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Abstract

A complete set of relations is established between the first and second Zagreb index of a graph and of its
congraph. Formulas for the Zagreb indices of several derived graphs are also obtained.
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1 Introduction

The graphs considered in this paper are assumed to be simple, i.e., to possess no directed or weighted
edges and no self-loops. Let G be such a graph with vertex set V(G) and edge set E(G). If |V(G)| = p and
|E(G)| = g, then we say that G is a (p, q)-graph. The edge connecting the vertices x and y will be denoted by

xy.

The set of vertices of G, adjacent to a vertex v will be denoted by N (v). The degree of the vertex v, denoted
by d(v) = dg(v), is the number of first neighbors of v, thatis dg(v) = |Ng(v)|.

Let G be a graph with vertex set V(G) and edge set E(G). The common neighborhood graph (congraph) of G,
denoted by con(G), is the graph with vertex set V(con(G)) = V(G), in which two vertices are adjacent if and
only if they have a common neighbor in G. In other words, for every x,y € V(G),

xy € E(con(G)) <= Ng(x) N Ng(y) # D.

The concept of common neighborhood graphs originates from the study of a special kind of graph energy [2].
The basic properties of these derived graphs were established soon after that [1,3]. Also, various mathematical
properties of congraphs have been discovered [8} 13} [14].

Two old and most studied degree-based graph invariants are the so-called first and second Zagreb indices,
defined as
Mi(G)= Y d(v)? and My(G)= Y d(u)d(v).
veV(G) uveE(G)
For details on their history, mathematical properties and chemical applications, we refer to [4,5,9H12]] and the
references cited therein.

The so-called forgotten topological index is defined as [6) 7]

F=FG)= Y d(v).

veV(G)
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In [15], Li and Zheng introduced the first general Zagreb index as

Mi(C) = ¥ d()

veV(G)
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where k € N U {0}. Obviously, M{(G) = |V(G)|, M1 (G) = 2|E(G)|, M2(G) = M;(G), and M3(G) = F(G).

Also, in [16], the the second general Zagreb index was defined as

M5(G) = Y [d(w)d(v)]*

uveE(G)
where k € N U {0}. Obviously MJ(G) = |E(G)| and M}(G) = M,(G).
We now define two new degree-based graph invariants, pertaining to congraphs:

1(G) =Y, do(v)deon(c)(v) and E(G)= ), dgu)dg(v).
veV(G) uveE(con(G))

[1]

Throughout this paper, we use standard graph-theoretical notation. G denoted the complement of the
graph G. As usual, P,, C,, and Kj,, are, respectively, the n-vertex path, cycle, and complete graph. In addition,
Kj,,m is the complete bipartite graph with n + m vertices. Recall that K; ,,_1 is called the star and often denoted

by S;.

In this paper, we investigate some properties of congraphs and the Zagreb indices of congraphs and
establish relations between the Zagreb indices of congraphs and several degree-based invariants of the parent

graphs.

2 Degree-related properties of common neighborhood graph

Lemma 2.1. Let G be a simple (p, q)-graph and let con(G) be a (p, q')-graph. Then, for every v € V(G) the following

holds.

1) dcon(G) ('0) = U NG(M) \ {'0}

= |Ncon(G)(v)| :
ueNg(v)

(2) If G has no cycles of size 4, then d () (v) +dg(v) = ¥ dg(u).
1u€Ng (v)

(3) Ifdg(u) +dg(v) > p holds for every u,v € V(G), then con(G) = K.
(4) If G has no cycles of size 3, then con(G) is a subgraph of G.

Proof.
(1) From the definition of a congraph we have

U € Neop(g)(v) < uv € E(con(G)) <= Ng(u) N Ng(v) # D.
Then there exists a € Ng(v) and a € Ng(u) such that
a € Ng(v) and u € Ng(a)

implies
Ncon(G) (v) = U Ng(u) \ {o}.

ueNg(v)

(2) For every u,w € Ng(v), we have v € Ng(u) N Ng(w). We can easily see that Ng (1) N Ng(w) = {v}, since,
if there exist a € Ng(u) N Ng(w) such that a # v, it would follow that au, vu, aw, vw € E(G), that is we would



