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Abstract

In this paper, we achieve the general solution and generalized Ulam-Hyers stability of a generalized 3-
dimensional AQCQ functional equation
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for all positive integers » with » > 2 in Banach Space using two different methods.
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1 Introduction and Preliminaries

A basic question in the theory of functional equations is as follows: When is it true that a function, which
approximately satisfies a functional equation, must be close to an exact solution of the equation?. If the problem
accepts a unique solution, we say the equation is stable.

The research of stability problems for functional equations was linked to the renowned Ulam problem [74]
(in 1940), concerning the stability of group homomorphisms, which was first elucidated by D.H. Hyers [29], in
1941. This stability problem was more widespread by quite a lot of creators [2, 13, 55, 60, 63]. Other pertinent
research works are also cited (see [1, 7, 13, 14, 17, 21, 24, 25, 30]).

The principal equation in the study of stability of functional equation is the equation

flx+y) = flx) +fy) 1.1)

which is additive functional equation having solution f(x) = cx. Many researchers have their results about
the stability of in various spaces.
The functional equation
flaty)+fx—y)=2f(x) +2f (v) (12)

2 is a solution of the func-

is said to be a quadratic functional equation because the quadratic function f (x) = x
tional equation (1.2). Every solution of the quadratic functional equation is said to be a quadratic mapping. A

quadratic functional equation was used to characterize inner product spaces.
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In 2001, J. M. Rassias introduced the cubic functional equation
C(x+2y) +3C(x) =3C(x+y) +C(x—vy)+6C(y) (1.3)

and established the solution of the Ulam stability problem for cubic mappings. It is easy to show that the
function f (x) = x> satisfies the functional equation (T.3) which is called a cubic functional equation, and
every solution of the cubic functional equation is said to be a cubic mapping.

The quartic functional equation

F(x+2y)+F(x—2y)+6F(x) = 4[F(x+y)+F(x—y)+6F(y)] (1.4)

was introduced by J. M. Rassias . It is easy to show that the function f (x) = x* is the solution of (T.4). Every
solution of the quartic functional equation is said to be a quartic mapping.

C.Park [51] proved the generalized Hyers-Ulam stability of the following additive-quadratic-cubic-quartic
functional equation briefly, AQCQ-functional equation

frt2y)+f(x=2y) =4[f (x+y) + f (x —y)] - 6f (%) (1.5)
+f (2y) + £ (=2y) = 4f (v) = 4f (-y)

in non-Archimedean normed spaces.
In [64], Ravi et.al., introduced a general mixed-type AQCQ- functional equation

Fletay)+f (x=ay) = 2 [f (x+9)+ f (x =] +2 (1= ) f (3 o
I (7 (29) + £ (<29) — 4F (9) — 47 (-0)
which is a generalized form of the AQCQ-functional equation and obtained its general solution and
generalized Hyers-Ulam stability for a fixed integer a with a # 0, £1 in Banach spaces.
Now, we recall the following theorem which are useful to prove our fixed point stability results.

Theorem 1.1. [12[(The alternative of fixed point) Suppose that for a complete generalized metric space (X, d) and a
strictly contractive mapping I' - X — X with Lipschitz constant L. Then, for each given element x € X, either
(B1) d(T"x, T x) =0 V n>0,
or
(B2) there exists a natural number ng such that:
(i) d(T"x, T 1x) < oo foralln > ng ;
(i) The sequence (I'"x) is convergent to a fixed point y* of T
(iii) y* is the unzqueﬁxed point of T in theset Y = {y € X : d(I"0x,y) < oo};
(iv) d(y*,y) < i1 d(y,Ty) forally € Y.

In this paper, we obtain the general solution and generalized Ulam-Rassias stability of the generalized 3
dimensional AQCQ functional equation

flx+ry+ ))+f(x—r(y+2))
=2 f(x+y+2)+f(x—y—2)]+2(1—7) f(x) (17)

LD (F @y +2) + f (—2(y +2) — 4f (y+2) — 4F (—(y +2))]

for all positive integers » with r > 2 in Banach Space using two different methods.

2 General Solution

In this section, we present the general solution of the functional equation (1.6). Throughout this section, let U
and V be real vector spaces.

Lemma 2.1. Let f : U — V be a function satisfying (1.7) for all x,y,z € U then f satisfies (1.7) for all x,y € U.

Proof. Assume f : U — V satisfies (1.7). Replacing (r,z) by (a,0) in (I.7), we arrive our result. O
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Theorem 2.1. Let f : U — V be a function satisfying (L.7) for all x,y,z € Uand if f is even then f is quadratic -
quartic.

Proof. The proof follows from Lemma 2.1 and Theorem 2.2 of [64]. O

Theorem 2.2. Let f : U — V be a function satisfying (L.7) for all x,y,z € Uand if f is odd then f is additive - cubic.

Proof. The proof follows from Lemma 2.1 and Theorem 2.3 of [64]. O

Theorem 2.3. Let f : U — V be a function satisfying forall x,y,z € U if and only if there exists functions
A:U—V,B:U*—V,C:U>— Vand D : U* = V such that

f(x)=A(x)+B(x,x)+C(x,x,x) + D (x,x,x,x)

forall x € U, where A is additive, B is symmetric bi-additive, C is symmetric for each fixed one variable and is additive
for fixed two variables and D is symmetric multi-additive.

Proof. The proof follows from Lemma 2.1 and Theorem 2.4 of [64]. O

Hereafter throughout this paper, let us consider U be a real normed space and V be a Banach space. Define

a function Df : U — V by
Df (x,9,2) = f(x+1(y+2)) + f (x = r(y+2)) — 2 [f (x+y+2)+ f (x—y—2)] =2 (1= 1) f (x)
) @y +2) + F(—2(y+2) —4F (v +2) — 4F (—(y+2))]

forallx,y,z € Uandr > 2.

3 STABILITY RESULTS: EVEN CASE-DIRECT METHOD

In this section, we investigate the generalized Ulam - Hyers stability for the functional equation (1.7) for even
case.

Theorem 3.1. Let j = £1. Let ¢ : U — [0, 00) be a function such that

21’! 211 27[ 21’! 211 27[
Z gbx—y,) converges and  lim $ @ 2%,2%) _ 0 (3.1)
n—0oo 4n
forall x,y,z € Uandlet f: U — V be an even function satisfying the inequality
IDf (x,y,2)[l < ¢ (x,1,2) 32

forall x,y,z € U. Then there exists a unique quadratic function Qo : U — V which satisfies (1.7) and

o ¥ (Zkf x, 2kix, 2ki x)
i (3.3)

»MH

If (2x) —16f (x) —

forall x € U, where Qy(x) and ¥ (2N x, 2% x, 2K x) are defined by

Qy (x) = lim { f (2<"+l> ) 16f (2%)} (3.4)

n—oo 41]

¥ (29,29, 2x) = oy [12 (1= 1) g (0,29x,0) + 1202 (2Vx, 20+ Dix, oW

+ 6y (0 2(k+1)jy, 0) +12¢ (Zk]rx 2(k+1) _okiy } (3.5)

forallx € U.
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Proof. Case (i) : j = 1. Next using the evenness of f in (3:2), we get
f ety +2) +f =1y +2) = Plf (x+y+2)+ f (x =y —2)]
-
—2(1—r2)f(x)—

forall x,y,z € U. Interchanging x and y in (3.6), we obtain

2f 2y +2)) = 8f (y+2)] | < ¥ (x1,2) (3.6)

If y+rx+2)+f (v fr(x+2))frz[f(HyHHf(yffo)]f2(1frz)f(y)

4
) pf a2 —sr e+ | < 9 (2) 6

forall x,y,z € U. Letting (y,z)by (0,0)in (3.7)and using evenness of f, we have

2 () -2 (1) - T )~ 87 ()| < 9 (05,0 (38)
forall x € U. Putting (x,y,z) by (2x,x, —x) in (3.7), we get
I (- 1) + £ (= D >—rjf<22x> 2(1-7) () 50
- ren - sf @l <y (2w )
for all x € U. If we replace xby 2x in (3.8), we reach
2f (2rx) — 2 12f (2x) — (741_;2) 2f (4x) — 8f (2x)]|| < ¥ (0,2x,0) (3.10)

for all x € U. Setting (x,y,z) by (2x,rx, —x) in (3.7), we obtain

|lf @rx) =2 [f(r+ Dx+ f(r—1)x] =2 (1 —7?) f (rx)
(74_72) (3.11)
2f (2x) = 8f ()]|| < ¢ (rx,2x, —x)

for all x € U. Multiplying (3.§ and -by 12(1 — r2), 12¢2, 6 and 12 respectively, we arrive

(r* — ) |If (4x) —20f (2x) + 64f (x) o
— {2 0w 202 -2 £ 00— ZONED oy ) - 8 o}

+{1272f ((r + 1)x) + 1272 f ((r — 1)x) — 12r*f (2x) — 2472 (1 —12) f (x)

- pr e - sr)
+ {—12f (2rx) + 1272 f (2x) + 6(7157 ) [2f (4x) — 8f (22)]}
+ {12f (2rx) — 1272[f (1 +7)x) + f ((1 — 7)x)]
~2(1-7) £ () - 2057 2 () -8 (1)

<12(1—-7r?) 9 (0,x,0) + 12r2¢ (x,2x, —x) + 64 (0,2x,0) + 129 (rx,2x, —x)

for all x € U. It follows from above inequality that
I (4x) —20f (2x) + 64f ()| < ¥ (x,%,%) (3.12)
where

