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Abstract

In this paper, we introduce the notion of a §-local function and investigate some of their properties. Also,
we define two operators ()* and 1y in an ideal topological space.

Keywords: 6-local function, ()*-operator, §-compatible and 19-operator.

2010 MSC: 54A05, 54A10. ©2012 MJM. All rights reserved.

1 Introduction

In 1968, Velicko[22] introduced the notions of §-open subsets, f-closed subsets and §-closure, for the sake
of studying the important class of H-closed spaces in terms of arbitrary filterbases. In 1990, Jankovic and
Hamlett[7,8 | defined the concept of Z-open set via local function which was given by Vaidyanathaswamy.
O.Njastad[16,17] introduced the concept of compatible ideals in 1966. This ideal was also called as
supercompact by Vaidyanathaswamy[20,21]. In an ideal topological space, the local function was introduced
by Kuratowski[11]. After that so many mathematicians like Hayashi [7], Natkaniec[15] and Modak and
Bandyopadhyay[14] have studied this field and proved some new results in an ideal topological spaces. In
2009, Jeong Gi Kang and Chang Su Kim [10] defined pre-local function, semi-local function and « -local
function. In 2011, Shyamapada Modak [16] introduced d-local function and an operator 5 in the ideal
topological spaces. In 2013, Arokia Rani and Nithya[2] introduced precompatible ideals, Al-Omari and
Noiri[1] defined the local closure function and an operator #r and K. Bhavani[3,4] introduced g-local
function and v, -operator in the ideal topological spaces.

In this paper, we introduce the notion of a #-local function and investigate some of their properties. We
also introduce two operators ()* and 1y a *6-closure operator in lines with kuratowski. Also, we discuss
f-compatibility of topological spaces.

2 Preliminaries

Let (X, 7) be a topological space with no separation properties assumed. For a subset A of a space (X, 7),
cl(A) and int(A) denote the closure of A and the interior of A respectively. (X, 7) and (Y, o) will be replaced
by X and Y if there is no chance of confusion. A subset A of X is said to be semi open[9] (resp. pre open[10]
and « -open[13] if AC cl(int(A)) (resp. A C int(cl(A)) and A C int(cl(int(A)))). The complement of semi open
(resp. pre open and « -open) is called semi closed (resp. pre closed and a-closed).

A set A is said to be f-open[1] if every point of A has an open neighborhood whose closure is contained
in A. It is very well known that the family of all #-open subsets of (X, 7) are topologies on X which we shall
denote by 7Y. From the definitions it follows immediately that 7 C 7. A space (X, 7) is regular if and only if
7% = 7. A point x € X is said to be in the §-closure of a subset AC X[6] if for each open neighbourhood U of x
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we have cl(U)N A # ¢ . We shall denote 6-closure by clg(A). A subset A C X is called #-closed if A = clg(A).
In general, the §- closure of a given set need not be a #-closed set. But it is always closed. A point x € A is
said to be a 6-limit point of A[5] in X if for each #-open set U containing x, such that U N (A - {z})# ¢ .The
set all #-limit points of A is called a §-derived set of A and is denoted by Dg(A).

An ideal 7 on a topological space (X, 7) is a nonempty collection of subsets of X which satisfies (i) A € T
and BC A implies B€ Z and (ii) A € Z and B € T implies (AU B) € Z. A topological space (X, 7) with an
ideal Z on X is called an ideal topological space and is denoted by (X, 7,Z). For a subset A C X, A*(Z) =
{reX:UNA¢ZforeveryU € 7(x)} is called the local function of A with respect to Z and 7[4]. We simply
write A* in case there is no chance for confusion. A Kuratowski[11] closure operator cl*(.) for a topology 7*(Z)
called the 7*-topology finer than 7 is defined cl*(A) = AUA*. A subset A of anideal space (X, 7,Z) is 7*-closed
[18] (resp. * -dense in itself [18], x-perfect [18]) if A* C A (resp. A C A*, A = A*). Clearly, A is »-perfect if and
only if A is 7*-closed and *-dense in itself. An ideal Z in a space (X, 7) is said to be compatible with respect to
7[9], denoted by Z ~ 7, if for every subset A of X and for each z € A, there exists a neighborhood U of x such
thatUNA € Z,then A € 7. Let (X, 7) be a topological space with 7 an ideal on X, then 7 is pre-compatible[2]
with Z, if for every A C X, and for every x € A, there existsaU € PO(x)suchthatUNA € Z, then A € 7 and
is denoted by Z ~p 7. An operator[8] ¢ : p(X) — 7 is defined as: ¢(A4) = {z € X: there exists an open set O,
such that O, — A € T}, for every A € p(X). Its equivalent definition is ¢(A) = X — (X — A)*. Let A be a subset
of an ideal topological space (X, 7,Z). Then the set (1) A*,(Z,7)={r € X :UNA ¢ ZforeachU € 77(z)} is
called the pre-local function with respectto Zand 7. (2) A*;(Z,7)={x € X : UNA ¢ IforeachU € 7°(x)} is
called the semi-local function with respectto Zand 7. (8) A*o(Z,7)={z € X : UUA ¢ T foreach U € 7%(z)}
is called the a-local function with respect to Z and 7. Al-Omari and Noiri[1] defined the local closure function
and an operator ¢r in an ideal topological spaces as follows:I'(A)(Z,7) = {z € X : AN cl(U) ¢ T for every
U e 7(x)} and Yr(A) =X -T'(X — A) where ¢ : p(X) — 7. K. Bhavani[3,4] introduced g-local function and
yg-operator in the ideal topological spaces as: : A*(Z,7,) = {x € X : UN A ¢ T for every g-open set U
containing z} and ¢4(A) = {x € X : there exists a g-open set U, containing x such that U, — A € Z} for every
A € p(X) where ¢, : p(X) — p(X).

