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Abstract

A set F of a graph G(V, E) is an edge dominating set if every edge in E — F is adjacent to some edge in
F. An edge domination number 7' (G) of G is the minimum cardinality of an edge dominating set. An edge
dominating set F is called a cototal edge dominating set if the induced subgraph (E — F) doesnot contain
isolated edge. The minimum cardinality of the cototal edge dominating set in G is its domination number
and is denoted by 'ylcot(G). We investigate several properties of cototal edge dominating sets and give some
bounds on the cototal edge domination number.
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1 Introduction

Let G(V,E) be a graph with p =| V | and g =| E | denoting the number of vertices and edges respectively.
All the graphs considered here are finite, non-trivial, undirected and connected without loops or multiple
edges.

The degree of a vertex u is denoted by d(u). The degree of an edge e = uv of a graph G is the number
defined by deg(e) = degu + degv — 2. The minimum(maximum) degree of an edge is denoted by &' (A'). The
induced subgraph of X C E is denoted by (X). For a real number x, | x| denotes the greatest integer less than
or equal to x and [x] denotes the smallest integer greater than or equal to x. An edge independence number
B1(G) is defined to be the number of edges in a maximum independent set of edges of G. A vertex of degree
one is called a pendant vertex. An edge incident to pendant vertex is called the pendant edge. Let (1(G)
be the set of all pendant edges of G. As usual, Py, C, and K, are respectively the path, cycle and complete
graph of order p. Ky, is the complete bipartite graph with two partite sets containing m and n vertices. Let
t > 3,n > 1 be two integers. We denote by W} the graph C; + K, as a generalized wheel. Note that for
n =1,W} = Ky + C,_1 is a wheel. B, is a graph obtained by joining the centres of two stars Kj , and Kj
by an edge called as Bistar or double star. The subdivision graph of a graph G, denoted by S(G), is a graph
obtained from G by deleting every edge uv of G and replacing it by a vertex w of degree 2 that is joined to u
and v.

Let G(V,E) be a connected graph. A subset S of V is called a dominating set of G if every vertex in
V — S is adjacent to at least one vertex in S. The concept of edge domination was introduced by Mitchell and
Hedetniemi [5, [7].

Definition 1.1. A subset F of E is called an edge dominating set of G if every edge not in F is adjacent to some edge
in F. The minimum cardinality of an edge dominating set of G is called an edge domination number and is denoted by
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Definition 1.2. A dominating set D of G is a cototal dominating set if the induced subgraph (V — D) has no isolated
vertices. The cototal domination number 7y.ot(G) of G is the minimum cardinality of a cototal dominating set.

This concept was introduced by Kulli, Janakiram and Iyer in [6]. Any undefined term or notation in this
paper can be found in Harary [4]. We need the following Theorems for our study on cototal edge domination
number.

Theorem 1.1. [3] For every n, ’Y’i’),n =n.

Theorem 1.2. [2] For any connected graph G of even order p, 7(G) = p/2 if and only if G is isomorphic to K, or
K .
p/2,p/2

In this paper, we determine the relation among the graph parameters, like edge independent number,
maximum edge degree and cototal edge domination number of a graph. We have also derived some relations
to determine cototal edge domination number of graph obtained by adding end edges to cycle, cartesian
product, subdivision of graphs, corona and join of graphs.

Definition 1.3. A set F C E(G) is said to be cototal edge dominating set if F is an edge dominating set and induced
subgraph (E — F) has no isolated edges. The minimum cardinality of cototal edge dominating set in G is the cototal edge
domination number and is denoted by 7.,;(G) of G.

2 Main results

We list out cototal edge domination number of some standard graphs.
Theorem 2.1.
1. For any spider G, the cototal edge domination number, y.,,(G) = | (G)|.
2. For any octopus G, the cototal edge domination number, 'ylcot(G) =|0(G)| + 2.
3. For any generalized wheel W', with t > 3,7, (W!") = [t/2].
4. For any wheel Wy, withn > 3, 'yéot(Wn) = [n/2].
Theorem 2.2. For any path P, with p > 5, the cototal edge domination number,
/ 51 +2 ifp=1(mod3),
Vaor (Pr) = { 5] +1 ifp=0or2(mod3).
Proof. Let Py : v1,0y,...,vp be any path and let ¢; = v;v; 1 be an edge. Let
S if p = 2(mod3),