Y (x,x,x)= % {12 (1 - 1,2) ¥ (0,x,0) + 122y (x,2x, —x) + 64 (0,2x,0) + 12¢ (rx,2x, —x)]

forall x € U. It is easy to see from (3.12)that

[1f (4x) = 16f (2x) —4{f(2x) = 16f(x)}[| < ¥ (x,x,x), (3.13)
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for all x € U. Define a mapping f, : U — V by (See Theorem 2.2)

fa(x) = f(2x) —16f (x) (3.14)
for all x € U. Using (3.14)in (3.13), we get
Ilf2 (2x) —4f2 (x)]] < ¥ (x,x,x) (3.15)
for all x € U. From (3.15), we have
‘ﬁf”ﬁ@w<wﬁf” (.16)

for all x € U. Now replacing x by 2x and dividing by 4 in (3.16), we obtain

f2(2%x) £ (2x) < ¥ (2x,2x,2x) 317
2 4 |- 42 (3.17)
for all x € U. From (3.16)and (3.17), we arrive
2 22 2 2
BE) — fo ()| < || B - 20 4 22— o o) .
<1|¥(xxx)+ W}
for all x € U. Proceeding further and using induction on a positive integer 'n’, we get
—1Y (2%x, 2 x, 26 x o ¥ (2Fx,2kx, 2kx
22" P ¥ (e 2t g e ¥ (22
— < = Z )
47 ()| <g kgo 7 <3 ; n (3.19)

\_/

for all x € U. In order to prove the convergence of the sequence { (42 - } replace x by 2" x and dividing by
4" in (3.19), for any m, n > 0, we deduce

R p@ | 1 (12227 o oy

4mn - 4m
< Zi’l 1 11/(2k+mx 2k+mx okt )
= 7 k+m
< (2k+mxék+mx’2k+mx)
= 7 Ek:o gk+m

—0 as m— o0

forall x € U. Hence the sequence { L@ } is a Cauchy sequence. Since V is complete, there exists a quadratic
mapping Q» : U — V such that

meznmégﬁi Vxel

Letting n — oo in (3.19)and using (3.14), we see that (3.3] .holds for all x € U. To prove that Q, satisfies (L.7),
replace (x,y,z) by (2"x,2"y,2"z) and d1v1d1ng by 4" in (3.2), we get
7 f@ (x+rly+2) +f (@' (x=ry+2)) = (f 2" +y+2) + f(2"x —y ~2)))
—2(1-) f @) - S Fr e+ 2) + £ @ (-2 + )
Y s ) - 47 @ (g )] | < B

for all x,y,z € U. Letting n — oo in above inequality and using the definition of Q, (x), we see that
Q2 (x+r(y+z)2 +2Q2 (x—r(y+2)) = (Q(x+y+2)+ Qx—y—z) —2(1—-7%) Q2 (x)
“o L 12 20y +2)) + Q2 (<2(y +2)) —4Q2 (y+2) — 4Q2 (—(y + )] =0

which gives
Qo (x+ry+2))+ Qo (xz—r(y-i-z)) = (Qx+y+2)+Qx—y—2)) +2(1-r%) Qa2 (x)
) Qs 2y +2)) + Qa (=2(y +2)) —4Qs (y + 2) — 4Qs (—(y +2))]
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for all x,y,z € U. Hence Q; satisfies for all x,y,z € U. To show that Q5 is unique, let Q) be another
quadratic function satisfying (1.7) and (3.3). Now

HQz(X) ‘_'mr Q2 (2"x) — Q, (2"x ’
%{HQz (2"x) — f2 (2"x H+Hf2 (2"x) - Q; (an)H}

1 Zk
f4nsz0 ( )
—0 as n—>oo

for all x € U. Hence Qyis unique. This Completes the proof of the theorem.

Case (ii): Assume j = —1. Put x = 3 in (3.15), we obtain
| -4n(3)] <y (g, >2) (3:20)
for all x € U. Now replacing x by 5 and multiplying by 4 in (3.20), we obtain
(3o (D) (o o

for all x € U. From (3.20)and (3.21)), we arrive

|28 (2) -] < |£6(3) 4G +1423) - £E)] 52
<4¥ (33 3) 1Y (G33)
for all x € U. Proceeding further and using induction on a positive integer 'n’, we get
—1 fo'e)
h(E) - <P T e (S5 5) <y e (X 22
‘4f2(2n) f2(x) S4,{:214‘Ij(zk’zk’zk) = ,;4‘F<2k’2k’2k) (3:23)

X

for all x € U. In order to prove the convergence of the sequence {4" f, (37) }, replace x by 5 and multiplying
by 4™ in (3.23), for any m, n > 0, we deduce

4712 () = 4772 ()| = 7 2 () ~ o ()|

§4Zn 14k+m1{;( X

ok+m s ok+m” 2k+m

k+m X x
S 1 Z:k 0 4 k4 (2k+m 7 ok+m s 2k+m)

—0 as m— o0

for all x € U. Hence the sequence {4"f, (37)} is a Cauchy sequence. Since V is complete, there exists a
quadratic mapping Q : U — V such that

Q2 (x) = lim 4"f> (), v xel.
The rest of the proof is similar to the case j = 1. O

The following corollary is an immediate consequence of Theorem B.1|concerning the stability of (1.7).

Corollary 3.1. Let p, t be nonnegative real numbers. Suppose that an even function f : U — V satisfies the inequality

O,
Df () < el + Iyl + 1z11) E£2; 2
X, Y,z S .
g o (Il 1wl 121") t£%

t t t 3t 3t 3t
Iy 20+ U™+ Il + 11217) 643
forall x,y,z € U. Then there exists a unique quadratic function Qo : U — V such that
101{1,

i‘czl\xut

42t 7

1F (2x) = 16f (x) = Q ()| < { Lpop (3.25)
42
K|l x|
[4—237]
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where
K1 = ﬁ,
p[24-+1202+12¢22! 412 +18-2¢]
k2 = rd—y2 ’
122! [72+rt]
K= —Qa 7
p[24-+120% (142! 423) +18-2% +12.r.2! +-12.r%]
Kq = A2 .
forall x € U.

Theorem 3.2. Let j = £1. Let ¢ : U3 — [0,00) be a function such that

0 n n n n n n
y Y 2222) verges and lim $EE202E) _
n=0

16" n—c0 16"
forall x,y,z € Uand let f : U — V be an even function which satisfies the inequality
IDf (x,y,2)[l < ¢ (x,y,2)
forall x,y,z € U.Then there exists a unique quartic function Q4 : U — V which satisfies (1.7) and

¥ (zkfx, kiy, 2kf'x)
16k

If (22) —4f (x) = Qu (¥)[| < 3¢ le

for all x € U, where ¥ (Zkf x, 2k x, 2k x) is defined in (3.5)and Q4 (x)is defined by

Qs (1) = Jim o {f (2440ix) —af (2},
forall x € U.

Proof. It follows from (3.12), that
[1f (4x) —20f (2x) + 64f (x)[| < ¥ (x,x,x),

where

1
Y (x,x,x) = P {12 (1 - r2) ¥ (0,%,0) + 1212 (x,2x, —x) + 61 (0,2x,0) + 12¢ (rx,2x, —

for all x € U. It is easy to see from (3.3)that
[1f (4x) —4f (2x) =16 {f (2x) —4f ()} < ¥ (x,x,%)
for all x € U. Define a mapping fi : U — V by (See Theorem 2.2)
fu(x) = f(2x) = 4f (x)
for all x € U. Using (3.33)in (3.32), we obtain

1 fa (2%) = 16f4 (x)[| < ¥ (x,x, x)

for all x € U. The rest of the proof is similar to that of Theorem

for all x € U. From (3.34), we have

16 - 16

i) (x)H _ ¥ (xx)

155

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

x)]

(3.32)

(3.33)

(3.34)

(3.35)

The following corollary is an immediate consequence of Theorem [3.2|concerning the stability of (1.7).
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Corollary 3.2. Let p, t be nonnegative real numbers. Suppose that an even function f : U — V satisfies the inequality

O,
Df () < Il + Iyl + 11z11) EA4 -
x,y,2)| < .
g ERMRERE £
t 3 3 3
Il gl 211+ el + gl + Dl t)) t#£ 3
forall x,y,z € U. Then there exists a unique quartic function Qg : U — V such that
2k,
A[Edll
1621
[f(2%) =4f (x) = Qa (X)[| < ¢ )i (3.37)
623"
]|
[16—257]

forall x € U, where x; (i =1,2,3,4) are defined in (3.26).

Theorem 3.3. Assume j = +1. Let ¢ : U3 — [0,00) be a function satisfying the conditions B X)and @B-27)for all
x,Yy,z € U. Suppose that an even function f : U — V satisfies the inequality

IDf (x,y,2)| < o (x,y,2) (3.38)

forall x,y,z € U. Then there exists a unique quadratic function Qy : U — V and a unique quartic function Qg : U —
V which satisfies (1.7) and

I

1 o ‘f(zkfx,zkfx,zkfx) | (29,29, 29x)
If () =Q(x) = QN <57 X = Zl; (3.39)

T 4kj 16 16k

2 2

i

forall x € U, where ¥ (2"7 x, 2kix, 2Ki x) , Q2 (x) and Q4 (x) are defined in B.5), B.A)and (B.30) respectively for all
xe U

Proof. By Theorems [3.1)and there exists a unique quadratic function Ql2 : U — V and a unique quartic
function Q; : U — V such that

¥ (Zkfx, kiy, 2’<fx)

1 [o0]
H £(2x) —16f (x) — H 7 ; 5 (3.40)
and
/ | = ¥ (2’<fx, iy, 2’<J'x)
_ _ < - ' )
[fen-arm-dw|<g L —— (3.41)
=7
for all x € U. Now from (3.40)and (3:41] that
: 16 ; 2x) 4 Q,
£ () + Qs (1)~ 50 (x H - H{ L 2 G L {10 o) Gy
< % {|[f @0 —16f (x) - Q) ()| + || (2x) — 4f (x) - Qs () }
¥ 2K 5,27 x, 2K o ¥ (2K x, 2k x,2K x
SLZ 42 (4k])+1162k—12j(16k1)}
for all x € U. Thus, we obtain (3.39) by defining Q, (x) = T2Q, (x) and Q4 (x) = £5Q, (x), where
¥ (Zkf x, 2k x, 2k x) , Q2 (x) and Q4 (x) are defined in (3.5), (3:4)and respectively for all x € U. O

The following corollary is an immediate consequence of Theorem [3.3|concerning the stability of (T.7).
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Corollary 3.3. Let p,t be nonnegative real numbers. Suppose that an even function f : U — V satisfies the inequality

0,
t t t
Il + vl + 1121) E£2,4
t t t
Il vl 11211 34
t t t 3t 3t 3t
el Iyl D20+ el + ™ + 0207 ) e 3%

IDf (x,y,2)|| < (3.42)

forall x,y,z € U. Then there exists a unique quadratic function Qo : U — V and a unique quartic function Q4 : U —
V such that

K1,

x|

Ef + 1 (-
IIf (x) = Q2 (x) = Qa(x)|| < K3|1j|3'{|4 27" 116 2|}

1 1
12 {‘4,234?‘ + [16—23]

(3.43)

1
R

forall x € U, where x; (i =1,2,3,4) are given in (3.26).