470 Dae-Won Lee et al. / Zagreb Indices of a Graph and its...

have a cycle of size 4, which is a contradiction. Also, by

deon(c)(v) = U Ne)\{o}|=| U New)\{o})
u€Ng(v) u€Ng(v)
= ) INe)\{v}[= ) (INc(w)]-1)
u€Ng(v) u€Ng(v)

I(Zd(“))lNc (Zd) (v)
ueNg(v) u€NG(v)

the claim (2) in Lemma 2] follows.
(3) It suffices to show that N (u) N Ng(v) # @ for every u,v € V(G). Otherwise, we would have

p = [Ng(u) UNg(v)| = [Ng(u)| + NG (v)| = d(u) +d(v) > p

which is a contradiction. Hence, it follows that uv € E(con(G)) that is con(G) = K, .

(4) It is enough to show that E(con(G)) C E(G). Hence, for every uv € E(con(G)), we have Ng(u) N
Ng(v) # @. That is there exist a € Ng(u) N Ng(v). Then au,av € E(G), but uv ¢ E(G), otherwise G would
have a cycle of size 3. Hence, uv € E(G). O

Theorem 2.1. Let G be a (p, q)-graph. In the congraph of G, for every u,v € V(G), if d(u) +d(v) > p then:
) E1(G)=2q9(p—-1)
@) E2(G) = 24> = 3 My (G).

Proof. By Lemmal[2.1} con(G) = K.

1)
Ei(G) = ), dc(v)deoncy(v) = Y, dc(v)(p—1)
veV(G) veV(G)
= (p—1) ), dc(v)=2q9(p—1).
veV(G)
2)
506) = Y dwdo) = ¥ dwde)=. Y dwd)
uveE(con(G)) uv€E(Ky) uveV(G), u#v

- Yo dw) Y d@) - Y d(v)? :%[ZQ'ZQ_Ml(G)]

ueV(G) veV(G) veV(G)
» 1
= 2!] - = Ml(G) .
2
O
Theorem 2.2. Let G be a (p, q)-graph and have no cycles of size 4. Also, let con(G) be a (p,q')-graph. Then,
1
S r o0 =q.= 3 M(G) —q. 2.1)

UEV
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Proof. First we show that Ng(u) N Ng(w) = {v} holds for every u,w € Ng(v). Otherwise, if there would
exista € Ng(u) N Ng(v), then it is easy to see that G has a cycle of size 4, which is a contradiction. Hence, by
Lemma we getdeon(c)(v) +dg(v) = ¥ dg(u). Thus,

MENG(Z))
2 dcon(G)(U) + Z dG(v) = 2 Z dG(u)
veV(G) veV(G) veV(G) ueNg(v)

and

20 +29="Y dg(v)*
veV(G)

from which Eq. follows. O

Theorem 2.3. Let G be a (p, q)-graph having no cycles of size 4. Also, let con(G) be a (p,q')-graph. Then,

(1) Mi(con(G)) = F +2E5(G) — 4Ma(G) + M;(G);
2) M(G) = 5[E1(G) + My (G)].
Proof. By Lemma we have:
1)

veV(con(G)) veV(G) \ueNg(v)

2
Ml(con<G)) = 2 dcon(G)(v)zz 2 ( 2 d(u)_d(v))

)y ( )y d(u)) -2 ) ( )y d(u)) d(v)+ ) d(v)?

veV(G) \ueNg(v) veV(G) \ueNg(v) veV(G)

F+25,(G) — 4My(G) + M; (G).

)

E1(G) = ) d@©)dpnc)(®) = ) d(v)( )3 d(u)—d(v))

veV(G) veV(G) 1u€Ng(v)

) d(v)( Y. d(u))— d(v)?
veV(G)

veV(G) ueNg(v)

2 Y ddu)— Y d(v)*=2My(G) — Mi(G)
uveE(G) veV(G)

O
If there is a cycle of size 4, then we can change it into a square. Two cycles of order 4 in a graph are said to
be disjoint, if they have no common diagonals in their corresponding squares.

Definition 2.1. A graph G is called type S, if any two cycles of size 4 are disjoint.

Example 2.1. (1) Every graph which has at most one cycle of size 4 is a graph of type S.

(2) Every graph, such that every two cycles of order 4 have at most one common edge in their corresponding squares,
is a graph of type S.
(3) Ky is a graph of type S.