S1=9SU{ep 1} if p = 0(mod3),
SU{ep_1,ep2} if p=1(mod3).

be an edge set where 5 = {e¢j : j = 3k + 1 for 0 < k < [§] —1}. Clearly S is an edge dominating set and the
induced subgraph (E — S1) has no isolated edges. Therefore |S;| will be the cototal edge dominating set with
minimum cardinality. Hence the proof. O

Theorem 2.3. For any cycle C,, with p > 3, the cototal edge domination number,

| 51 iy =0(mod3),
Yeot(Cp) = 5] +1  if p = 1(mod3),
|B]+2 ifp=2(mod3).
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Proof. Let Cp : v1,02,...,0p be any cycle and let ¢; = v;v; 1 be an edge. Let

51 =

S if p=0or 1(mod3),
SU{ep} if p=2(mod3).

be an edge set where S = {¢j : j = 3k + 1 for 0 < k < [§] — 1}. Clearly S is an edge dominating set and the
induced subgraph (E — S1) has no isolated edges. Therefore |S1| will be the cototal edge dominating set with
minimum cardinality. Hence the proof. O

Theorem 2.4. For any complete graph K, with p > 3 vertices, the cototal edge domination number, 'Y;ot(Kp) = 5]

Proof. Let S be a maximum matching of K,. We know that the edge independence number $;(G) of a graph
G is the maximum cardinality of an independent set of edges. Furthermore for an integer p > 3 and integers
m and n with 1 < m < n, we have B1(K,) = |5]. Clearly S is an edge dominating set. Also the induced
subgraph (E — S) has no isolated edges. Therefore S is a cototal edge dominating set of K.

%ot(K]ﬂ) = |S|/
|2
=1/
Hence the proof. 0

Corollary 2.1. Let G bea graph obtained from K, by adding the pendant edges to the vertices of K,. Then the cototal
edge domination number,

! ! '7/ (Kp) if p is even,
’)/cut(G ) = fOt 4 fp }
Yeot (Kp) +1  if pis odd.

Theorem 2.5. For any complete bipartite graph Ky, , with 2 < m < n the cototal edge domination number, 'y/wt(Km,n)
=m.

Proof. Let v be any vertex on K, ,such that deg(v) = min(m,n). Let S be the set containing all the edges
incident on v. It is clear that S is an edge dominating set. Also the induced subgraph (E — S) does not contain
an isolated edge. Thus S is a cototal edge dominating set and the minimal cardinality |S| of S will be the
cototal edge domination number. Thus

Yeot Kmn) < 18],
= deg(v).

Therefore 'ylwt(Km,n) = m. Hence the proof. O

Theorem 2.6. Let F be a cototal edge dominating set of a connected graph G with p > 5 vertices. Then every pendant
edge e = uv with degree(support vertex) = 2 is in F.

Proof. Let e = uv be a pendant edge with degree of support vertex v is 2. Suppose e ¢ F and e; € N(e).
Since F is a dominating set we have e; € F. Also the induced subgraph (E — F) contains an isolated edge, a
contradiction. Therefore every pendant edge with degree of support vertex equal to two, is in F. Hence the
proof. O

The following Theorem gives a sharp upper bound for the cototal edge domination number of G.
Theorem 2.7. For any connected graph G with §(G) > 2, the cototal edge domination number, y.,,(G) < p1(G).

Proof. Let G be a graph with 6(G) > 2. Let S be an edge independent set in G such that |S| = 1(G). Clearly
every edge e; € E — S is adjacent to atleast one edge of S. Hence S is an edge dominating set. Since 6(G) > 2,
the induced subgraph (E — S) is connected. Therefore S is a cototal edge dominating set. Hence 7.,;(G) <
B1(G). Hence the proof. O

Let S = {el,ez,- . -es} be a set of non-adjacent edges to e. The characterization of all graphs for which
’y’cot(G) = g — A’ seems to be a difficult problem. In the next Theorem, we characterize few graphs for which

’ycot(G) =4- A
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Theorem 2.8. Let G be a graph with 6(G) > 2 and e = uv with d(u), d(v) > 3 be an edge with maximum degree.
Then 7, (G) < 9 — 2(G).