Result 2.1 Let A be a subset of a topological space (X, 7). If A € 7%, then clp(A) = A

Lemma 2.1. [1]. Let A be a subset of a topological space (X, 7). Then
1. if Ais open, then cl(A) = clp(A)
2. if Ais closed, then int(A) = intg(A)

Lemma 2.2. If (X, 7,7) is an ideal topological space, then T is codense[18] if and only in A C A* for every open set A
of X.

Lemma 2.3. [18]. If (X, 7,T) be an ideal topological space and A C X. If A C A*, then A* = cl(A*) = cl(A) = cl*(A).

3 The Operator() *

In this section we shall introduce an operator ()*? and discuss various properties of this operator.

Definition 3.1. Let A be a subset of an ideal topological space (X, T,T). Then, the 0-local function of T on X is defined
as AT, 1) ={x € X : U, N A ¢ T for every U, € 00(X,x)} with respect to T and T and is denoted as A*? for
AT, 7).

Lemma 3.1. Let (X, 7,Z) be an ideal topological space. Then every subset A of X,
(1) A*,(Z,7) C A*%(Z, 7).
(2) A*4(Z,7) C A*(Z, 7).
(3) A*o(Z,7) C A*(Z,7).
(4) T(A)(Z,7) C A*(Z, 7).
(5) A*y(Z,7) C A*(Z,7).
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Proof. Straight forward. U
Remark 3.1. The converse of the Lemma 3.1 need not be true as seen in the following examples.

Example 3.1. Let (X, 7,Z) be an ideal topological space with X = {a,b,c}, 7 = {¢,{a},{c},{a,c},{b,c}, X} and I
={¢,{c}}. If A={a,b}, then A*® = {a,b,c} ¢ {a,b} = A*,,.

Example 3.2. Let (X,7,Z) be an ideal topological space with X = {a,b,c,d}, 7 = {¢ {a},{b}.{c}{a,b},
{a,c}{b,c} {a,b,c}, {a,c,d}, X} and T = {¢,{b},{c},{b,c}}. If A= {a,b,c}, then A*® = {a,c,d} ¢ {a,d} = A*;.

Example 3.3. In example 3.2, if A = {b, c,d} then, A* = {a,c,d} ¢ {d} = A*,, .

Example 3.4. Let (X, 7,Z) be an ideal topological space with X = {a,b,c,d}, 7 = {¢,{d},{a,c},{a,c,d}, X} and I
={¢,{c}}. If A={a}, then A*® = {a,b,c,d} ¢ {a,b,c} =T(A).

Example 3.5. Let (X,7,Z) be an ideal topological space with X = {a,b,c,d,e}, 7 = {¢ {a}{c,d}{a,c,d},
{be,d,e}, X} and T = {¢, {c},{d}, {c,d}}. If A= {a,b,c,d}}, then A** = X ¢ {a,b} = A*,.

Remark 3.2. The above discussions are summarized in the following diagram.

A*P A*, A¥,
I'(A) g A Z A%,

Remark 3.3. A C A*? and A*® C A are not true in general as shown in the following example.

Example 3.6. Let (X,7,Z) be an ideal topological space with X = {a,b,c,d,e}, 7 = {¢ {a}{c,d}{a,c,d},
{b,c,d,e}, X}y and T = {¢,{b},{c},{b,c}}. () If A={a,b}, then A*? = {a}. Therefore, A ¢ A*%. (ii) If A = {a,b,d},
then A*® = X. Therefore, A* ¢ A.

Remark 3.4. Let (X, 7,T) be an ideal topological space and A C X. Then, cl*?(A) = AU A*? is a x0-closure operator.

Remark 3.5. Open sets of 7*9. Let (X, 7) be a topological space and T an ideal on X and observe that A is *%-closed
iff 7% C A. Now we have U € 7% iff X — U is 7*%-closed iff (X —U)** C X —U iff U C X — (X — U)*?. Therefore,
€U — x ¢ (X —U)*® — there exists a 0-neighbourhood V such that VN (X —U) € Z. Nowlet I =V N (X — U)
and we have x € V. — I C U, where I € T . We shall denote 3(Z,7%)={V —1:V €% I € T}.

Theorem 3.1. Let (X, 7) be a topological space and T an ideal on X. Then (3 is a basis for 7*9 .
Lemma 3.2. If (X, 7,Z) is an ideal topological space and A C X. If A C A*%, then A*%= cly(A) = cl*?(A).

Proof. Always cl*?(A) C clg(A). Let x ¢ cI*%(A). Then, there exists a 7*%-open set G containing z such that
GNA= ¢. By Remark 3.5, there exists V € 7% and I € Zsuchthatz € V-1 C G. SinceGNA=¢= (V-I)NA=
b= (VNA)—T=¢ = (VNA)=I)* =¢* = (VAAP—T¥ == (VA = = VNA? = = z ¢ clg(A).
Therefore,clg(A) C cl*®(A). Hence cl*?(A) = clg(A) — — — (1). We know that cl*?(A4) = AU A*% = A*0—(2),
since A C A*?. From (1) and (2), A*% = cly(A) = cl*?(A). O

Definition 3.2. Let (X, 7,T) be an ideal topological space and A C X. If A C A*®, then A is said to be x0-dense in
itself.