(4) Ky is not a graph of type S.
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Theorem 2.4. Let G be a (p,q)-graph and s be the number corresponding squares of cycles of size 4. Also, let con(G)
bea (p,q')-graph. Then,

(1) If G is a graph of type S, then M1(G) = 29+ 2q' + 4s.
(2) If G is a any graph, M1 (G) < 2q+ 24" + 4s.
(3) If G has no cycles of size 4, then M1(G) =29+ 24'.

Proof. (1) Let V(G) = {v1,0v2,...,0p} and A = [a;j]px be the adjacency matrix of graph G. Since d(v;) =
Z,le aj, we get

2
14
M(G) = Y dv)= Y <Z ﬂik)
v;€V(G) v;€V(G) \k=1
= X 2 a2y, Y. agap
0;eV(G) k= 0;€V(G) 1<k<k'<p
= ) Z ag+2 ), Y agap
v;€V(G) k=1 v;€V(G) 1<k<k'<p
= Z d Ui +2 Z Z Ajk Ajge -
Z]iGV(G) UiGV(G) 1§k§k’§p

Since a;j a; = 0 or 1. Hence it is equal with one if 2 = 1 and a; = 1. Therefore, for some k # k’
there exist vy, vy € V(G) such that v; v, € E(G) and v;vp € E(G). Hence vy vy € E(con(G)) and this
edge appears only once, since G has no cycles of size 4. But, if G has any cycle of size 4, then this edge
is appear only twice. Since every cycle of size 4 corresponds to a square and every square, have two
diagonals. Thus Y-, _v (g) L1<k<k'<p @ik 4ix = ' + 25. Therefore, M (G) = 2q +2q" + 4s.

(2) The proof of this part is similar to part (1) but since edge v; vy € E(G) appears at most twice, hence
M;(G) <2q+2q +4s.

(3) It directly follows from part (1).

Corollary 2.1. Let G be a tree. Then,
My (G) =2q+2q .

Corollary 2.2. Let G be a (p, q)-graph and s be the number corresponding squares of cycles of size 4. Also, let con(G)
bea (p,q')-graph. In this case, if G is graph of type S, then ¢ = 1M1 (G) — q — 2s.

The following theorem is well known.

Theorem 2.5. Let G be a graph with vertices labeled V( ) ={v1,02,...,0,} and let A be its corresponding adjacency

matrix. For any positive integer k, the (i, j) entry a of Af = [a (k)] is equal to the number of walks from v; to v; that
use exactly k edges.

Remark 2.1. For a simple (p,q)-graph, we have

(1) Foreveryi # jentry a ofA2 =a (]2)] is equal to the number paths of order 2 from v; to v;.

@)

@) trA? =YV a7 =2q.

G X al(].z) is equal to the number paths of order 2 from u to v for every disjoint u,v € V(G).
1<i,j<p

i#]
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Lemma 22. Let A = |[a;] be the adjacency matrix of the graph G.  Define B = [b;j] such that
b d 1 aﬁf);éo for i#j
g 0 otherwise

Then B is the adjacency matrix of con(G). In particular, if G has no cycles of size 4, then B = A% — C where C is
degree matrix of G.

Proof. For every v;v; € E(con(G)) it is enough that b;; = 1 and 0therw1se it is equal zero. By definition from

b;; we have b;; is equal one if a ;é 0 for i # j. This implies that a = |Ng(v;) N Ng(v;)| # 0, that is

Ng(v;) N Ng(v;) # @. Hence vlv] € E(con(G)). In particular, if G has no cycle of size 4, then usz)

i # j. Otherwise, we get [Ng(v;) N Ng(v;)| > 2. Then G has a cycle of size 4, which is a contradiction. Thus,
B=A?-C. O

=1 or Ofor

Remark 2.2. For a (p, q)-graph, let r be the number paths of order 3 from u to v for every {u,v} C V(G), and t; the
number of cycles of size 3 containing the vertex v;. Then,

(1) For every i # j, the entry a of A% =a (]3)] is equal to the number of walks from v; to v; of order 3.

(2) trA3 = Zl 1 ” Z 1 2t; = 6{, where { is the number of triangle.

(3) Let rij be the number of paths from v; to v; of order 3, then

(3) = 1’1']‘ ?),‘Z)]‘ é E(G)

a;;
2t; i=j

{ d(vl-) -l—d(l)]) -1+ tij  0ivj € E(G)
ij

(4)

a? = 6ﬂ+2( Y M@J+d@ﬂ—l+nﬁ)+2( Y m)
(©)

v;0;€E(G) v;v;¢E(G

= 60+2M;(G)—2q+2r.