Proof. Let e = uv be an edge with maximum degree. Let E; = {ey, ey, - - ¢, } be the set of edges adjacent
to e. Then F = E — E; is an edge dominating set and since §(G) > 2 the induced subgraph (E — F) has no
isolated edges. Therefore F is a cototal edge dominating set of G. Hence |F| < |E| — |E1|. Therefore 'ylmt(G) <
q — A'(G). Equality holds in the following cases:

Casei) S=0.
Let e = uv be an edge with maximum degree. Since d(u), d(v) > 2, the induced subgraph (E — {e}) has
no isolated edges. Because there are no non-adjacent edges to e and all the edges in G are dominated by
{e}. Therefore F = {e} is a cototal edge dominating set. Hence

')/lcot(G) =4q— A/(G)

Caseii) |S| =1.
Let e = uv be an edge with maximum degree. Since there is only one edge e; not adjacent to e, we get
F = {e} U {e1} as an edge dominating set. Also (E — F) has no isolated edges. Therefore F is a cototal
edge dominating set. Hence 7.,,(G) = g — A'(G).

Hence the proof. O

Corollary 2.2. If degree of each vertex in (S) is one and for all w — {u, v} in V(G), the other end vertices of the edges
not in S are either u or v then
’Ycot(G) =q- A (G) -1

O

Let e = uv be an edge satisfying d(e) = q — 1. Let A be a family of graphs isomorphic to Kj ,, B, s, where
r,s > 3, the graphs formed by adding P; to B, s such that end vertices of P5 is u and v or the graph G " formed
by adding P; to B, s and removing pendant edges adjacent to u or adjacent to v or both of B, ;. Few graphs
which belong to G or G" are shown in Figure [l Now we have the following Theorem.

Figure 1: Illustration for the family H

Theorem 2.9. The cototal edge domination number of H is one if and only if the graph belongs to H.

Proof. The inequality 1 < 7.,;(#) is obvious. If there exists an edge ¢ = uv € H where d(e) = g — 1 then
Yeot(H) = 1. Assume 1,,,(#) = 1. Then F = {e;} is a minimum cototal edge dominating set of G. Since F
is a dominating set of G, e; must be an universal edge which belongs to the family H. If e ¢ H then there
is a possibility where the induced subgraph (E — F) contains an isolated edge. It is a contradiction to the
definition of cototal edge dominating set. Therefore e € H. Hence the proof. O
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The following Theorem relates 'ylmt of few standard graphs G with their
subdivision graph S(G) in terms of vertices.

Theorem 2.10. For any path Py, v, (Pp) + Y01 (S(Pp)) < p +3.

Proof. Let S be the 'Y/cot set of P,. Therefore by Theorem

7;0t(PP) = |S‘ (2.1)

Let S’ be its 7., set of subdivision of Py. Then by Theoremwe get
Yoot (5(pp)) — |S'| that is

Ed if p = 0(mod3),
/ 2p : —
Yeot (S(Pp)) = {?J +2  if p=1(mod3), 2.2)
{%J +1 if p=2(mod3).

Consider a particular case where p = 1(mod3). Adding equations (2.1) and (2.2), we get

')’cot(P]ﬂ) +’Ycot(s(PP)) = |S‘ + |S ‘r

- 5]+ %)+

<p+3.
The other two cases are obvious. Hence the proof. O
Theorem 2.11. For any Cycle Cy , 7.0, (Cp) + 70sS((Cp)) < p +2.
Proof of this Theorem is similar to the Theorem 2.10}
O

The corona G = H o Kj is a graph constructed from a copy of H, where for each vertex v € V(H), a new
vertex v’ and a pendant edge o0 are added. The following Theorem gives a sharp bound for the cototal edge
domination number of (Gp, o Gp, ).

Theorem 2.12. Let G be a connected graph with py vertices and Ky, be any star. The cototal edge domination number
of the corona of G and Ky, , is given by Yoot (GO Kip,) = p1-

Proof. Letu; € Vy for1 <i < p; be a vertex set of G and v be a support vertex of Ky j,. Let S = {u;v : Yu; € G}
be an edge set in the corona (G o Ky p,). Then S is a minimum edge dominating set of (G o Ky p, ). Clearly the
induced subgraph (E — S) does not contain any isolated edge. Hence S = {ej,ez---¢p,} is a cototal edge
dominating set with minimum cardinality. Therefore

’yéot(G o K1,5,) = p1- Hence the proof. O

Theorem 2.13. Let G1(p1,41) and Gy(p2,q2) be two connected graphs. The cototal edge domination number of the
corona of Gy and Gy, is given by 'y,mt(Gl 0 Gy) < p1+ p1|#2]. Equality holds if G is either a cycle or a complete

graph.