4 STABILITY RESULTS: ODD CASE-DIRECT METHOD

In this section, we discussed the generalized Ulam - Hyers stability of the functional equation (1.7) for odd
case.

Theorem 4.4. Assume j = £1. Let ¢ : U> — [0, 00)be a function such that

(2"x,2"y, 2"z 2Mx, 2y, 2"
Z ¢x—%> converges and lim 2% 2',2"2)
n—oo n

=0 4.1)

forall x,y,z € Uandlet f : U — Vbe an odd function which satisfies the inequality

IDf (x,y,2)[| < ¢ (x,y,2) 42)

forall x,y,z € U. Then there exists a unique additive function A : U — V such that

() <2kf x, 2Kix, 2ki x)
2k

IF @) =8f (1) =A@ < 3 L

k==L

(4.3)

forall x € U, where A (x)and ® (2” x, 2kix, 2Ki x) are defined by

A(x) = lim — { f (2("+1)fx) —8f (2"fx) } (4.4)

n—oo Nj

®(24ix, 2x, 2Mx) = 1 [(5 —42) ¢ (2’<fx,2<k+1)fx,—2kfx) +2r2¢ 2(k+1)fx,2(k+1)fx,—2kfx)
+(a-22) ¢ (2’<ix, 2kix, 2’<fx) + 12 (2<k+1)fx,2(k+2>fx, —2(k+1>fx)
+ (2,20 Dix, 24ix) + 2 ((1+ )20z, 206+ iz, ~2¥x ) (4.5)
+2¢ ((1 —p)2Kix, 20+ Dy, —2’<fx) +o ((1 +2r)2Kix, 20+ Vi, 2k1x)
+¢ ((1 — 272Ny, 20kt 1)iy, —Zk]'x)}

forall x € U.

Proof. Case (i): j=1. Using the oddness of fin (4.2), we get

If (x+1(y+2)) + f(x=r(y +2))

Pty )+ f(x—y—2)]—2(1—-2) )] < (x2) (%)
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for all x € U. Replacing (x,y,z) by (x,2x, —x) in (4.6), we obtain

Hf (14 7)x)+ f((1—r)x) —r2f (2x) =2 (1 —r )f(x)H < ¢ (x,2x,—x) 4.7)
for all x € U. Again replacing x by 2x in (£7), we get
Hf Q(1+7)%) + f (2(1 —r)x) — 72f (4x) — 2 (1 - r2) f (Zx)H < ¢ (2x,4x, —2x) (4.8)

for all x € U. Setting (x,y,z) by (2x,2x, —x) in , we have
|f (@4 )x)+ F(@=r)x) = r2f (3x) = P (x) =2 (1-7) £ (2%)]| < ¢ (2,22, —x) 4.9)
for all x € U. Again setting (x,y,z) by (x, x, x) in {&.6), we obtain
Hf«1+zwxy+f«1—zwxm—ﬂf@xw—ﬂfu>—2(1—ﬂ)fuﬂ\s¢<xnx> (4.10)
for all x € U. Putting (x,v,z) by (x,2x,x) in (£.6), we get
Hf (1+3r)x) + f (1 —3r)x) —r2f (4x) — r*f (2x) — 2 (1 - r2) f (x)H < ¢ (x,2x,x) (4.11)
for all x € U. Again putting (x,y,z) by ((1+r)x,2x, —x) in (&.6), we have
|f (U +27)%) + £ (x) = P (@4 1)x) = P (rx) =2 (1= 72) f(A+0)3)|| S @ (1720 —x)  (412)
forall x € U. Letting (x,y,z) by ((1 —r)x,2x, —x) in (4.6), we obtain
Hf (x)+ f((1=2r)x) —r2f (2 —1)x) +72f (rx) =2 (1 — rz) f(1- r)x)H <¢((1—r)x,2x,—x) (4.13)
for all x € U. Adding #.12)and [@13), we arrive
|f (4 20)2) + £ (1= 2r)0) +2f (x) = PF (@ +1)x) = PF (2= )x) =2 (1= 72) £ (1 +7)x)

-2 (1 —r )f((l—r H < ¢ ((1471)x,2x,—x) + ¢pa ((1 —7)x,2x, —x) (4.14)
for all x € U. Replacing (x,y,z) by ((1+ 2r)x,2x, —x) in (4.6), we get
|f (+30)2) + £ (14 7)x) = P2f 201+ 1)x) = Pf (2rx)

—2(1-2)f( +2r)x)H < ¢ ((1+2r)x,2x, —x) (4.15)
for all x € U. Again replacing (x,y,z) by ((1 — 2r)x,2x, —x) in {.6), we obtain
|f (A =7)x)+ £ (1 =3r)x) = r2f (201 = 1)) + 72 (2r)
2 (1 =) f(1=20)%) H < ¢ ((1—2r)x,2x, —x) (4.16)
for all x € U. Adding @.15)and ([@.16), we arrive
1f (1 +3r)x) + £ (1 =3r)x) + f (1 +7)x) + £ (1 = r)x) =2 f (2(1 +7)x)
—r2f(2(1=r)x) =2(1=7r2) f((1+2r)x) =2(1—7%) f((1—2r)x)||
< ¢((1+2r)x,2x,—x)+ ¢ ((1 —2r)x,2x, —x) (4.17)
for all x € U. Now multiplying @7)by 2 (1 — r?), @9)by r? and adding @I0)and [@.14), we have
(r* =) If (3x) — 4f (2x) + 5f (x|
=2 (1= ) F((1+7)0) +2(1=7) f(L=r)x) =22 (1= 72) f (2x) —4(1=7)"f (x)}
H{Pf(@+1)x) +72f ((2—r)x) —rf (3x) —rif (x) —2r* (1-7?) f (2x)}
H{=f((L+2r) 2= f((1=2r)x) +72f 3x) = f (x) + 2(1 =) f ()}
H{F ((L42r)x) + £ (1= 20)x) +2f (x) =2 f (24 1)x) =2 f (2= 1)x)

2(1=7r) f(1+7rx) =2(1=72) fF((1=r)x)}]|
<2(1—12) ¢ (x,2x, —x) + r2p (2x,2x, —x) +¢(x,x,x)+¢ ((1+7)x,2x,—x) + ¢ ((1 —7)x,2x, —x)
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for allx € U. Hence from the above inequality, we reach

I (3%) =4f (2) +5f ()| < (e [2 (1= 1) ¢ (%, 2%, =) + 77 (2,23, —x)
+¢ (x,x,x) + ¢ (14 7)x,2x, —x) (4.18)
+¢ ((1—r)x,2x, —x) ]

for all x € U. Also multiplying &8)by r?, @I0)by 2 (1 — ?) and adding @.7), @1I)and [@I7), we have
(r* =) |If (4x) — 2f (3x) — 2f (2x) + 6f (x)]|
= [{=f (1 +7)x) = F(A=r)x) +77f (2x) +2(1—7%) f (x)}
+{rPf 2 +7)x) +72f (2(1 = r)x) —r*f (4x) =2% (1 - 7%) f (20)}
+{2(1=r?) f((1+2r)x) +2(1—7?) £ ((1 —2r)x) —2r* (1 —1?) f (3x)
+22 (1= 12) f (x) = 4 (1= 2)" f (x) } + {=F (1 +3r)x) = £ (1= 3r)x)
H2f () — P2F (20) 42 (1= ) £ (1)} + L ((L+30)2) + £ (1= 30)x) + £ (1+ 7))
HF (= 1)%) =P F (1)) — P 20— 1)) — 2 (1= ) F(1+20)x) ~2 (1—12) £ (1 - 20}
<7 (2x,4x, —2x) +2 (1 —12) ¢ (x,x,x) + ¢ (x,2x, —x) + ¢ (x,2x, x)
+¢ ((142r)x,2x, —x) + ¢ ((1 — 2r)x, 2%, —x)
for all x € U. Hence from the above inequality, we get

[1f (4x) = 2f (3x) — 2f (2x) + 61 (x)]|
s [P0 (2x,4x, —2x) +2 (1= 1) ¢ (x,x,%) + ¢ (x, 2%, —x) (4.19)

+¢ (x,2x,x) + ¢ (1 +2r)x,2x, —x) + ¢ ((1 — 2r)x, 2x, —x)]
for all x € U. Adding @18)and (#.19), we arrive

[If (4x) = 10f (2x) +16f (x)||
= [12f (8x) = 8f (2x) +10f (x) + f (4x) — 2f (Bx) — 2f (2x) + 6f (x)]
< 2||f(39f) 4f (2x) +5f ()|l + || f (4x) = 2f (Bx) — 2f (2x) +6f (x) |
< 5 [(5—417) ¢ (x,2x, —x) + 2r7¢ (2x,2x, —x) + (4 — 2%) ¢ (x, x, x)
+12¢ (2x,4x, —2x) + ¢ (x,2x,x) +2¢ ((1 +7)x,2x, —x)

X)
<5

+2¢ (1 —r)x,2x, —x) + ¢ (1 +2r)x,2x, —x) + ¢ ((1 — 2r)x, 2x, —x)] (4.20)
for all x € U. From (4.20), we have

Ilf (4x) —10f (2x) + 16f (x)|| < @ (x, x, x) (4.21)

where

O (x,x,%) = 5 [(5—47%) ¢ (x,2x, —x) + 2r2¢ (2x,2x, —x) + (4 — 212) ¢ (x, %, x)
r T (
+72¢ (2x,4x, —2x) + ¢ (x,2x,x) + 2¢ ((1 +7)x,2x, —x)
+2¢ (1 —r)x,2x, —x) + ¢ ((1+2r)x,2x, —x) + ¢ ((1 — 2r)x, 2x, —x)]

for all x € U. It follows from (4.21)), that

[1f (4x) = 8f (2x) —2{f (2x) = 8f (x)}|| < @ (x,x,x) (4.22)
for all x € U. Define a mapping f; : U — V by (See Theorem 2.3)
fr(x) = f(2x) = 8f (x) (4.23)
for all x € U. Using @23)in #22), we obtain
1f1(2x) =2f1 (¥)|| < @ (x,x,x) (4.24)

for all x € U. From (.24), we obtain

f1 (22x) s (x)‘ < D (x,x,x)

<—= (4.25)

for all x € U. The rest of the proof is similar to that of Theorem O
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The following corollary is the immediate consequence of Theorem [4.4 concerning the stability of (1.7).