Definition 3.3. Let (X, 7,Z) be an ideal topological space and A C X. If A*® C A, then A is said to be x0-closed.
Remark 3.6. Let (X, 7,T) be an ideal topological space and A C X. Then, 7% = {X — A : cl*%(A) = A}.
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Proposition 3.1. Let (X, 7,Z) be an ideal topological space and A C X. Then A is 7*%-closed if and only if A*® C A.

Proof. Let A be 7*%-closed. Then, A = cl*’(A) = A= AU A* = A*% C A. Conversely, let A*Y C A. By
assumption, AU A* = A. i.e. cI*’(A) = A. Hence, A is 7*¢ -closed. O

Proposition 3.2. Let (X, 7,T) be an ideal topological space. Then the following hold for every subset A of X, cl*®(A) C
clo(A);

Proof. Letz € cI**(A). Then,z € Aorz € A*Y. If z € A*Y, then there exists a #-open set U,, containing x such
that U, N A ¢ Z. Thatis U, N A # ¢. This implies that x € cly(A). Thus, cl*?(A) C cly(A). O

Proposition 3.3. Let x € cl*’(A) ifand only if V. N A # ¢ for every x6-open set V C X.
Properties of ()* operator

Theorem 3.2. Let (X, 7,T) be an ideal topological space and let A,B be subsets of X. Then for 0-local functions the
following properties hold:

i) ¢ =¢.
(ii) A C Bimplies A* C B*?.
(iii) For an another ideal 7 O T on X, A*%(J) C A*%(T).
(iv) A* C A*9,
(v) A*® C cly(A).
(vi) (A*9)*0 C A*9,if Ais O-closed.
(vii) A" UB* = (AU B)*.
(viii) (AN B)* C A% B,
(ix) foraG-openset U, U NA* =U N (UNA)*  (UnNA)*.
(x) For [ €T, (AUT)™ = A* = (A — I)*°.
(xi) (A— B)* — B0 = (A — B*%) C (A — B)*.
(xii) (A — A*0) (A — A*0)*0 = ¢
(xiii) If A € T, then A*® = ¢
(xiv) A*(INJ) > A(T)U A*(T).
Proof. (i) From the definition of §-local function, ¢*? = ¢ is obvious.

(ii) Let # € A*?. Then for every §-open set U, containing =, U, N A ¢ Z. Since A C B implies that
U.NACU,NB ¢ I. Therefore, U, N B ¢ T. This implies that + € B*?. Hence, A*? C B*Y.

(iii) Let z € A*?(J). Then for every f-open set U, containing z, such that U, N A ¢ J. This implies that
U:.NA¢Z,sinceZ C J.So,z € A*%(T). Hence, A*?(J) C A*(T).

(iv) Letz € A*. We assert that z € A*?. If not, then there is a f-open set U, containing x such that U, N A € 7.
Since every §-open is open, U, is open and since, U, N A € T contradicts the assumption z € A*.
Therefore, z € A*?. This implies that A* C A*0,

(v) Letx € A*?. Then for every #-open set U, containing z, U, N A ¢ Z. Since every #-open is open, U, is
open. This implies that U, N A # ¢ for every 6-open set containing z. Hence, x € cly(A).

(vi) From (v) A*0 C clp(A). (A*9)*? C (clp(A))*?. But A = cly(A), since A is O-closed. This implies that
(A*0>*0 C A*Q‘
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(xii)

(xiii)
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Since A C AU B and B C AU B. Then from (ii) A** C (AU B)*® and B*Y C (AU B)*’. Hence,
A** U B*® C (AU B)*Y. Conversely suppose that z ¢ A*® U B*Y. Then, z ¢ A* and = ¢ B*0. If z ¢ A*?,
then there exists #-open set U, containing z such that U, N A € Z. Similarly since z ¢ B*?, there exists 6-
open set V,, containing « such that V, N A € Z. Then by the hereditary property of ideal, AN(U,NV,) € Z
and BN (U, NV,) € Z. Again, by the finite additivity of the ideal, (AU B) N (U, NV,) € Z. Hence,
r¢ (AUB)*. So, (AU B)*® C A* U B*Y. Hence A* U B*Y = (AU B)*.

Since ANB C Aand AN B C B, from (2), (AN B)** ¢ A*% and (AN B)*® ¢ B*?. Hence, (AN B)*? C
A*@ N B*G.

Let x € U N A*. Let V, be a §-open set containing z, then AN (U NV,) ¢ Z, since x € A* and U NV, is
a f-open set containing = . Hence, z € (U N A)*%. Therefore, U N A*? C (U N A)**.

Therefore, UNA*® c UN(UNA)* ————(1). Againfor UNA C A, (UNA)*® c A*%.So, UN(UNA)* C
UNA* — — — —(2). From (1) and (2) we have U N A*% = U N (U N A)*?. Hence, U € 7%, U N A*? =
Un(UNA)* c(UnNA)*.

Since A C AUI, A* Cc (AUD)*9by(i)] — — — — — (1). Letz € (AU I)*Y. Then for every #-open set U,
containing z, U, N (AUI) ¢ Z. Since U, NI € Z, it follows that U, N A ¢ Z. Hence x € A* which implies
that (AUI)* c A0 — — — — — (2). From (1) and (2), we have (AU I)*Y = A*0 — — — — — (3). Since
(A—I)C Athen(A—1)* c A0 — — — — — (4). Now, for reverse inclusion, let z € A*?. We claim that
ze(A-1 )*9. If not, then there is some #-open set U, containing x such that U, N (A — I) € Z. Since,
IeZ, IUU,N(A—-1I)) eI Thisimplies I U (U, N A) € Z. So, U, N A € Z, a contradiction to the fact
that x € A*%. Hence, A** C (A—1)*" — — — — — — (5). From (4) and (5), we have, A*? = (A —1)*Y. Again
from (3) and (6) we have (AU I)*? = A*% = (A — I)*?.