Theorem 2.6. Let G be a (p,q)-graph and con(G) a (p,q')-graph. Also, let A = [a;j]pxp and B = [bjj]x be the
adjacency matrices of G and con(G), respectively.
Then,

(1) E1(G) = i jep Cij where AB = [cij]pxp.

(2) If G has no cycle of size 4, then E1(G) is equal to the number of paths of order 2 or 3 from u to v for every
u,v € V(G).

(3) If G has no cycle of size 3 and 4, then 51(G) = 2|L| 4 2|L’|, where L = {{u,v} C V(G)|d(u,v) = 2} and
L' ={{u,v} CV(G)| d(u,v) =3}.

Proof. (1) Let V(G) = {v1,02,...,0p}. Since dg(vy) = Zle aix and dep () (k) = Zf:l byj, we have

Yo o= Y Z“zkbk] Z Y. by

1<i,j<p 1<i,j<p k= =1 1<i,j<p

P[P p p
)3 <Z”ik> (Z%‘) =Y d() deon(c) (vk)
k=1 \i=1 =1

k=1

= Z dG con )( ):El(G)'

veV (G
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(@)
Z Cij = ‘El(G) = Z dG con(G) (Z)) = 2 Zazk Z bix

1<i,j<p veV(G) 2;€V(G) k=1

= Z Z Ajk bik/ .

0;€V(G) 1<kk'<p
For aj = 1 and by = 1 we have v;u; € E(G) and v;up € E(con(G)), respectively. Thus we have three
cases:
case(1): For k = k' and i # j, if v;v;, v;vx € E(G), then ay by = 1.
case(2): For k = k" and i = j, if av;, avy, v;vx € E(G), then ay by = 1.
case(3): For k # k" and i # j if vjvy, v;vj,vjop € E(G),, then aj by = 1.
Since the graph G has no cycles of size 4, in every of the above cases only once appear. Thus,

Yi<ij<p Cij = E1(G) is the number all of paths of order 2 or 3 from u to v for every u,v € V(G).

(3) This part can be obtained easily from part (2).

Theorem 2.7. Let G be a (p, q)-graph. Then, 2 M(G) —2 M1 (G) +2q = r + 6 £ where r = the number of all paths
of order 3 from u to v for every {u,v} C V(G) and { is the number of triangles.

Proof. Let V(G) = {v1,v2,...,0p} then

Y, d)d(y)= ), Eazk Zﬂk'

v;v;€E(G) v;v;€E(G) k=

M;(G)

I
=
M=

1
Ak ak’j = E Z Z ajj ﬂk/]' .
k=1 k'=1 Z]inGE(G) {k,k’}gV(G) ’UI"U]'EE(G)

Since v;v; € E(G), if agap; = 1, then v;v; € E(G), ajx = 1, and ayp; = 1. In this case, there exist vertices v; and
vy such that we have following four cases:

case(1): If ¥’ = i and v;v, v;vx € E(G), then ag ap; = 1.

case(2): If k = jand v;v;,vjop € E(G), then ay ap; = 1.

case(3): If k = k' and v;v;, v;v; € E(G), then ay ap; = 1.

case(4): If k # k' and v;vy, v;0, vjvp € E(G), then ay ap; = 1.

Thus, in every above cases determine all of the number of walks of order 3. Thus, by Remark 2.2}

2 a 6€+2M1( ) —2q+2r) =304+ M (G) —q+r.

1<z,]<p

Example 2.2.
Let G be a (4,4)-graph with V(G) = {a,b,c,d} and E(G) = {ab,ac,bc,bd}. Then, Mp(G) = 19, M;(G) =
18 where g = 4,7 = 2and ¢ = 1. Then

19=My(G)=3+18—4+2=30+M;(G) —q+r.

3 Conclusion

In this paper, we defined the Zagreb indices of congraphs and investigate the degree-related properties of
the congraphs and the Zagreb indices of congraphs. Moreover, we obtained relations between Zagreb indices
of parent graphs and graph invariants such as number of edges of parent graph, number of edges of congraph,
the number of all paths of order 3, number of triangles and the number of cycles of size 4 by using adjacency
matrix of the parent graph.
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