Corollary 4.4. Let p,t be nonnegative real numbers. Suppose that an odd function f : U — V satisfies the inequality

O,
P el + Iyl + 1z11) AT
X, Y,Z)|| =
g o (Il Iyl 1211) . £

ENolE 11 3t 3t 3t
o LI Pl 17+ Cllx = =yl + =] ))/ t# 3
forall x,y,z € U. Then there exists a unique additive function A : U — V such that

Ks,
xe | x]|"
If (20) = 8F () = A ()] <{ oy (4.26)

where

0(16—3r2
K5 = %

Ko = =t [30 —12r% +2 (6 + %) 2' +r22% +2(1+r)*+2(1—r)f+(1+2r)f+(1—2r)*},
K7 = by [4- 27 +2(3-27) 20 4+ 2222 4224 2 (14 1) 2
+2(1-r)' 2+ (14202 + (1-2r)'2], (4.27)
Kg = P [34 — 1417 +2 (3 —2/%) 2" +-2 (6 +12) 23 4 2r22%
2 (2% 1280 2 (1) 2t 2 (1) 2t 2(1+ 7)Y +2(1—1)F
F+2r) 2t (1 —2r) 2+ (14 2n) ¥+ (1 2r)3t]

forall x € U.

Theorem 4.5. Assume j = +1. Let ¢ : U> — [0, 00)be a function such that

2 ¢ (2"x,2"y,2"z)
3 4@ 22"

¢ (2"x,2"y,2"z)

converges and lim g
n—00

=0 (4.28)
n=0

forall x,y,z € Uand let f : U — V be an odd function which satisfies the inequality

IDf (x,y,2)|| < ¢ (x,y,2) (4.29)
forall x,y,z € U. Then there exists a unique cubic function C : U — V which satisfies and

1 = @ <2kf x, 2Ki x, 2ki x)
If ex) =2f () -Cx)ll<g L o (4.30)
o
for all x € U, where ® (Zkf x, 2k x, 2ki x) is defined in [@.5)and C (x)is defined by
1 . ,
N T (n+1)j..\ _ nj
C(x) = lim {F (20 Vix) —2f (21) } (4.31)
forall x € U.
Proof. 1t follows from (4.21), that
If (4%) — 10f (2%) +16f ()| < P (x,5%,%), 432)

where

D (x,x,%) = 71 [(5—47) ¢ (x,2x, —x) + 27 (2x,2x, —x) + (4 — 2%) ¢ (x, x, x)
+12¢ (2x,4x, —2x) + ¢ (x,2x, x) +2¢ ((1 +1)x,2x, —x)
+2¢ (1 —7r)x,2x, —x) + ¢ ((1 4+ 2r)x,2x, —x) + ¢ ((1 — 2r)x, 2x, —x)]
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for allx € U. It is easy to see from (.32)that

1f (4x) = 2f (2x) =8 {f (2x) = 2f (1)}[| < @ (x,x,%) (4.33)
for allx € U. Define a mapping f3 : U — Vby (See Theorem 2.3)
f3(x) = f(2x) = 2f (x) (4.34)
for allx € U. Using (@34)in (4.33), we obtain
1f3 (2x) =8f5 (x)|| < @ (x,x, %) (4.35)
for allx € U. From (£.35), we have
@ — f3(x) H < 2oxnn) (xéx’ %) (4.36)
for all x € U. The rest of the proof is similar to that of Theorem 3.1 O

The following corollary is the immediate consequence of Theorem [4.5|concerning the stability of (L.7).

Corollary 4.5. Let p, t be nonnegative real numbers. Suppose that an odd function f : U — V satisfies the inequality

O,
Do <] el + Iyl + 1z11) E#3 )
x,y,2)| < .
g o (Il Iyl 121") AL
3 3 3
o (I Myl Nzl + Cllael™ =+ [y [ + 1z t)), t#1;
forall x,y,z € U. Then there exists a unique cubic function C : U — V such that
Ks
7
K |x |
|8,2t£r
If(2x) =2f (x) =C ()| £ § &) (4.38)
[8—2%”
g x|
82|

forall x € U, where k; (i =5,6,7,8) are given in (4.27).

Theorem 4.6. Assume j = &1. Let ¢ : U> — [0,00) be a function satisfying the conditions EI)and @E28)for all
x,Yy,z € U. Suppose that an odd function f : U — V satisfies the inequality

IDf (x,y,2)[l < ¢ (x,y,2) (4.39)
forall x,y,z € U. Then there exists a unique additive function A : U — V and a unique cubic function C : U — V
such that
111 = @ <2kfx, 2kix, ijx) 1 o @ (2k7x, 2kix, ijx)
If@)-AGF) -C@I<z{3 L G +5 L 5 (440)
6 ZkiH 2kj 8k T 8ki
-2 -7z

forall x € U,where ® (2kj x, 2kix, 2K x) , A (x)and C (x) are defined in @.5), @E4)and (4.31), respectively for all x € U.

Proof. By Theorems and there exists a unique additive function A’ : U — V and a unique cubic
function C' : U — V such that

o @ (2kfx, okiy, 2’<fx)
Z ) 2kj
1—

-

(4.41)

£ (2x) = 8f (x) = A" (x)]| <

N —
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and
1 & <I>(2kfx,2ij,2ij)
If x) =2f(x) =C' ()] < g L 5 (4.42)
1o
k=%
for all x € U. Now from (£41)and (#.42), that
o -] <[ ) 2
< g {lIf (2x) - f() A (x)] + Hf(Zx) 2f (x) = C" (x)[1}
<1 12 <I>(2k1x2kfx2k]x) Ly q>(2k1x,2k{x,2kfx)}
—6)2 2kj 8 8kj

forall x € U. Thus, we obtain (4.40)by defining A (x) = %A’ (x)and C (x) = :C’ (x), where ® (ka, 2kix, 2k7x>,A (x),
and C (x)are defined in (£.5),@4)and [@.3T)respectively for all x € U. O

The following corollary is an immediate consequence of Theorem [£.6]concerning the stability of (I.7).

Corollary 4.6. Let p, t be nonnegative real numbers. Suppose that an odd function f : U — V satisfies the inequality

o,
Df (o) < el + Iyl + 1201) . £ .
X, Y,z < R
g o (Il 1wl 121") E# L
el Il D20+ el + Il + 1207 ), ¢ # 3

forall x,y,z € U. Then there exists a unique additive function A : U — V and a unique cubic function C : U — V
such that

4xs
21H, I
i | 1 1
6 {|272f| + ‘Ht‘},
[f(x) —A(x) = C(x)| < K7|\x\|3’{ 1 ] } (4.44)
‘2 23t‘ ‘8 23t‘

g |x]|* 1 1
6 ‘2,23t‘ ‘8723% 7

forall x € U, where x; (i =5,6,7,8) are given in (4.27).

5 STABILITY RESULTS: MIXED CASE

Theorem 5.1. Let ¢, ¢ : U — [0,00) be a function that satisfies (3.1), (3:23), @I)and @E28)for all x,y,z € U.
Suppose that a function f : U — V satisfies the inequalities (3.38)and @39for all x,y,z € U. Then there exists a

unique additive function A : U — V, a unique quadratic functzon Qo : U — V, a unique cubic functionC : U — V
and a unique quartic function Qq : U — V such that

If (¥) = A (%) = Q2 (%) = C (%) = Qu ()] < § {5 (29, 207x, 207x ) + ¥4 (29, 207x, 20/x )

o (Zkfx, iy, 2ij> | & (ijx’ ki, zkfx)} (5.1)

for all x € U, where ¥ <2kfx, 2kiy, Zkfx) VY, (Zkf x, 2K x, ki x) , P (Zkf x, 2K x, ki x> and (Zkf x, 2Ky, Zkfx) are
defined by

oo ki, 2kix, 2K x o W (—2kx, —2kix, —2Kix
Kio okivakin) 1)1 T(Zx’ ’ ) ( ’ g )
¥, (2 ]x,2]x,2]x) - {4 ( ;j 5 1 lej 5 (5.2)
k=11 k=11
S W ‘I’(Zkfx,zkfx,2kfx) o0 ‘I’(—Zkfx,—zkfx,—zkfx)
kj sy okjy okj =591
¥, (z x,2Kx,2 x) { = (lej 5 +k21;/ 5 (5.3)
77 =2
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( i P (2kfx,2ffx,2kfx) N i P (—Zkfx, —gkfx, 2’%))} .
k

. 2kj 5 2kj

. . , 111
Ky okjiy okiy) — 2 0 =
P, (2 x,2kx,2 x) - {2

N‘
<
N

d <2kfx, 2kiy, Zkfx> P (—ijx, —2kix, —Zkfx)

o + 3 o ) } (5.5)

k=11

2

D, (2’<f'x, iy, 2kfx) - % {8

—
—
T
N\jmg

respectively for all x € U.