Let v € A*® — B*%. Then, v € A*® and z ¢ B*®. This implies that U, N A ¢ Z, for every f-open set U,
containing « and V, N B € Z, for some §-open set V, containing z. Hence V, NA ¢ Zand V, N B € Z.
Suppose that (A — B)NV, € Z. Since (A — B)NV,)U(BNV,) = (AU B) NV, by finite additivity
property of ideal, (AUB) NV, € Z. Since ANV, C (AUB)NV,, ANV, € Z, which is a contradiction

to the fact that V, N A ¢ Z. Therefore, (A — B) NV, ¢ T and so, z € (A — B)* — — — (1). Therefore,
A% _ B0 (A— B) — — — _(2).
Also, x ¢ B*Y implies that « € (A — B)*® — B*?. Therefore, A** — B*Y ¢ (A — B)** — B*Y — — — —(3).

Letz € (A— B)* — B*. Thenz € (A— B)** and = ¢ B*Y. If 2 € (A — B)*?, then for every #-open
set U, containing z such that (A — B) N U, ¢ Z. Suppose that ¢ A*?, then there is some #-open set
V, containing x, ANV, € Z. Since, = ¢ B*?, then there is some 6-open set W, containing z, such that
BNW, €I Since (A-—B)NV,)U(BNV,)=(AUB)NV, =(ANV,) U (BNYV,) by finite additive
property of the ideal, (AUB)NV, € Z. Since (A—-B)NV, C (AUB)NV,, (A— B)NV, € T which
is a contradiction. Therefore, ANV, ¢ Z, x € A*® and x ¢ B*°. Therefore, + € A*® — B*?. Thus
(A-B)* — B*Y ¢ A*Y — B*Y — — — (4). From (3) and (4), we have (A*? — B*?) = (A — B)*Y — B*Y. Using
(2), we have (A — B)*Y — B*? = (A*% — B*%) C (A — B)*’.

Since A — A** ¢ X — A*9. So, (A — A*9) N A9 = ¢. Since (A — A*%) C A, (A — A*9)*? C A*9. Tt follows
that (A — A*) N (A — A*0)0 = 9.

Suppose that z € A*?. Then, there exists some #-open set containing z such that U, N A ¢ Z. But, since
AeZ, U,NAecTIforeveryU, € 79 . This is a contradiction. Hence, A*/ = ¢ .
O

Remark 3.7. In Theorem 3.2, the reverse inclusions of (iii), (viii) are not valid as in the following example.

Example 3.7. Let X = {a,b,c,d} with 7 = {¢$,{a},{c,d},{a,c,d}, {b,c,d, e}, X}, T ={d,{b},{c},{b,c}} and T
={¢,{c}}-

(1)
(2)

Let A = {a,b}. Then, A**(T) = {a,b,c,d} ¢ {a} = A**(T).

Let A={a,b,c,d}, A*® =X, B={a,b,c,e}, B** =X, AN B ={a,b,c}, (AN B)*? = {a}. Therefore A*° N B*?
=X ¢ {a} = (AN B)*.

Proposition 3.4. Let (X, 7,7T) be an ideal topological space and A C X where T = {¢}. Then A*® = cly(A).
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Proof. LetZ = {¢}. We know that clg(A) = AU Dg(A) where Dg(A) is the §-derived set of A. Letx € AU Dy(A)
and let U, be a 6-open set containing x. Thenz € Aorx € Dy(A). Ifx € Athenxz € U, NAandso U, NA # ¢
fx € Dy(A), then ¢ # [U, — {z}]N A C U, N Aand thus U, N A # ¢ . Hence, clg(A) = AU Dy(A) C A*. By
Theorem 3.2(v), A*? C clg(A). Therefore, A*? = cly(A). O

Proposition 3.5. Let (X, 7,Z) be an ideal topological space and A C X where T = p(X). Then A*? = ¢ for every
ACX.

Proof. Since A*Y ={x € X : U, N A ¢ p(X) for every #-open set U, containing z} = ¢ . Therefore, A*? = ¢ for
every A C X. O

Theorem 3.3. Let (X, 7,Z) be an ideal topological space and let A,B be subsets of X. Then for 6-local functions the
following properties hold:

1. A9 = cly(A*9) C clg(A) and A*? is O-closed.
2. If A C A*% and A*9 is open, then, A*? = cly(A).

Proof. 1. Always A*? C cly(A*?). Let x € cly(A*?). Then , there exists some open set U, containing z such
that A*® NU, # ¢ . Therefore, there exists some y € A** NU, and U, € 7%(z). Since y € A*? , there exists
some 6-open set V, such that ANV, NU, = ANV, ¢ I. Therefore, z € A*® . Hence, A* = cly(A*?) and
A*9 = cly(A*?) C clg(A) by Theorem 3.2 (v).

2. For any subset A of X, by(1) we have A*? = cly(A*?) C cly(A). Since A C A*% and A*? is open, by Lemma
1.2, clg(A) C clg(A*?) = cl(A*%) = A*¥ C clg(A) and hence, A*? = cly(A).
O

Theorem 3.4. Let (X, 7,T) be an ideal topological space. Then, A*® 5 A —U{U Cc X : U € T} forall A C X.

Proof. Let B=U{U C X : U € Z} and letz € (A — B). Then z € A and = ¢ B. This implies that x ¢ U for all
U € Isothat {z}={z} N A ¢ Tbecause z € A . Forevery G € 7%(z), we have {z} N A C GN A ¢ T by the
heredity of ideal. Hence, z € A*?. O

Remark 3.8. The converse of the theorem 3.4 need not be true as seen in the following example.