Proof. Letu; € Vy for1 < i < pjandletv; € V; for 1 < j < p; be the vertex set of G; and G; respectively.
Let S = {u;vx : Vu; € Gy and any one vertex vy € V,} be an edge set in the corona (G o G). Let Eq be an
edge dominating set for the graph G,. Then set S along with p; copies of E; in the corona will form an edge
dominating set F of (G; o Gy). Clearly (E — F) doesnot contain isolated edges. Therefore

Yeot(G10Ga) < [S| + p1(|E1l),
i)

Hence the proof. O
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For disjoint graphs G; and Gy, the join G = G; + G; is the graph with V(G) = V(G;) U V(G;) and
E(G) = E(G1)UE(Gy)U{uv: u € V(Gy) Av € V(Gz)}. In the following Theorem we give the result on the
join of two paths.

Let ¢ = 2p; — py be a constant used in the Theorem below.

Theorem 2.14. Let Py, and Py, be any two paths of order py, pa respectively. Then the cototal edge domination number,

P2 pi—| %)

Ry B2l ore >0,
'.)’/colf(PP]_‘_sz)S [2“ _"2 g —‘ f

p1 + B2 fore <0.

Proof. Let Py, and Py, be the two paths labelled in order as ujejuzes - - -y, 1
! ! !
ep,—1Up, and vie ey <+ vy, 1€

Case i) Suppose ¢ > 0.
Choose an edge set Ey = {u;vy; : 1 <i < [B]}. Then |E

|
_|R
path up,, up 1, -, U in order such that |E;| = [%1 . Then E; U E; forms a cototal edge dominating

pr—10p2 respectively. Let us consider the following cases:

= [ B ]. Let E; be the set of alternate edges in the

-

set in the join of the two paths Py, and Py,. Thus
Yeot (Ppy + Ppy) < |E1| +[E2l,
p2
p2 pi— 7]

< |2 £ -2

<[5+ P
Case ii) Suppose |¢| < 0.
Choose an edge set E; = {u;0; : 1 < i < p1} then |E;| = pi. Let E, be the edge dominating set of the path
U2p, 41, * * Up, in order such that |E’2| = VJZ_TZPW Thus El1 U E/2 forms a cototal edge dominating set in the join
of the two paths Py, and Py, . Thus

!/ ’ !/
chot(Ppl + sz) S |El‘ + |E2|r

Pz—zzplw.

Hence the proof. O

§P1+[

In the following Theorem we give the result on the join of two cycles.

Theorem 2.15. Let Cp, and Cp, be any two cycles of order p1, p respectively. Then the cototal edge domination number,
k2
(2] + [7701 (22 HlJ fore >0,

Yeot (Cpy +Cpy) <
p1+15] fore < 0.

Proof. Let Cp, and Cy, be the two cycles labelled in order as, ujequzes - - - ip,

ep, 11 and vle/lvze/z e vpze;,2 v respectively. Let us consider the following cases

Case i) Suppose ¢ > 0.

Consider the edge set E; = {u;juy;1 : 1 < i < [E]}. Let E; be the set of alternate edges in the path
Vl_(;%z“l-‘

I S IR v in order such that |E;| = . Then E; U E, forms a cototal edge

dominating set in the join of two cycles C,; and Cp,. Thus
Yeot (Cpy + Cpy) < |Ex| + |Eal,
p2
P2 p—[71+1

< |22 LS S

<[5+ F=
Case ii) Suppose |¢| < 0.
Choose an edge set Ey = {101 : 1 < i < p;} then |E;| = py. Let E, be the edge dominating set in the path
V2p,, V2p,+1,* * * Up, in order such that |E’2| = [172%2;711 Thus E’1 U E,2 forms a cototal edge dominating set in the
join of the two cycles Cy,; and Cp,. Thus

! ! !
'Ycot(cpl + CPz) S |E1| + |E2|/

P2—2P1]

Spﬁ[ 3
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Hence the proof. 0

In the following two Theorems we are adding K to a cycle C,. For an edge ¢ = uv of a graph G with
deg(u) = 1and deg(v) > 1, we call e an end edge and u an end vertex.