Proof. Let f, (x) = 3 {f (x) + f (—x)} forall x € U. Then f, (0) =0, fo (x) = f. (—x). Hence

IDfe (x,y,2)| = 3 {IIDf (x,y,2) + Df (—x,—y,—2)|1}
< 3{lIDf (x,y.2)| + |IDf (—x,—y, —2)|I}
<3 {y(@y2)+y(-x -y —2)}

for all x € U. Hence from Theorem [3.3} there exists a unique quadratic function Q; : U — V and a unique
quartic function Q4 : U — Vsuch that

I1f (%) — Q2 (x) — Qu(x)]| < 1 {112 [i (Zf_lzf % n Z;o:%j ‘Y(*zkfx,;fjij,—zkix)
oo ¥ (2K7 x,2K1 x 2 oo ¥ (—2kix,—2kix,—2ki x
+ 1% <Zk_12_j % + Zk 1_. ( o ))} } (5.6)
<! {11! (Zk]x iy, 2k1x) 1y, (2’<Jx 2Ky, i )}
forall x € U. Again f, (x) = 1 {f (x) — f (—x)} forall x € U. Then f, (0) =0, f, (x) = —f, (—x). Hence

IDfo (x,v,2) = 3 {IDf (x,y,2) = Df (=x,~y,~2)|}

< 3 {IDf (v, 2) || = IDf (—=x,—y, —2)|1}

<3 {9 (0yz) —¢(—x,—y,—2)}

for all x € U. Hence from Theorem 4.6} there exists a unique additive function A : U — V and a unique cubic
function C : U — Vsuch that

(2K x, 2K x Zk/x) (-2 x,—2bx,—2Mx)

IF )~ A -l < 3 {3 |4 (zmy Ly pp 2 2 )
o P(2Kx,2Kix,2K x o P(—28x,—2kix, 2k x
Zk:O % + Zk:O ( o )):| } (57)
<1 {<I>1 (2’<fx, iy, 2’<fx) 4D <2kfx, iy, 2’<fx) }

forall x € U. Since f (x) = f, (x) + fo (x) then it follows from (5.6)and (5.7)that

[f(x) —A(x) = Qa2(x) —C(x) = Qa(x)[| = [[{fe (x) = Q2 (x) = Qa (x)} + {fo (x) = A(x) = C(x)}]|
<l fe(x) = Qa2 (x) = Qa (x)[| + [ fo (x) — A(x) = C(x)]|
<1 {‘1@ (2ka 2Ky, 2ka) Y, (2ka iy, 2k7x)

@, (zkfx, iy, 2kfx) 1Dy (Zk]x, ki, 2ka) }
for all x € U. Hence the proof of the theorem is complete. O
The following corollary is an immediate consequence of Theorem 5.1 concerning the stability of (1.7).

Corollary 5.1. Let p, t be nonnegative real numbers. Suppose that a function f : U — V satisfies the inequality

[
Df () < Il + Iyl + 11211 E#1,234 .
X, Y,z < 3
! NERINEDE E£ LA

t t t 3t 3t 3t
[ 17 1 e o 72 e ol | )), E£ 5350
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forall x,y,z € U. Then there exists a unique additive function A : U — V, a unique quadratic function Qp : U — V,
a unique cubic function C : U — Vand a unique quartic function Qq : U — V such that

1f(x) = A(x) = Q2 (x) = C(x) = Qa (%]

8
3|2+ 5
1 [x 1 1 K 1 1 t
k3 {472f + 1672f} +3 {272f + sfth ™
< (5.9
[N I 1 (P WO N SR 4P (N
2|6 1423 T 16—2% 3 | 2—2%F T g% ’
1 [x 1 1 K 1 1 3t
2 % 403t + 16—23F + ?8 293 + 8§23t ||XH

forall x € U, where k; (i =1,2,....,8) are respectively, given in (3.26)and (4.27).

6 STABILITY RESULTS FIXED POINT METHOD: EVEN CASE

Theorem 6.1. Let f : U — V be an even function for which there exists a function  : U — [0, oo)with the condition

. 1
Jlim, Ww(u?x, Wiy piz) =0 (6.1)
1
with
[ 2ifi=0
Hi= { Lifi=1
such that the functional inequality
IDf (v, 2)[l < ¢ (x,y,2) 62)

forall x,y,z € U. If there exists L = L (i) < 1such that the function

x =T (x,x,x)=Y (%’%’%) p
has the property
L
T (x,x,x)= EI’ (ix, pix, pix) (6.3)

1

forall x € U. Then there exists a unique quadratic function Qp : U — Vsatisfying (1.7) and

Ll—i

If (%) = 16 () = Q2 (1) € T—7T (x,3,%) (64)

forall x € U.
Proof. consider theset X = {f/f: U — V, f (0) = 0}and introduce the generalized metric on X.
4 (f,h) = inf {M € (0,00) : |f (x) = (x)]| < My (x),x € U}.
It is easy to see that (X, d) is complete. Define T : X — Xby Tf (x) = Vilzf (n;x)
forall x € U. Now forall f,h € X,
d(f,h) <M=|f(x)—h(x)|| <MI(x,x,x),xel
= %f (uix) — ui?h (nix) || < ing (wix, pix, pix) , x € U
Hilzf (nix) — Hilzh (uix)|| < LMT (x,x,x),x e U

ITf(x)—Th(x)|| < LMT (x,x,x),x €U
= d(Tf,Th) < LM.

This gives d (Tf, Th) < Ld (f,h) ,forall f,h € X.
i.e., Tis a strictly contractive mapping on Xwith Lipschitz constant L.
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Now, from (3.15)we have
1f2(2x) = 4f2 (x)[| < ¥ (x, x, %) (6.5)

where f, (x) = f (2x) — 16f (x) and
Y (x,x,x)= ﬁ [12 (l - r2> ¥ (0,x,0) + 127y (x,2x, —x) + 6 (0,2x,0) + 12¢ (rx,2x, —x)]

for all x € U. From (6.5), we arrive

for all x € U. Using (6.3)for the case i = 0, it reduces to
% —fo (x)H < LT (x,x,x), forall x € U.
ie,d(Tf, fo) SL=d(Tf,fr) <L 0=1L1"< oo
Again replacing x = 3, in (6.5), we obtain

[ =an () =¥ (32:3)

forall x € U. Using for the case i = 1, it reduces to
|f2(x) —4£2(3)]| <T(x,x,x)forallx € U,
ie,d(Tfy, fr) <1=d(Tf,fo) <1=L"1T=11"<co.
From above two cases, we arrive

4 22

@ —f (x)H < %L‘I’ (x,x,x) = l‘I’ (x,x,x) (6.6)

d(Tfa f2) < L'

Therefore (B,(7)) holds.
By (B;(ii)), it follows that there exists a fixed point Q,0f Tin X such that

Qx (x) = Jim — (£ 2) — 16£(f)) (67)

for all x € U. In order to prove Q, : U — Vis quadratic. Replacing (x,y,z) by (u!'x, ul'y, u"z)in (6.2)and
divided by y?”, it follows from (6.I)and (6.7), Qosatisfies forall x,y,z € U. i.e., Qpsatisfies the functional
equation forall x,y,z € U. By (B, (iii) ), Qais the unique fixed point of TinthesetY = {f € X : d(Tf, Qz) < o0},
using the fixed point alternative result Q»is the unique function such that

| f2 (x) — Q2 (x)]| < MT (x,x,x) for all x € Uand M > 0.

Finally, by (B;(iv)), we obtain

d(f2,Q2) < ﬁd (Tfa f2) -

This implies
Ll—i
< .
Hence we conclude that -
L —1
If (2%) =16f (x) = Q2 ()| < =7 T (%, %,%)
for all x € U. This completes the proof of the theorem. O

The following corollary is an immediate consequence of Theorem [6.1] concerning the stability of (1.7).

Corollary 6.1. Let p, t be nonnegative real numbers. Suppose that an even function f : U — V satisfies the inequality

0,
P el + " + 11211 EA2 .
X, Y,z <S .
g NERINEDE t#%

0 IIXIIt||y||t|\2||t+(||x\|3t+Hy\|3t+IIZ|l3t)) LA S
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forall x,y,z € U. Then there exists a unique quadratic function Qo : U — V such that

10K1,
Tzl\xut
421
If (2x) = 16f (1) = Q2 (1) < oy (69)
423
4—231]
x>
[4—2%7]
where
K1 = ﬁ,
_ p[24+12r24+12/22! 412/ 41821
- rd—r2 ’
12p2¢ [,,Z_Ht] (6.10)
K3 = —a—z
p[2£+1272(l+2'+23t)+18<23t+12<r’42t+12-73’]
K4 = A2
forall x € U.
Proof. Setting
O,
t t t
R I (Ll + 2],
X Y.z) = t t t
GIRENERE
ENonE (11 3t 3t 3t
o (™ w120+ Cllxl1™ + [yl + (1=l ))
£
Hi
L
vl . Now Xitsgsary _| 35 (I Lot + ), i
avas . 2n - -
Fi %(HMH Iyl H%ZH)
3t 3t
%(HWH iy szl el ™+ eyl ™+ =l ™))
— 0asn — oo,
—0asn — oo,
— 0asn — oo,
— 0asn — co.
i.e., (6.1)is holds. But we have
30K1,
X x Kzgi‘H ,
r(xxx) T(E,E,E)_ ’QQAI
s
23t
Also,
301(1 ) .ul_zr (x/ xr x) 7
w' 230K,
. KzHél;?:Ht, Pli 250 )x" ‘ul 2T (x,x, %),
o Hi o i ot s
P T TP
: wt Fi ' A CEEIP
x| pix ]| ‘M?t 2"4”?‘1"” )
szzy ' ]43t 2r (x x x)

Hence the inequality (6.3)holds either, L = 272 if i = Oand L = 22 if i = 1. Now from (6.4), we prove the
following cases for condition (i).
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Case: 1L =2"2ifi =0.

—i —241-0
IIf (2x) —16f (x) — Q2 (x)|| < 1L1_ LF (x,x,x) = %301{1 = 10x;

Case: 2L =22ifi=1.