Example 3.8. Let X = {a,b,c,d} with T = {¢,{a},{c,d},{a,c,d},{b,c,d, e}, X} and I = {¢,{b}, {c}, {b,c}}. Let
A={a,b,c,d}. B=U{U C X :U €I}={b,c}. A-B={a,d}. A** =X ¢ {a,d} = A— B.

Theorem 3.5. Let (X,7,Z) be an ideal topological space and B = U{U C X : U € Z}. If B € T then (A*)*0 = A*?
forall A C X.

Proof. Let A be a subset of X. Then, (A*?)** c A*% by Theorem 3.2(vi) . Furthermore, A*’ > A — B by Theorem
3.4. It follows from Theorem 3.2(ii) that (4*%)*® > (A — B)*Y. Since B € Z, by Theorem 3.2 (x) implies that
(A*9)*% 5 (A — B)*? = A*9. Therefore, (A*?)*0 = A*?. O

Theorem 3.6. Let (X, 7,7) be an ideal topological space in which 7% = p(X). Then A** = A—U{U C X : U € T}
forall A C X.

Proof. LetB=A—U{U C X : U € Z} and let x € A*®. Then {x} N A ¢ T because {z} € 7% = p(X). Since ideal
T always contains ¢, {z} N A # ¢ and so z € A. It follows that {z} = {z} N A ¢ Zsothatz ¢ U forallU € Z.
Hence, z ¢ B and therefore, + € A — B. Hence, A*Y C A — B. The reverse inclusion is obvious by Theorem
3.4. O

Remark 3.9. Let (X, 7,T) be an ideal topological space in which every member of T is clopen. Then A*® = A — U{U C
X:UeZ}forall AC X.

Proof. LetB=A—U{U C X : U € I} and let A € p(X). Then every clopen set is §-open. Hence 4 € 7%, which
means that p(X) C 7% so that p(X) = 7% . By Theorem 3.6 A*Y = A — B. O

Theorem 3.7. Let (X, 7,T) be an ideal topological space. Then, the following properties holds.
1. If T = {¢}, then cl*?(A) = clp(A).
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2. If T = p(X), then cl**(A) = A.
3. IfA€T,thencl*(A) = A.
Proof. Obvious. O

Theorem 3.8. Let (X, 7,T) be an ideal topological space and let A,B be subsets of X. Then for x6-local functions the
following properties hold:

(i) cd*(¢)=¢.
(i) If A C B, then cl*?(A) C cl*?(B).
(iii) For an another ideal 7 D T on X, cI*®(A, 7, J) C cl*?(A, 7, T).
(iv) cl*(A) C c*?(A).
(v) cl*9(A) C clg(A).
(vi) cl*?(cl*®(A)) C cl*®(A) if A is O-closed.
(vii) cl*®(A) U cl*®(B) = cl**(AU B).
(viii) cI**(AN B) C cd*?(A) N cl*(B).
Proof. It is obvious by using Remark 3.5 and Theorem 3.7. O

Remark 3.10. In Theorem 3.8, The reverse inclusions of (ii), (iv), (v) and the converse of (iii) and (viii) are not valid as
seen in the following examples.

Example 3.9. (iii) Let X = {a,b, ¢, d} with T = {¢, {a},{b},{c}, {a,b},{a,c}, {b,c},{a,b,c},{a,c,d}, X} and T =
{¢,{a}}, T ={¢,{b},{c},{b,c}}. Let A= {a,d}, cI*(A,7,T) ={a,c,d} D {a,d} =cl*®(A,7,T) but J ¢ T.

Example 3.10. Let X = {a,b,c,d} with 7 = {¢$,{a},{b},{c},{a,b},{a,c},{b,c}, {a,b,c}, {a,c,d}, X} and T =
{0, {0}, {c}, {b.c}} .

(i) Let A={c},B={a,b}. Then cl**(A)={c} C X =cl**(B), butA ¢ B.
(iv) Let A ={a}. Then cI**(A) = {a,c,d} ¢ {a,d} = cl*(A).

(viii) Let A= {b,c}, B={b,d}. Then cl*°(A) = {b,c},cl**(B) = X, AN B = {b}. cI**(AN B) = {b}. So, cl**(A) N
c*®(B) = {b,c} ¢ {b} =cl*(AN B).

(v) Let A={b,c}. Then, cly(A) = X ¢ {b,c} =cl*?(A).
Remark 3.11. Dy(A) C cl*%(A) and cl*?(A) C Dy(A) are not true in general as shown in the following example.

Example 3.11. Let (X,7,7) be an ideal topological space with X = {a,b,c,d,e}, 7 = {¢ {a}{c,d}{a,c,d},
{b,c.d e}, X}y and T = {¢,{c},{d}, {c,d}}.

(i) If A ={c,d}, then A*® = ¢ . Therefore, Dy(A) = {b,c,d, e} ¢ {c,d} = cl*(A).
(i) If A ={a,b,d}, then A*® = X. Therefore, cl**(A) = X ¢ {b,c,d,e} = Dg(A).
Proposition 3.6. Let (X, 7,7) be an ideal topological space. For any subset A of X, the following properties are hold.
(i) A*® — A C clg(A) — A C Dy(A).
(ii) IfT ={¢}, then A* — A=cly(A) — A C Dy(A).
(iii) IfT = p(X), then A*® = Dy(A).

