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Abstract

In this paper, we use the Riemann-Liouville fractional integrals to establish some new integral inequalities related
to the Chebyshev inequality in the case where the synchronicity of the given functions is replaced by another condition.
This paper generalises some recent results in the paper of [C.P. Niculescu and I. Roventa: An extension of Chebyshev’s

algebraic inequality, Math. Reports, 2013].
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1 Introduction

Let us consider the Chebyshev inequality [10]

b b b
i [ f@g(ds > (bia / f(o:)dm> (bfa / g(x)dx>, (1)

where f and g are two integrable and synchronous functions on [a,b] i.e. (f(z) — f(y)(g(z) — g(y)) > 0,2,y €
[a,b].

Many researchers have given considerable attention to , see [2, @ [7, TTHI3, [15] and the references therein.
For the fractional integration case, it has been proved in [I] that for any synchronous functions f and g on
[a, b], the fractional inequality

JUW) I fg(x) = T f(x)Jg(z),x € [a,b] (1.2)

is valid.

For more information and applications on Chebyshev inequality, we refer the reader to [3, 5 [6, [9, T4l [16].

On the other hand, recently in [II], C.P. Niculescu and L. Roventa have proved that for two functions f and
g of the space L>([a,b]), the Chebyshev’s inequality still works by assuming the condition:

(Fe)—— /abf(x)dx)(g(x)— . /:g<x>dx)zo. (1.3)

Tr—a Tr—a

The main purpose of this paper is to establish some new results for by using the Riemann-Liouville
fractional integrals. We present our results in the case where the synchronicity of the given functions is
replaced by another condition that is more general than that presented in [I1]. For our results, Theorem 1 of
[11] can be deduced as a special case.
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2 Preliminaries

In this section, we present some preliminaries on Riemann-Liouville fractional integration.

Definition 2.1. The Riemann-Liouville fractional integral operator of order o > 0, for a continuous function
f on [a,b] is defined as

JOf(t) = F(la)/t(t—f)alf(T)dT,a>O,a<t§b, (2.4)
Jof () = [,

where T (o) == [~ e "u*"'du.
For o > 0, B > 0, we have the following two properties:
JEILf () =T O (1) (2.5)

and
JEILf () = JZISf (1) (2.6)

For more details, one can consult [3].

3 Main Results
Lemma 3.1. Let f and g be two functions belonging to L°>°([a,b]), then for all x € |a,b],a > 1, we have

e f@)g) (3.7)

- 1 f(s)ds) (2 Jg(@)
(5 [ o) (5=58000)

o (102 t i) (o =0 tat) - = [ (o~ o tg(o)ds ) | at
Proof. We have: ' ' '

/ " H(0) (@ — 0 g(t)dt

(s [—or-tatorms) [ (50 [ w-srtotoris) a 9

= 1w [ (@=or s [ e-aro) (7 [@o o) )a

To integrate by part, let us take the quantities

1 [t o , -1 t o t
u(t) = / (e =9 g5, ut) = / (= 9" gls)ds + gt

t-a (t—a

|

S
|

)

and
t

V() =t f .00 = [ (s—af (s =t - a5~ [ F5)s

a

So, it yields that

/ ") — 0 g(n)dt
s [ “(@ — 57 g(s)ds

[ (S am) (-0 [ ses)] (39
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Consequently,
/ ()@ -
() o)
[ ( [~ s>alg<s>ds) (- aser- [ s ar
[ (- 0taw) (e-aro - [ tf(s)ds> it
Theref
F) (@ — gyt
= ([ res) ([ - tateias)
- [(t = (/( o) 9(8)d8> t—a
(o) (- oo - [ reas)]ar
Hen
P — 0 g(t)de

and then,

Consequently, we obtain (3.7).

An immediate consequence of the prev

ious Lemma is the following result:

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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Theorem 3.1. Let f and g be two functions of the space L*([a,b]) and suppose that for any o > 1 and for
any t,x €la,bl;t < x <b, the inequality

(r01- 25 [ s (=000 - 2 [@= o atsias) 20

1s satisfied.

Then, we have:

I @)

> (2 [ reas) (spm) (3.15)

Remark 3.1. Taking o = 1,2 = b in Theorem 3.1, we obtain Theorem 1 of [11)].

Acknowledgment: The authors would like to give special thanks to Professor M. Kirane who has proposed
the problem.

References
[1] S. Belarbi, Z. Dahmani: On some new fractional integral inequalities. JIPAM Journal, 10(03), (2009), 1-9.

[2] P.L. Chebyshev: Sur les expressions approximatives des integrales definies par les autres prises entre les
memes limite. Proc. Math. Soc. Charkov, 2, (1882), 93-98.

. anmani: €W 1nequa. ities in fractiona. mtegra s. Internationa ournal o onlinear onciences, s
3] Z. Dahmani: New i lities in fractional i Is. T ional Journal of Nonlinear Sci 9(4
(2010), 493-497.

[4] Z. Dahmani: About some integral inequalities using Riemann-Liouville integrals. General Mathematics.
20(4), (2012), 63-69.

[56] Z. Dahmani, O. Mechouar, S. Brahami: Certain inequalities related to the Chebyshev’s functional involving
Riemann-Liouville operator. Bulletin of Mathematical Analysis and Applications 3 (4), (2011), 38-44.

[6] Z. Dahmani, L. Tabharit: On weighted Gruss type inequalities via fractional integrals. JARPM, Journal
of Advanced Research in Pure Mathematics, 2(4), (2010), 31-38.

[7] N. Elezovic, L. Marangunic, G. Pecaric: Some improvements of Gruss Type inequality. J. Math. Inequal.
1(3), (2007), 425-436.

[8] R. Gorenflo, F. Mainardi: Fractional calculus: integral and differential equations of fractional order.
Springer Verlag, Wien, (1997), 223-276

[9] S.M. Malamud: Some complements to the Jenson and Chebyshev inequalities and a problem of W. Walter,
Proc. Amer. Math. Soc., 129(9), (2001), 2671-2678.

[10] D.S. Mitrinovic: Analytic inequalities. Springer Verlag. Berlin, (1970).

[11] C.P. Niculescu, I. Roventa: An extention of Chebyshev’s algebric inequality. Math. Reports 15 (65), (2013),
91-95.

[12] B.G. Pachpatte: A note on Chebyshev-Griiss type inequalities for differential functions. Tamsui Oxford
Journal of Mathematical Sciences, 22(1), (2006), 29-36.

[13] M.Z. Sarikaya, N. Aktan, H. Yildirim: On weighted Chebyshev-Gruss like inequalities on time scales, J.
Math. Inequal., 2(2), (2008), 185-195.

[14] M.Z. Sarikaya, A. Saglam, and H. Yildirim: On generalization of Chebysev type inequalities, Iranian J. of
Math. Sci. and Inform., 5(1), (2010), 41-48.



452 Z. Dahmani et al. / On Chebyshev inequalities without synchronous conditions

[15] M.Z. Sarikaya, M.E. Kiris: On Ostrowski type inequalities and Chebyshev type inequalities with applica-
tions. Filomat, 29(8), (2015), 123-130.

[16] E. Set, M.Z. Sarikaya, F. Ahmad: A generalization of Chebyshev type inequalities for first defferentiable
mappings. Miskolc Mathematical Notes, 12(2), (2011), 245-253.

Received: May 15, 2016 ; Accepted: July 20, 2016

UNIVERSITY PRESS



	Introduction
	Preliminaries
	Main Results