Theorem 2.16. Let G be the graph obtained by adding k end edges uyv; for j =1,2,- - -k to a cycle C, where uy € Cp

and {v1,vy, - - - vk} & Cp. Then the cototal edge domination number, 'y/wt(G/) =[£].

Proof. Let Cp : uq,uz, - ,up be a cycle with p vertices and G be the graph obtained by adding k end edges
{urv1, 10y, - - - uyvi } such that uy € Cp and {vy,vy,- - - vk} & Cp. Lete; = u;u;,1 be an edge on cycle.
LetS={ej:j=3l+1for0<1<|§|—1}and

IE if p = 0 or 2(mod3),
! SU{ep 2} if p=1(mod3).

be an edge set on S. Then S; is an edge dominating set and the induced subgraph (E — S1) doesnot contain
isolated edges. Therefore S; is a cototal edge dominating set and |S;| will be the cototal edge domination
number for the graph G'. Hence the proof. O

Theorem 2.17. Let G’ be the graph obtained by adding k end edges u;v; to a cycle Cp with d(u;) > 3 where u; € Cy,
fori=1,2,---p,v; & Cpforj=1,2,- - -k. Then the cototal edge domination number, 'y;ot(G/) =[]

Proof. LetCp : uq,up,- -+ ,upbeacycleand G be the graph obtained by adding k end edges u,;v; where u; € Cp
fori=1,2,---pandv; ¢ Cpforj=1,2,-- -k Lete; = u;u; 1 be an edge of G.
LetS={ej:j=2l+1for0<I<|5]—1}and

5 - SU{ey,—1} if p =0(mod2),
' SU{upvi}  if p = 1(mod2).

be an edge set of G'. Then S is an edge dominating set and the induced subgraph (E — S1) doesnot contain
isolated edges. Therefore S; is a cototal edge dominating set and |S1| will be the cototal edge domination
number for the graph G'. Hence the proof. O

The following corollary is the immediate consequence of the above Theorems.

Corollary 2.3. Let G’ be the graph obtained by adding k end edges u;vj to a cycle Cp of order p > 3 in any manner then
from the above Theorems, we

get [§] < 7.4(G) < [51.

3 Cartesian product of independent cototal edge domination number

In this section we define a new parameter “Independent cototal edge domination number” of a graph. An
edge dominating set F is called an independent edge dominating set if no two edges of F are adjacent [1]. An
independent edge domination number 'y; (G) of G is the minimum cardinality taken over all independent edge
dominating sets of G. The cototal edge dominating set is said to be an independent cototal edge dominating
set if the induced subgraph (F) is an independent edge set.

The cartesian product of G and H, denoted G x H, has vertex set V(G) x V(H). Two vertices (1,v), (1, v),
in V(G) x V(H) are adjacent if either u = u' and v0' € E(H), orv = v and uu’ € E(G). The graph P, x P,
has m copy of the graph P, in m columns. Let ’y:»cot(Pn X Py) denotes the size of minimum independent
cototal edge dominating set of two paths (P, x P, where n < m. In the next Theorem, we calculate 'y;ot for
the product of two paths P; and Py,.

Theorem 3.18. Let P be a path of length 3 and Py, be any path with m > 3. Then independent cototal edge dominating
number of the product of these two paths, «;,,,[P3 X Py] = m.

Proof. Consider the independent edge set

s = {{(1L2+3K), (1,3 +3K)}, {(2.1+3K), (2.2 +3K)}, {(3,2+ 3k), (3,3 + 30)} /k = 0,1,2-- | 4] ~ 1}, as
shown in Figure
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Case ii)
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Figure 2: Cartesian product of P3 x Py

Let m = 0(mod3).

Then S is an independent edge dominating set and the induced subgraph (E — S) of P; x P, has no
isolated edges. By Theorem S is an independent cototal edge dominating set of P3 x P;, with
minimum cardinality. Therefore |S| = m.

Let m = 1(mod3).

Then S; = SU{(1,n),(2,n)} is an independent edge dominating set and the induced subgraph (E — 51)
of P3 x Py has no isolated edges. By Theorem S is an independent cototal edge dominating set of
P53 x Py, with minimum cardinality. Therefore |S1| = |S| + 1 = m.

Let m = 2(mod3).

Then S, = SU {{(2, n—1),3,n—-1)},{(1,n),(2, n)}} is an independent edge dominating set and the
induced subgraph (E — Sy) of P3 x Py, has no isolated edges. By Theorem Sy is an independent
cototal edge dominating set of P3 x P, with minimum cardinality. Therefore |S;| = |S| +2 = m.