1-i 2\1-1
IF (20) 16 (¥) ~ @ (x)]| < £ T (x,,5) = O30 = ~10x,

Also, (6.3)holds either,l. = 2!=2for t < 2if i = Oand L = 2ti,zfor t > 2if i = 1. Now from (6.4), we prove the
following cases for condition (ii).
Case: 1L =2'2fort < 2ifi = 0.

L 27" ra flx|” _ ma i)’
If 20) =16f (%) = Qe ()| = ;7T (w0 x) = T — o5~ = 7 —or

Case: 2 L = zipfort > 2ifi = 1.

1-1
X 1
L (#2)  wlal sl
1 (2) = 16f (3) = Qa (x)] € T (3,,) = ~22 Rl _ il

Also, (6.3)holds either,. = 23*~2for 3t < 2if i = Oand L = 23tL_zfor 3t > 2if i = 1. Now from (6.4), we prove
the following cases for condition (iii).
Case: 1 L = 2% 2for 3t < 2ifi = 0.

L (221 0y |2 s x|
If (2x) = 16f (x) = Q (V)| < 17T (X 0,%) = Tgry oz — = a5
Case: 2 L = m—for 3t > 2ifi = 1.
1-1
. 1
L1 (#2)  wll  wlx®
If (22) = 16f (x) = Q ()| < ;=T (x,x,%) = [ aa e

Finally, (6.3)holds either,l. = 23 ~2for 3t < 2if i = Oand L = 23,L_Zfor 3t > 2if i = 1. Now from (6.4), we prove
the following cases for condition (iv).
Case: 1 L = 2% 2for 3t < 2ifi = 0.

L @Oy ) x]
||f(2x) _16f(x) _Q2 (x)H S 1_Lr(x’x’x) = 1_231‘72 23t = 4_23t °
Case: 2 L = m—for 3t > 2if i = 1.
1-1
, 1
L (#7)  mll® _ xaal?
IF 22) = 167 () = Qa (I < T (o) = A= Sl = B2
Hence the proof of the corollary is complete. O

Theorem 6.2. Let f : U — V be an even function for which there exists a function  : U — [0, oo)with the condition

: 1 n n n
Jim WVJ(%‘ X, Hiy, piz) =0 (6.11)
with
[ 2ifi=0
”l_{ Lifi=1

such that the functional inequality
IDf (x,y,2)l < ¢ (x,y,2) (6.12)
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forall x,y,z € U. If there exists L = L (i) < 1such that the function

X x X
x—=T(x,xx)=Y (E' E'E) ,
has the property
L
T (x,x,x) = Er (pix, pix, pix) (6.13)

1

forall x € U. Then there exists a unique quartic function Q4 : U — Vsatisfying (L.7) and

1—i
IF (2) ~4f ()~ Qu ()| < £ T (x,3,3) (6.14)

forall x € U.
Proof. consider theset X = {f/f: U — V, f (0) = 0}and introduce the generalized metric on X.
d(f,h) =inf{M € (0,00) : ||f (x) —h (x)| < My (x),x € U}.

It is easy to see that (X, d) is complete. Define T : X — Xby Tf (x) = #f (uix)
forall x € U. Now forall f,h € X, l

d(f,h) <M=|f(x)—h(x)]] <M (x,x,x),xelU

= ||5af (uix) = Jgh (ix)|| < e ML (i, i, i) x € U
yi?f(yix) - ]%?h (ix)|| < LMT (x,x,x),x € U
=||Tf(x)—Th(x)| <LMI (x,x,x),x € U=d(Tf,Th) < LM.

This gives d (Tf, Th) < Ld (f,h), forall f,h € X.
i.e., Tis a strictly contractive mapping on Xwith Lipschitz constant L.
Now, from (3.30)we have
Ilfs (2x) —16fs (x)|| < ¥ (x,x,x) (6.15)

where fy (x) = f (2x) —4f (x) and

1

¥ (x%,%) = 57— {12 (1 - r2) ¥ (0,x,0) + 12729 (x,2x, —x) + 69 (0,2x,0) + 129 (rx, 2x, —x)]

for all x € U. From (6.15), we arrive

for all x € U. Using (6.13)for the case i = 0, it reduces to
fa(20) — f4 (x)H < LT (x,x,x),forall x € U.

ﬂﬁx) 4 (x)H < 1%1/ (x,x,x) = %\P (x, %, %) (6.16)

16
ie,d(Tfyfa) SL=d(Tfy fs) <LV O =L""< oo
Again replacing x = %, in (6.15), we obtain

76 ()] =¥ (3:32)

for all x € U. Using (6.13)for the case i = 1, it reduces to
|fa(x) —16f2 (3)|| <T (x,x,x) forallx € U,
ie,d(Tfy, f1) <1=d(Tfy,f) <1=L"1T=L1"<co.
From above two cases, we arrive

d(Tfy, fa) <LV

Therefore (B,(i)) holds.
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By(B;(ii)), it follows that there exists a fixed point Qof Tin X such that

Qs () = Jim — (1) — 4F () 6.17)

n—o0 ‘1447‘

forall x € U. In order to prove Q4 : U — Vis quartic. Replacing (x,y,z)by (u"x, u''y, p!z)in (¢.12)and divided
by u#". It follows from (@.IT)and (6.17), Qusatisfies for all x,y,z € U. ie., Qgsatisfies the functional
equation x,Y,z € U. By (By(iii)), Qais the unique fixed point of Tin theset Y = {f € X : d(Tf, Q4) < o0},
using the fixed point alternative result Q»is the unique function such that

| fa (x) — Qa (x)]| < MT (x,x,x) for all x € Uand M > 0.

Finally, by (B;(iv)), we obtain

4(fiQs) < 727 (Tfi )

This implies

1—i
d(fs,Qs) < L 7

Hence we conclude that
Ll—i

If (2%) = 4f (1) = Qu ()] < 7T (x,%,%)

for all x € U. This completes the proof of the theorem. O

The following corollary is an immediate consequence of Theorem [6.2) concerning the stability of (T.7).

Corollary 6.2. Let p, t be nonnegative real numbers. Suppose that an even function f : U — V satisfies the inequality

O,
DF (e < Il + -+ 11zl EA 4 o
X, Y,z <S .
g NERINEDP E# Y

3 3 3t
el gl 201+ el + flyl™ + 1z )) t# 3
forall x,y,z € U. Then there exists a unique quartic function Q4 : U — V such that

2K,
‘KszH:I
16—2
1f(2x) —=4f (x) = Qa ()| £ ksl (6.19)
16237/
allal®
16—2%7]

forall x € U, where x; (i =1,2,3,4) are defined in (6.10).

Proof. Setting
0,
el + llyl + 11z11)
VY= o (Il 121,

3 3 3
0y 0+ e+ Dyl + 1121 t))

RIS
3
~

=

(HV,XH + ]+ =)
(Hulxn [ Hulzu)

(HﬂIXH el Wzl Qe+ iyl + =)

oy gyl gt
forall x,y,z € U. Now %&yy’z) =

i

i Tl TS
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—0asn — oo,

— 0asn — oo,
i.e., (6.11)is holds. But we have
—0asn — oo,

— 0asn — oo.

30K1,
Y ox x Kzl\fl\t
7
F(x,X,X) =Y (71 N’ 7) = o 3t
ra|x]
2'2'2 sl
[
23t
Also, 4
30%xq i F(x,x,x),
u _
T p;*30K1, )
) t—
J— = i - !
y4F(x,x,X) =y sl T Vst—4%3#\l3t _
. , -
i s i o ' T (%, x, %),
13t 3t—4 ra|pix]|
Kalpix||” Wi~
y423t ' 3t—4
: _
T (x, x, %)

Hence the inequality (6.13)holds either, L = 274 if i = 0and L = 2% if i = 1. Now from (6.14), we prove the
following cases for condition (i).
Case: 1L =2"%ifi =0.

[1-i (274)170
I (2) ~4F (x) = Qs (]| < 17T (62,%) = )30 = 2
Case: 2L =2%ifi=1.
Ll*i (24)171
If (22) =4f (x) = Qa (W) < 7= T (0, 20,%) = 75301 = =211

Also, (6.13)holds either,L. = 2!~*for t < 4if i = Oand L = ﬁfor t > 4if i = 1. Now from (6.14), we prove the
following cases for condition (ii).
Case: 1L =2/"*fort <4ifi=0.

—q — — t t
L ) = 2 mll sl
—L T 1-—2t—4 2t 16 — 2t

1f (2x) =4f (x) = Qs (x)[| <

Case:ZL:y%‘lfort>4ifi:1.

1-1
L (2““) o llxl ol
— — < = = .
[If (2x) —4f (x) = Qa (x)| < 1= Ll’(x,x,x) 1_ 1 ot 2% _ 16

2t—4

Also, (6.13)holds either,I = 23 ~*for 3t < 4if i = 0and L = ﬂ%for 3t > 4if i = 1. Now from (6.14), we prove
the following cases for condition (iii).

Case:1 L = 23~%for 3t < 4ifi = 0.

L (2310 x| ks || x|
Hf (2)() _4f (x) - Q4 (X)H < 1— Lr(x’x’x) = 1 — 23t—4 23t = 16 — 23t°
Case: 2 I = mifor 3t > 4if i = 1.
1-1
. 1
LI (55)  wlf )
If (2x) =4 () = Qe ()| < 7 T () = 2 -2 0 = B

23t—4
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Finally, (6.13)holds either,L. = 23 ~*for 3t < 4if i = Oand L = 23,%41:01‘ 3t > 4if i = 1. Now from (6.14), we
prove the following cases for condition (iv).
Case:1 L = 23 ~#for 3t < 4if i = 0.