Proof. (i)From Theorem 3.2(v), we have A*? C clg(A) . Then, A*? — A C cly(A) — A. Since clg(A) = AU Dy(A),
clo(A) — A C Dy(A). Tt follows that A*® — A C clg(A) — A C Dy(A).
(ii) and (iii) are straight forward by Proposition 3.4 and Proposition 3.5. O



M. Anandhi et al. / 6-local function... 483

4 ¢ - Compatibility

Definition 4.1. Let (X, 7,7) be an ideal topological space, then T is 8-compatible with the ideal Z, if for every A C X
and if for every x € A, there exists U € 79 (x) such that U N A € T, then A € T and it is denoted by T ~% T.

Theorem 4.1. Let (X, 7,T) be an ideal topological space, then the following properties are equivalent:
1. 7~ T;
2. Ifasubset A of X has a cover of 0-open sets each of whose intersection with A is in I, then A € I;
3. Forevery A C X, AN A*® = ¢ implies that A € T;
4. Forevery AC X, A— A*® € T.
5. For every A C X, if A contains no nonempty subset B with B C B*Y then A € T.

Proof. (1) = (2) . The proof is obvious.

(2) = (3). LetA C X and z € A. Since AN A*® = ¢, x ¢ A*? and there exists some #-open set V. € 7% such
that V, N A € Z. Therefore, we have A C | J{V, : € A} and V, € 7% and by (2) A € T.

(3) = (4). Forany A C X, A — A*Y C Aand (A — A*)n (A — A*9)* C (A— A*)n A% =¢. By (3),
A—- A0 eT.

(4) = (5). By (4), forevery A C X, A—A* € T. Let A—A* = J € T, A= JU(AN A*?) and by Theorem 3.17
(vii) and (xiii), A*¢ = J*9U(ANA*9)*? = (ANA*?)*? . Therefore, we have (ANA*?) = AN(ANA*?)*0 C (ANA*9)*0
and (A N A*%) C A. By the assumption AN A*? = ¢ and hence A =(A4 — A*?) € 7.

(5) = (1). Let A C X and assume that for every z € A, there exists some #-open set U,, containing z,
U.NA€Z. Then AN A*® = ¢ . Suppose that A contains B such that B C B*Y. Then B=BNB*Y C AN A =
¢ . Therefore, A contains no nonempty subset B with B C B*Y. Hence 4 € T.

U
Lemma 4.1. Let (X, 7,T) be an ideal topological space. If T ~° Z, then for every A C X, AN A*® = ¢ implies that A*°
=0¢.
Proof. Let A be any subset of X and A N A*® = ¢ . By Theorem 4.1, A € Z and by Theorem 3.2 (xiii), A*/ = ¢

O
Theorem 4.2. Let (X, 7,T) be an ideal topological space. If 7 ~° T then the following properties are equivalent:
1. Forevery A C X, AN A*? = ¢ implies that A* = ¢ .
2. Forevery AC X, (A— A0 =¢.
3. Forevery A C X, (AN A*0)*0 = A*0

Proof. (1) = (2). Assume thatevery A C X, AN A*Y = ¢ implies that A** = ¢ . Let B= A — A*? , then BN B*Y
=(A-ANA-AN=(AN(X - AN (AN (X — A C(AN(X - A*9) N (AN (X — A*0)*0) =
¢. By (1), we have B*? = ¢ . Hence (A — A*%)*? = ¢ .

(2) = (3) Assume forevery A C X, (A—A*)*0 =¢. A= (A-A*)U(ANA*Y) . A*0 = [(A—A*)U(ANA*Y)]*0
— (A _ A*G)*e U (A ) A*G)*O - (A N A*H)*é.

(3) = (1) Assume for every A C X, AN A*? = pand (AN A*?)*? = A*9. This implies that ¢ = ¢*? = A*?. O
Definition 4.2. If (X, 7,7) is an ideal topological space, then T is x0-codense if and only if A C A*? for every 6-open
set A of X.

Characterization of 6 -local function in *f-codense ideal topological space.
Theorem 4.3. Let (X, 7,T) be an ideal topological space. Then the following are equivalent:
1. X=X,

2. 79NT ={¢}.
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3. IfI €I, thenintg(l)=¢.
4. ForeveryU € 7%, U C U*’.

Proof. (1) = (2): LetU € 7 NZ. ThenU € 7% and U € Z. Suppose that z € U. Since = € X, this implies
x € X*Y. Since U is a f-open set containing x, UNX ¢ Z implies that U ¢ Z which is a contradiction. Therefore,
x ¢ U for every z € X. This implies that U = ¢ and so 7 N T = {¢}.

(2) = (3): Suppose that (2) holds. Let I € Z be such that I # ¢ . Then inty(I) € 7% and inty(I) C I implies
that inte(I) € Z. Therefore, by (2), intg(I) = ¢ .

(3) = (4): U € 7% and = € U. Suppose that = ¢ U*?. Then there exists a f-open set V,, containing = such
that V, NU € Z. Since U NV, is a #-open set containing «, UNV,, =inty(UNV,) = ¢ by (3). Sincez € V,, ,x ¢ U.
Thus U C U*? for every U € 7°.

(4) = (1): Since X is #-open, by (4), X € X*¢, X = X*9.

Theorem 4.4. Let (X, ,T) be an ideal topological space and I € . Then, I is 7*%closed.

Proof. Let I € Z. By Theorem 3.22 (x) I*? = (I — I)*Y = ¢* = ¢ . Hence cl*(I) = I U I*% =1 which implies that
Lis 7% -closed. O

Theorem 4.5. Let (X, 7,Z) be an ideal topological space and A C X. Then A*?(r* T) c A*%(79,T).