Thus 7;.,,[Ps X Pu] = m. Hence the proof. O

In the next Theorem, we generalize 'y,wt for the product of two paths P, and Py,.

Theorem 3.19. Let P, be a path with n vertices and Py, be any path with m vertices where n < m. Then independent
cototal edge domination number of the cartesian product of two paths,

e if m = 0(mod3),

icot P X Pu] =
Yicot [P X P {P%n"+1 ifm = 1or2(mod3).

Proof. Consider an independent edge set as shown in Figure
If i is odd, then

o [Uimtaen  {G,3642),(3643)} k=01, %] -1,
Ui:2,4,~~-n71 {(l,3k + 1), (l,3k + 2)} : k = O, 1, e L%J — 1

If i is even, then

Case i)

Case ii)

5 — Ui:1,3,~~~n—1 {(l,3k + 2), (l, 3k+ 3)} k= 0, 1, ce L%
Uiz24,.n {(G,3k+1),(,3k+2)} :k=0,1,--- | %

Let m = 0(mod3).
Then S is an independent edge dominating set and the induced subgraph (E — S) of P, x P, has no
isolated edges. Thus S is an independent cototal edge dominating set of P, X Py,. Therefore

’yicot[Pn x Pm] < |S|/
L
- 3
Let m = 1(mod3).
Let us discuss the following subcases.
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»—8
H—-
*+——9
4
*—4

I [ ]

Figure 3: Cartesian product of P, X Py,

1. nis an odd number.
Let 51 = {{(Lm)/ (me)}/ {(3rm)/ (4,111)}, e {(Tl - Z,m),

(n—1,m) }} Then F; = SU S; is an independent edge dominating set and the induced subgraph
<E — F1> of P, x Py,. Thus |F1| < |S‘ + |51|

2. nis an even number.
Let o = {{(1,m), (2,m)}, {3,m), (4,m)}, - {(n—2,m),

(n—1,m) }} Then F, = SU S, is an independent edge dominating set and the induced subgraph
(E — F) of P, X Py, has no isolated edges. Thus |F,| < [S|+ |Sz].

Combining the above two subcases, we conclude that F; and F, form an independent edge dominating
set of P, X Py in both the cases respectively. Therefore

n
7;cot[Pn X Py < |S1USy| + \‘EJ’
<

nm
5]+t
Let m = 2(mod3).

For n > 4, we can partition the set of m columns of P, x P into B;,i = 1,2,--- L%j blocks at the
beginning and two columns at the end. The set S will dominate B; blocks. In addition we dominate m
and m — 1 columns by a set isomorphic to Sg as shown in Figure Letn =4q4+1:1<q< [§],0<1<
3. Consider the following two cases to find Sg

i) Ifg=1thenSg = {R;:0<1<3}
ii) Ifq>1thenSR:{(L%Jfl)Ro+Rl:0§l§3}

Therefore S3 = S U S is an independent edge dominating set and the induced subgraph (E — S3) of P, x
Py, has no isolated edges. Thus S3 is a independent cototal edge dominating set of P, x Py,. Therefore,

’Yicot[Pn X Pm} < |S3|/
< |S[+ ISkl

<[]
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Figure 4: Sg

Hence the proof. O

Now let us study few more bounds on cartesian product of two cycles.

Theorem 3.20. Let C3 be a cycle of order 3 and Cy, be any cycle of order m. Then independent cototal edge dominating
number of the cartesian product of two cycles,

m if m is even,

- [C3 x Cp] =
Vicot [C3 m] {m_|_1 if m is odd.

Proof. Consider an independent edge set.
s={{(1,2k=1), 2,2k = 1)}, {220, 3,20)} : k=1,2,--- [%]}.

Case i) Suppose m is an even number.
Then S is an independent edge dominating set and the induced subgraph (E — S) of C3 x C,, has no
isolated edges. Thus S is an independent cototal edge dominating set of C3 x Cy,. Therefore |S| = m.
Case ii) Suppose m is an odd number.
Then S; =SU { (3,1),(3,m) } is an independent edge dominating set and the induced subgraph (E — 51)
of C3 x Cy; has no isolated edges. Thus S; is an independent cototal edge dominating set of C3 x Cy,.
Therefore |S| = m + 1.