L S N Y Y B
||f (zx) - 4f (x) - Q4 (x>|| S 1 _ Ll—' (x’ X, x) = 1 _ 23t74 23t - ].6 _ 23t :
Case: 2 L = z—for 3t > 4if i = 1.
1-1
P (#5)  wll® _ sl
IF (23) = 4f () = Qu ()] < T T () = A= Sl = B
Hence the proof of the corollary is complete. O

Theorem 6.3. Let f : U — V be an even function for which there exists a function ¢ : U> — [0, co)with the condition
(6.1and (6.11) with
|

IDf (x,y,2)| < ¢ (x,y,2) (6.20)
forall x,y,z € U. If there exists L = L (i) < 1such that the function

ifi=0
ifi=1

Ni= N

such that the functional inequality

x =T (x,x,x) :‘P(x X x)

2'2"2
has the property (6.3)and - then there exists a unique quadratic function Qp : U — Vand a unique quartic function
Qq : U — Vsatisfying (1.7) and

1—i
IF () = Q2 (1) = Qs ()] < g1 T (1,25,%) 6:21)

forall x € U, where Qy (x) and Qq (x) are defined in (6.7)and (6.17) respectively for all x € U.

Proof. By Theorems 6.1{and there exists a unique quadratic function Q/2 : U — V and a unique quartic
function Q; : U — V such that

|f (20) =16 (1) - Qs ()] < 1L1_7;F(x,x,x) (6.22)
and )
£ 20 ~4f (0 - Q)] < 7T () (6.23)
for all x € U. Now from (6.22)and (6.23), that
|60+ 005 () = oy | = | { - 252+ 542+ %9-+“@—%@—%9H
S%'V2X—MH) L)+ @0 -4 @) - @]} foranx e u
< 11—2 - LF(x x,x) + L = LF(x,x,x)}
1

< éf] Lil"(x,x,x)

Thus, we obtain :21)by defining Qs (x) = T2Q, (x) and Q4 (x) = 15Q, (x), where Q (x) and Qq (x) are
defined in (6.7)and (6.17) respectively for all x € U. O

The following corollary is an immediate consequence of Theorem [6.3|concerning the stability of (I.7).
Corollary 6.3. Let p,t be nonnegative real numbers. Suppose that an even function f : U — V satisfies the inequality
O,

el + llyl* + 11211 E#£2,4

el Iyt D=1 434

el Ny Dzl + Cllel™ + Dyl + )1 )) . tELY

IDf (x,y,2)|| < (6.24)
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forall x,y,z € U. Then there exists a unique quadratic function Qo : U — V and a unique quartic function
Q4 : U — V such that

2K1,
xo|x]f 1 1
6 2] e/
sl f 1
6 O\ T e [

g% 1, 1
6 4= T [16—2%]

1f (%) = Qa2 (x) = Qu(x)] < (6.25)

forall x € U, where x; (i = 1,2,3,4) are given in (6.10).
STABILITY RESULTS FIXED POINT METHOD: ODD CASE

Theorem 6.1. Let f : U — V be an odd function for which there exists a function 1 : U> — [0, co)with the condition

.1
lim i (uix, iy, uiz) =0 (6.1)
with
) 2ifi=0
Hi= { Lifi=1
such that the functional inequality
IDf (x,y,2)[l < ¢ (x,y,2) 62)

forall x,y,z € U. If there exists L = L (i) < 1such that the function

x—=T(x,xx)=® (g, ;%) '
has the property
L
T (x,x,x) = ;1" (pix, pix, pix) (6.3)
1

Then there exists a unique additive function A : U — Vsatisfying (1.7) and
Ll—i

If (22) = 8f (1)~ A ()] < T—

I'(x,x,x) (6.4)
forall x € U.
Proof. consider theset X = {f/f:U — V, f (0) = 0}and introduce the generalized metric on X.

d(f,h) =inf{M € (0,00) : [|f (x) —h (x)|| < MT (x,x,x),x € U}

It is easy to see that (X, d)is complete. Define T : X — Xby Tf (x) = %f (u;x)
forall x € U.Now forall f,hh € X,

d(f,h) < M= ||f (x) = h (x)|| < ML (x,%,x),x € U
o f (uix) = b (uix) | < 52 MT (pix, pix, pix) , x € U
if(yix) - %h (uix)|| < LMT (x,x,x),x € U

ITf (x) —Th(x)|| < LMT (x,x,x),x € U
=d(Tf,Th) < LM.

This gives d (Tf, Th) < Ld (f,h), forall f,h € X,
i.e., Tis a strictly contractive mapping on Xwith Lipschitz constant L.
Now, from {#.24)we have

[f1(2x) =2f1 (x)]| < P (x,x,x) (6.5)
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where f1 (x) = f (2x) — 8f (x)

D (x,x,%) = 15 [(5—4r%) ¢ (x,2x, —x) + 2r%¢ (2x,2x, —x) + (4 — 2) ¢ (x, X, X)
+12¢ (2x,4x, —2x) + ¢ (x,2x,x) + 2¢ ((1 +r)x,2x, —x)
+2¢ (1 —7)x,2x, —x) + ¢ (1 +2r)x,2x, —x) + ¢ ((1 — 2r)x, 2x, —x)]

for all x € U. From (6.5), we arrive

for all x € U. Using (6.3)for the case i = 0, it reduces to
fil(zzx) - fi (X)H < LT (x,x,x), forall x € U.
ie,d(Tfi,fi) SL=d (T, fi) L0 =L"" <oo
Again replacing x = 7, in (6.5), we obtain

f1(2x) (22x) - f (x)H < %@(x, x,x) = %@(x, X, x) (6.6)

lre—2AG)=e(322)

forall x € U. Using for the case i = 1, it reduces to
1A (x) =2f1 (3)]| <T(x,x,x) forallx € U,
ie,d(Tfy, f1) <1=d(Tf, fi) <1=L"1T=11"<co.
From above two cases, we arrive
d(Tf, fi) < L'

Therefore (B,(i)) holds.
By (B, (ii)), it follows that there exists a fixed point Aof Tin X such that

Ax) = Tim o (fe ) 8 () (67)

for all x € U. In order to prove A : U — Vis additive. Replacing (x,y,z)by (u!'x, ul'y, u!z)in (6.2)and divide
by u!'. It follows from (6.I)and (6.7), Asatisfies forall x,y,z € U. i.e., Asatisfies the functional equation
(1.7).

By (Ba(iii)), Ais the unique fixed point of Tin the set Y = {f € X : d(Tf, A) < oo}, using the fixed point
alternative result Ais the unique function such that

| f1(x)—A(x)|| <MT (x,x,x) forall x € Uand M > 0.

Finally, by (B;(iv)), we obtain

1
d(fi,A) = ;=74 (Th f)
This implies
[1-i
<
d (fer) = 1—-1L
Hence we conclude that
[1-i
If (2x) 8 (x) ~ A (0)]| € 7T (5,2,%)
for all x € U. This completes the proof of the theorem. O

Corollary 6.1. Let p, t be nonnegative real numbers. Suppose that an odd function f : U — V withf (0) = 0 satisfies

0,
the inequality |Df (x,y,2)] < { I + Il + i) VU m
e inequali x,,z)| < 27
Ty Y GIRNERE t# L

3 3 3
o (el l™ izl + U™ =+l l™ + 11zl t)), t# 3
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forall x,y,z € U. Then there exists a unique additive function A : U — V such that

K5,

[f(2x) =8f (x) =A< w ) (6.8)

where
Ko = P [30 — 1217 +-2 (6 + 1%) 2 4 r?2*
—|—2(1+r)t+2(1—r)t+(1+2r)t+(1—2r)t},
K7 = by [4-27+2(3-27) 20 4+ 2222 4224 42 (14 1) 2 69)
+2(1—r)'2 4 (1420 2 4 (1-21)' 2]
Kg = P [34 — 1417 +2 (3 —2/%) 2" +-2 (6 +12) 23 4 2r22%
2 (2% 120 2 (1) 2t 2 (1 =) 221+ 7) +2(1—1)F
F(1+2r) 2t (1 —2r) 2+ (14 2r) % + (1 2r)3f}
forall x € U.

Proof. Setting
O,
o (Il + Iyl + 11z11)
VY= o (Il i 121

P HXIIt||y|\t|\2||t+(||XI|3t+Hy\lst+|\2|l3t))

L
w’
L ()" + Ny ]+ 2]
forall x,y,z € U. Now 7“”"%55%#"2) = yﬁ, HV; Ht !V{H n Hfll H) =
! o (] ol =]
3 3 3
B (Il eyl ezl el ™+ gyl + 2] ™)

—0asn — oo,
— 0asn — oo,
i.e., (6.1)is holds. But we have

—0asn — oo,

— 0asn — oo.

K5,
Y x x Kel\f\lt
2 7
F(x,x,x):d><f,f,f) = at
o lEdl
22'2 Vi
s x|*
23t
Also,
K5
= -1
v . K _
’]:;HMXH' ‘u; 1:,\\x|\t :ui 1F (x,x,x),
Tuof —t2ell t—1
! I'(x,x,x)= Tl Hi 2 ) W [ (x,x,x),
U Pl K7 llpix - 3t—1Ky|[pix 3t—1
b b, T e, T i ),
3t —
s 3t =1 sl pi T (%X, x).
Hl.23t . 1 23t

Hence the inequality (6.3)holds either, L = 27! if i = 0and L = 2 if i = 1. Now from (6.4), we prove the
following cases for condition (i).
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Case: 1L =2"1lifi=0.

I (2x) = 8F (x) = A (0)]| £ 77T (5,5%,%) = ks = x5

Case: 2L =2ifi =1.
Ll—i (2)1—1

If (22) =8 (1) = A ()| < 7T (x,5,3) =

Also, (6:3)holds either,L = 2!~ for t < 1if i = Oand L =
following cases for condition (ii).
Case: 1L =2 1fort < 1ifi = 0.

e A for t > 1if i = 1. Now from (6.4), we prove the

[ @10k 1 w2l
IF 2x) 8 (x) ~ A0)] € LT (xx0) = G PRl _ sl
Case: 2L—2t—]fort>11fz—1
1-1
i 1
LI () welxl xellf
IF (20 =85 () = 4 ()] < T o) = Sl <

Also, (6-3)holds either,I. = 23~1for 3t < 1if i = Oand L = j—for 3t > 1if i = 1. Now from (6.4), we prove
the following cases for condition (iii).
Case:1 L = 23~ for 3¢ < 1if i = 0.