Proof. Letz € A*%(7*%,T). Suppose that z ¢ A*(7* 7). Then there exists a f-open set U, containing z, such
that ANU, € Z. Since U, € 7% C 7%, ANU, € T for a 7*%-open set U, containing x. Therefore, z ¢ A*? (7% T)
which implies that A*? (7% ) ¢ A*9(7%, T). O

Theorem 4.6. Let (X, 7) be an ideal topological space where I and J are ideals on X and A C X. Then the following
hold:

(i) A9ITNT)=AT)uU A (T).
(i) If T C J, then 7*%(Z) C 7*%( 7).
(iii) (I NJT)=7T)N7TT).

Proof. (i) Letz ¢ A*%(ZNJ) if and only if there exists a f-open set U, containing x, such that ANU, € ZNJ
if and only if ANU, € Zand ANU, € J if and only if z ¢ A*(Z) and = ¢ A**(7) if and only if
r ¢ A(T)U A*(J). Hence, A (TN J) = A*%(T) U A*%(J) for every subset A C X.

(ii) Let Z ¢ J . Now if X — A € 7*%(T), then A U A*%(Z) = A which implies that A*%(Z) C A. Since
IcJ, A*%J) c A*%(Z) C Aby Theorem 3.17 (iii). Therefore, X — A € 7*%(J) which implies that
(1) c 79(T).

(iii) Let A € X and X —A € 7*%(ZNJ). SinceZNJ isasubsetof Zand J, X —A € 7*%(Z) and X — A € 7*(7)
if and only if A is 7*%(Z)- closed and 7*(.7)- closed if and only if A**(Z) C A and A**(J) C A. Hence,
A*(T) U A*9(J) C Aif and only if A**(Z N J) C A by (i). This implies that A is 7*%(Z N J)-closed.
Therefore, 7*%(Z N J) = 7*%(Z) N 7*9( 7).

O

5 The operator v

Definition 5.1. Let (X, 7,Z) be an ideal topological space. An operator 1y :0(X) — 7 is defined as 1y(A) = {z € X:
there exists a O-open set U, containing x such that U, — A € I}, for every A € p(X). We observe that ig(A) =
X — (X — A,

Theorem 5.1. Let (X, 7,Z) be a ideal topological space. Then, for A € p(X), g(A) = X — (X — A)*0.
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Proof. Let x € 1y(A). Then there exists a §-open set U, containing x such that U, — A € Z. Then X N (U, —
A) € Z, implies that U, N (X — A) € Z. Soz ¢ (X — A)*® and hence, z € X — (X — A)*®. Therefore,
Ye(A) C X — (X — A)*? . For reverse inclusion, if z € X — (X — A)*’, then v ¢ (X — A)* and so there exists
a 6-open set U, containing x such that U, N (X — A) € Z which implies that U, — A € Z. Hence z € 1g(A).
Thus X — (X — A)*? C 9p(A) and so 1g(A) = X — (X — A)*0. O

Theorem 5.2. Let (X, 7,T) be an ideal topological space and let A, B be subsets of X, then the following hold:
(i) If A C B, then 1p(A) C 19(B).
(i) If A, B € p(X), then 1g(A) Uthg(B) C thg(AU B)
(iii) If A, B € p(X), then vg(A) N1bg(B)=1bg(A N B).
(iv) IFA C X, e(A) C 1(A).
() IfU € 7%, then U C 1y (U). Also, if U € 7%, then U C 1py(U).
(vi) If A C X, then 1pg(A) C ho(e(A)).
(vii) If A C X, then 1hg(A) = g (Vg (A)) if and only if (X — A)*0)*0 = (X — A)*9.
(viii) If A C X and T € T, then 1g(A — I) = 1hg(A) = 1bg(AUT).
(ix) If (A— B)U (B — A) € T, then 14 (A) = ¢y(B).

Proof. (i) Since A C B, then (X — A) O (X — B). Then by Theorem 3.22 (i), (X — A)*Y D (X — B)*? and
hence 1g(A) C ¢y(B).

(ii) Since AC AUBand B C AU B, by (i) ¥9(A) U ¢e(B) C g(AU B).

(iii) ¥9(ANB)=X — (X —(ANB))* =X — ((X — A)U(X — B))*Y. This implies that 1y(ANB) = X — ((X —
A)** U (X — B)*?), from Theorem 3.22(xi). Therefore, (AN B) = (X — (X — A)**) U (X — (X — B)*?)
and hence, (AN B) = 1g(A) Ny (B).

(iv) From Theorem 3.17 (iv), we have that (X — A)* C (X — A)*. This implies that X — (X — A)* D
X — (X — A)*¥ and yy(A) C ¥(A).

(v) Since U € 77, then X — U is a f-closed set. So, clg(X —U) =X — U. By theorem 3.22 (vi), (X — Uy C
clo(X —U)=(X —U).Then, U C X — (X —U)** =44(U) forevery U € 7. If U € 7*%, then X — U isa
7*%-closed which implies that (X — U)*Y C (X —U) andso, U C X — (X — U)*? = (V).

(vi) This follows from (i) and (v).

(vii) Since 9h(1hg(A)) = X — (X —1p(A))* = X — (X — (X — (X = 4)*))"* = X — (X = A)**)" = X — (X — A)*
= 1p(A) if and only if (X — A)*?)*? = (X — A)*?.

(viii) We know that X — (X — (A—I)* = X — (X — A)UI)* = X — (X — A)*Y, ( Theorem3.22(xvi)). So,
(A —T) = 1pg(A). Also, we know that X — (X — (AUI)* =X — (X —A) -I)"? =X — (X — A)*?,
(from Theorem 3.22(xv1i)). So, Y9 (A — T) = 1pg(A). Also, Yg(AUT) = 1pg(A).