Hence the proof. O

Theorem 3.21. Let Cy4 be a cycle of order 4 and C,, be any cycle of order m where m > 4. Then independent cototal
edge dominating number of the cartesian product of two cycles, 'y;-wt [Cy X Cp) < m+[F].
Proof. Consider an independent edge set
s={{(1,2k=1), 2,2k~ 1)}, {(2,26), (3,200} 1 k=12, [4]}
and the set,
] {(4,21‘ ~1), (4,21')} if m = 0(mod2),
a {(4,21' ~1), (4,21')} U {(3,m), (4,m)} if m = 1(mod2),
fori=1,3,---|%]. Then SUS; is an independent edge dominating set and the induced subgraph (E — (S U
S1)) of C4 x Cy, has no isolated edges. Thus S U S; is an independent cototal edge dominating set of C4 X Cy,.
’Yi'cot[c‘l x Cm] < |S U Sl|/

<me[2].
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Hence the proof. 0

Now let us study few more bounds for independent cototal edge dominating number on cartesian product
of a path, cycle and complete graph.

Theorem 3.22. Let Ps be a path with 3 vertices and C,, be any cycle with m vertices where m < 3. Then independent
cototal edge dominating number of the cartesian product,
m if m = 0(mod3),

iP5 X C] <
’chot[ 3 m] = {m+1 me =1or 2(m0d3).

Proof. Partition the set of m columns of P; x C,, into B; blocks for m > 6.Forj =1,2,- - - LmT_3J,

s {Ui—l,3 {(,3j-2),(0,3j—-1)},
U= {37 -1),(3))}

R, R, R,

Figure 5: R;

Case i) m = 0(mod3).
Then S U Ry, (as shown in Ry of Figure [5) is an independent edge dominating set and the induced
subgraph (E — (SURy)) of P3 x Cy, has no isolated edges. Thus S U Ry is an independent cototal edge
dominating set of P x Cy,. Therefore

'Yicot(Pl’) X Cm) < |S UR0|/
nm

< — =m.

=73 m

Case ii) m = 1(mod3),
Then S U R; (as shown in R; of Figure |5) is an independent edge dominating set and the induced
subgraph (E — (SUR;)) of P3 x Cy, has no isolated edges. Thus S U R; is an independent cototal edge
dominating set of P3 x Cy,. Therefore

’Yicot[PC’? X Cm] < |S| U |R1|/

<5

<m+1.

Case iii) m = 2(mod3),
Then S U R, (as shown in R, of Figure [5) is an independent edge dominating set and the induced
subgraph (E — (SURy)) of P3 x Cy, has no isolated edges. Thus S U R; is an independent cototal edge
dominating set of P; x C,. Therefore

7icot[P3 X Cm] < |S‘ + |R2|/
nm

< [71,

<m+1.

Hence the proof. O
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Theorem 3.23. Let Py, be a path with n vertices and Ky, be any complete graph with m vertices where n < m. Then
independent cototal edge domination number of the cartesian product,

/ m
’Yicot[PYl x Km] < n{ZJ.
Proof. Consider the following two cases,

Case i) m is an even number.
Consider the set

s= U {(i,l),(i,z)},{(i,3),(i,4)},- . {(i,m—l), (i,m)}.

i=1.2,-n

If m is even then by Theorem edge domination number of the Ky, is %. Here we have n copies of
K. Also S is an independent edge dominating set and the induced subgraph (E — S) of P, x K, has no
isolated edges. Thus S is an independent cototal edge dominating set of P, x Kj,. Therefore |S| = n(%).

Case ii) m is an odd number.
Let us discuss the following subcases:

1. If n is an odd number, then

o [V {ED.G2E{63 G L {Gm =2, Gm -1
Umzano1 {62003} { @4, 05 - {Gm = 1), Gm)}.

2. If n is an even number, then
o JUm {28636 b {Gm—2), Gm -1}
Uczaon {6263} {64,058, {Gm=1),G,m)}.

If m is odd then by Theorem edge domination number of the Ky, is lesser than 7. Here we have
n copies of Ky,;. Also S is an independent edge dominating set and the induced subgraph (E — S) of
P, x Ky has no isolated edges. Thus S is an independent cototal edge dominating set of P, x Ky,.
Therefore |S| < n|%].

Combining the above two cases, we obtain the following result.

'Y;'cot[Pn x K] < ”V;J

Hence the proof. O
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