iii) m ≡ 2(mod3),
Then S ∪ R2 (as shown in R2 of Figure 5) is an independent edge dominating set and the induced
subgraph 〈E− (S ∪ R2)〉 of P3 × Cm has no isolated edges. Thus S ∪ R2 is an independent cototal edge
dominating set of P3 × Cm. Therefore

γ
′
icot[P3 × Cm] ≤ |S|+ |R2|,

≤ dnm
3
e,

≤ m + 1.

Hence the proof.
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Theorem 3.23. Let Pn be a path with n vertices and Km be any complete graph with m vertices where n ≤ m. Then
independent cototal edge domination number of the cartesian product,

γ
′
icot[Pn × Km] ≤ n

⌊m
2

⌋
.

Proof. Consider the following two cases,

Case i) m is an even number.
Consider the set

S =
⋃

i=1,2,···n

{
(i, 1), (i, 2)

}
,
{
(i, 3), (i, 4)

}
, · · ·

{
(i, m− 1), (i, m)

}
.

If m is even then by Theorem 1.2, edge domination number of the Km is m
2 . Here we have n copies of

Km. Also S is an independent edge dominating set and the induced subgraph 〈E− S〉 of Pn × Km has no
isolated edges. Thus S is an independent cototal edge dominating set of Pn × Km. Therefore |S| = n(m

2 ).

Case ii) m is an odd number.
Let us discuss the following subcases:

1. If n is an odd number, then

S =


⋃

i=1,3,···n
{
(i, 1), (i, 2)

}
,
{
(i, 3), (i, 4)

}
, · · · ,

{
(i, m− 2), (i, m− 1)

}
⋃

i=2,4,···n−1

{
(i, 2), (i, 3)

}
,
{
(i, 4), (i, 5)

}
, · · · ,

{
(i, m− 1), (i, m)

}
.

2. If n is an even number, then

S =


⋃

i=1,3,···n−1

{
(i, 1), (i, 2)

}
,
{
(i, 3), (i, 4)

}
, · · · ,

{
(i, m− 2), (i, m− 1)

}
⋃

i=2,4,···n
{
(i, 2), (i, 3)

}
,
{
(i, 4), (i, 5)

}
, · · · ,

{
(i, m− 1), (i, m)

}
.

If m is odd then by Theorem 1.2, edge domination number of the Km is lesser than m
2 . Here we have

n copies of Km. Also S is an independent edge dominating set and the induced subgraph 〈E− S〉 of
Pn × Km has no isolated edges. Thus S is an independent cototal edge dominating set of Pn × Km.
Therefore |S| < nbm

2 c.

Combining the above two cases, we obtain the following result.

γ
′
icot[Pn × Km] ≤ n

⌊m
2

⌋
Hence the proof.
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