(ix) Given that (A - B)U(B— A) € Z,and let A— B =1, B— A= 1I,. We observe that I; and I, € Z by
heredity. Also, observe that, B = ((A — 1) U Iz). Thus, ¥9(A) = ¢¥s((A — 1) U I2) = ¢p(B).
O

Corollary 5.1. Let (X, 7,Z) be an ideal topological space. Then U C 1y(U) for every 6-open set U C X.

Proof. We know that ¢y(U) = X — (X — U)*?. Now (X —U)*? C cly(X —U) = X — U, since X — U is f-closed.
Therefore, U= X — (X —U) C X — (X —U)* = (V). O

Remark 5.1. The following example shows that a set A is not 6-open but satisfies A C 1pg(A).
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Example 5.1. Let X = {a,b,c,d}, 7 = {¢,{a},{c,d},{a,c,d},{b,c,d}, X} and T = {¢, {c},{c,d}}. Let A ={b}.
Then g ({b}) = X — (X — {b})*? = X — ({a,¢,d})*® = X — {a} = {b,c,d}. Therefore, A C 1)y(A), But A is not
6-open.

Theorem 5.3. Let (X, 7,Z) be an ideal topological space. If A C X, then, AN 1g(A) = inte(A).

Proof. If x € ANy(A), then x € A and there exists a §-open set U,, containing z, such that U, — A € Z. Then,
by Remark 3.5, U, — (U, — A) € 7%-open neighborhood of x and z € inty(A). On the other hand, if z € inty(A)
there exists a basic Te—open neighborhood V,, — A of x, where V, — A€ rand I € Z,suchthatz € V, - T C A
which implies V,, — A C I and hence V,, — A € 7. Hence, x € AN yy(A). O

Theorem 5.4. Let (X, 7,T) be an ideal topological space and A C X. Then the following properties hold:
1. Yp(A)=U{U e 7%: U — A€ T}.
2. hg(A) D U €79 :(U - A)U(A-U) €T}

Proof. (1) This follows immediately from the definition of 1)y-operator.

(2) Since 7 is heredity, it is obvious that ({U € 7%:(U - A)U(A-U) € I} C|JH{U € 7%: U — A € I} =y (A)
forevery A C X.
O

Theorem 5.5. Let (X, 7,7) be an ideal topological space. Then T ~° T if and only if 1p¢(A) — A € T for every A C X.

Proof. Necessity:

Assume 7 ~Y Zand let A C X . Observe that z € y(A) — A € Zifand only ifz ¢ Aand z ¢ (X — A)*?
if and only if + ¢ A and there exists some ¢-open set U, € 7%(z) such that U, — A € T if and only if there
exists some #-open set U, € 7%(x) such that x € U, — A € Z. Now, for each = € ¢y(A) — Aand U, € 7%(2),
U, N (1g(A) — A) € T by heredity and hence, 199(A) — A € Z by assumption that 7 ~¢ T.

Sufficiency:

Let A C X and assume that for each = € A there exists some #-open set U, € 7%(x) such that U, N A € Z.
Observe that 15(X —A)— (X —A) = A— A*® = {z : there exists some #-open set U, € 7%(z) such that U,NA € T}.
Thus, we have A C ¢9(X — A) — (X — A) € 7 and hence, A € Z by heredity of Z. O

Theorem 5.6. Let (X, 7,T) be an ideal topological space with + ~% T, A C X. If N is a nonempty 6-open subset of
AN ypg(A), then N — A€ Tand NN A ¢ T.

Proof. If N C A" N ¢pp(A), then N — A C 4p9(A) — A € T by Theorem 5.5 and hence N — A € T by heredity.
Since N € 7% — {¢} and N C A*?, we have N N A ¢ T by the definition of A*’. O

Remark 5.2. Let (X, 7,T) be an ideal topological space with 7 ~° I. Then 1y (A) = 1g(1a(A)) for every A C X.

Proof. 1g(A) C 1e(1hg(A)) follows from Theorem 5.2(vi). Since 7 ~? Z, it follows from Theorem 5.5 that
19(A) C AUT for some I € Z, and hence 1y(A) = 1g(1)s(A)) by Theorem 5.2 (viii). O

Theorem 5.7. Let (X, 7,T) be an ideal topological space with 7 ~% T. Then 1p(A) = J{vg(U): U € 79, 4pp(U)— A €
4.

Proof. Let ®(A) =J{wo(U): U € 79, y(U) — A € T}. Clearly ®(A) C 1)p(A). Now let x € 19(A). Then, there
exists a #-open set U, such that U — A € Z. By Corollary 5.1, U C vg(U)and 1g(U) — A C [¢pg(U) —=U|U[U — A].
By Theorem 5.5 ¢»(U) — U € Z. Hence, x € ®(A) and ®(A) D 9(A). Consequently, we obtain ®(A) =
Yo (A). 0

Theorem 5.8. Let (X, 7,T) be an ideal topological space with T ~° T, where 79N = ¢. Then for A C X, 1p(A) C A*Y.

Proof. Suppose = € 1g(A) and = ¢ A*?. Then, there exists a #-open set U, € 7(z) such that U, N A € Z. Since
x € 1p(A), by Theorem 5.4 z € |J{U € 7% : U — A € T} and there exists a #-open set V,, € 7%(x) such that
V,— A€ T Now,wehave U, NV, € 7%(x), U, NV,NA€Tand U, NV, — A € 7 by heredity. Hence, by finite
additivity, we have (U, NV, NA)U (U, NV, — A)=U, NV, € L. Since (U, N V) € 79, this is contrary to 7/ N Z
= ¢ . Therefore, x € A*Y. This implies that 15(A) C A**. O
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