L' @10 x|l
[f(2x) =8f (x) = A(x)| < 1= Lr(x'x'x) = 1_p3t-1 23t 9 _ 03"
Case: 2 L = z—for 3t > 1if i = 1.
1-1
. 1

i GO
2 — = = .

If (2x) = 8f (x) = A(x)]| < -1 T (x,x,x) e 3t 23t _ o

Finally, (6.3)holds either, L = 23~ !for 3¢ < 1if i = Oand L = 23tL,lfor 3t > 1if i = 1. Now from (6.4), we prove
the following cases for condition (iv).
Case: 1 L = 2%~ for 3t < 1ifi = 0.

L (2O gl s x|
[f(2x) =8f (x) = A(x)| < 1 _LF(x,x,x) T {231 93 g _ 3"
Case: 2 L = z—for 3t > 1if i = 1.
1-1
‘ 1
L~ (#)  mlel® _ o ol
I () = 8f (x) = A ()| € 7T () =~ 2l = BE
23t—1
Hence the proof of the corollary is complete. O

Theorem 6.2. Let f : U — V be an odd function for which there exists a function ¢ : U3 — [0, co)with the condition

1
lim ﬁw(ﬂ?% iy, piz) =0 (6.10)
with
f2ifi=0
M= { Lifi=1

such that the functional inequality
IDf (x,y,2)|| < ¢ (x,y,2) (6.11)
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forall x,y,z € U. If there exists L = L (i) < 1such that the function

x—=>T(x,x,x)=® (g, %,%) ,
has the property
I'(x) = VLST (pix, pix, pix) (6.12)
1
Then there exists a unique cubic function C : U — Vsatisfying and
[1-i
If (%) = 2f (x) = C () £ 77T (x,%,%) (613)

forall x € U.
Proof. consider theset X = {f/f: U — V, f (0) = 0}and introduce the generalized metric on X.
d(f,h) =inf{M € (0,00) : ||f (x) —h (x)|| < MT (x,x,x),x € U}

It is easy to see that (X, d)is complete. Define T : X — Xby Tf (x) = %f (pix)
forallx € U.Now forall f,h € X,

d(f,h) <M= ||f (x) —h(x )||<MF(xIXIX),x€U

= |55 (uix) = J5h (i) | < S5 MT (i, i, i), x € U
= 3f(}¢1 ) — 5h(pix)|| < LMT (x,x,x),x € U
T ()~ TH () < LT (5,3,0), x € U

=d(Tf,Th) < LM.

This gives d (Tf, Th) < Ld (f,h), forall f,h € X,
i.e., Tis a strictly contractive mapping on Xwith Lipschitz constant L.
Now, from ([@35)we have
Ifs (25) = 8fs (x)]| < © (x,%,%) (6.14)

where f3 (x) = f (2x) —2f (x)

D (x,x,%) = 1 [(5—4r%) ¢ (x,2x, —x) + 2r%¢ (2x,2x, —x) + (4 — 22) ¢ (x, x, x)
+72¢ (2x,4x, —2x) + ¢ (x,2x, %) +2¢ ((1 +7)x,2x, —x)
+2¢ (1 —r)x,2x, —x) + ¢ ((1 +2r)x,2x, —x) + ¢ ((1 — 2r)x, 2x, —x)]

for all x € U. From (6.14), we arrive

for all x € U. Using (6.12)for the case i = 0, it reduces to
M—ﬁ( )H < LT (x,x,x), forall x € U.

ie,d(Tfs f3) < L:>d(Tf3,f3) <L 0=1l" <o
Again replacing x = 3, in (6.14), we obtain

x X x x
_ 2V < el
[p -85 (3)] <2 (353)
for all x € U. Using (6.3)for the case i = 1, it reduces to
1f3(x) =8f3(3)]| <T(x,x,x) forall x € U.
ie,d(Tfs,f3) <1=d(Tfs,f3) <1=L"1=L1"<co.
From above two cases, we arrive

f3 (82x) _f3 (X)H < %(I) (x,x,x) = 21—3CD (x, x,x) (6.15)

d(Tfs, f3) < L'
Therefore (B,(i)) holds.
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By(B;(ii)), it follows that there exists a fixed point Cof Tin X such that

() = Jim, 5 (£0") ~261) (6.16)
for all x € U. In order to prove C : U — Vis cubic. Replacing (x,y,z)by (u!'x, pl'y, u?z)in (6.11)and divide by
‘u?“. It follows from (.711) and , Csatisfies for all x,y,z € U. i.e., Csatisfies the functional equation
(T.7). By (Ba(iii)), Cis the unique fixed point of Tin the set Y = {f € X : d(Tf,C) < oo}, using the fixed point
alternative result Cis the unique function such that

| f1(x)—C(x)]| < MT (x,x,x) for all x € Uand M > 0.

Finally, by (B;(iv)), we obtain

d(f5,C) < 7= d (Tf3, f3)

This implies
Ll—l
<

d(fsC) < =1

Hence we conclude that
[1-i
If (2x) = 2f (x) = C ()] € 7T (%)

for all x € U. This completes the proof of the theorem. O

Corollary 6.2. Let p, t be nonnegative real numbers. Suppose that an odd function f : U — V withf (0) = 0 satisfies

o,
e ety 1DF (50 < Il + Iyt + 1201) . s
e inequality x,y,z)] < 27
Il iyl 1) 3t £3;
3 3 3
" Nyl 120+ Ul + 1y I+ =] t)), 3t #3;
orall x,y,z € U. Then there exists a unique cubic function C : U — V such that
Ilx,y U. Then th j iq bi jon C : U — V such th
s
7/
Té’szlf‘tr
If 2x) —2f ()~ CON < { mpa (6.17)
[8— 23’I
g x>
825

forall x € U, where k; (i =5,6,7,8) are defined in (6.9).

Proof. Setting

0,
) ]+l + Dz11)
xX,,z) =
iy o (Il 191 =117

3 3 3
Il iy 1 llzl + e+ Dyl + 1121 t))

o (el + eyl =+ lwr=))

(HWH Iy’ HV,ZH)

(HWH sl Wzl Qe+ eyl + =)

n ny
forall x,y,z € U. Now Miy%) _

1

~ w“@ w"b ~ w“b FLS»J“Q
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—0asn — oo,

— 0asn — oo,
i.e., (.1) is holds. But we have
—0asn — oo,

— 0asn — oo.

K5,
‘o x Kel\f\l
_ 2k 7
r(x X x) b (E, E,E) = K7HXH3t
23t 7/
Kg x|
23t
Also,
K
V%' 3k
A Hi K5 13T (%, x,x),
Kl pix|| £—3 Ke|x||" i s
11“(xxx) we P Vz I'(x,x,x),
— = 3 = =
3 [ Ky || uix 3t—3 k7 ||pix 3t-3
% alpl, ol H T (),
s x| 1 37’%”%?‘“ T (3,3, %)
P i
1

Hence the inequality (6.12)holds either, L = 273 if i = 0and L = 2% if i = 1. Now from (6.13), we prove the
following cases for condition (i).
Case: 1L =23ifi =0.

Ll—i (2 3)1 0 5
2x) —2 — < r = = —
IF (20) = 2f () = Cl < T (rx0) = b prs =
Case:2 L =2%ifi =1.
1—i 3y1-1 _
I 20) =2 (1)~ C ()] € LT () = B Ly = =50
Also, (6.12)holds either,. = 2!=3for t < 3ifi = 0and L = = sisfor t > 3if i = 1. Now from (6.13), we prove the
following cases for condition (ii).
Case:1 L =23 for t < 3ifi = 0.
L (273) O [|x]" _ e lx]’
I (2x) = 2f (1) = C )| < T T (o) = )Mo Jl Mol

Case: 2 L = fort > 3ifi = 1.

2t3

L (f13>1_1 [[x]] [l
2t— Ke || X Ko || X
If (20) =2 (x) = C()]| < =T (r,0) = 22—~ = S

Also, (6.12)holds either,L. = 23~3for 3t < 3if i = Oand L = 23}—,3for 3t > 3if i = 1. Now from (6.13), we prove
the following cases for condition (iii).
Case:1 L = 2373 for 3t < 3ifi = 0.

[ R
I (2x) ~2f (x) = C ()| € T (1x,0) = 2o _
Case: 2 L = 7 for 3t > 3ifi = 1.
1-1
X 1
L1 GO
IF (20 =26 () ~C (9 < F=pT(xox) = <27l < Tl
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Finally, (6.12)holds either, L = 2% 3for 3t < 3if i = 0and L = ;- s for 3t > 3if i = 1. Now from (6.13), we
prove the following cases for condition (iv).
Case: 1 L =233 for 3t < 3ifi = 0.

L (2572) 0 kg [l * _ s [l x]|
Hf (Zx) _Zf(x) _C(x>|| S 1_Lr(x’x/x) = 1_231}73 23t = 8_23t °
Case: 2 L = zfor 3t > 3ifi = 1.
1-1
. 1
- (#)  wlal® _ ms il
2x) —2 -C < r = = .
IF (22) =27 () = C@| < T () = SF— =g = 2
Hence the proof of the corollary is complete. O

Theorem 6.3. Let f : U — V be an odd function for which there exists a function ¢ : U3 — [0, co)with the condition

(6.1)and (6.10)
with
2 ifi=0
”’_{ lifi=1

such that the functional inequality
IDf (x,1,2)]| < ¢ (x,3,2) (6.18)
forall x,y,z € U. If there exists L = L (i) < 1such that the function

x =T (x,x,x) :<I>(x o x)

2°2'2

has the property (6.3)and (6.12), then there exists a unique additive function A : U — Vand a unique cubic function
C: U — Vsatisfying (1.7) and

IF ()~ A(x) - ol < 25T (x2,) 619)

forall x € U, where A (x) and C (x) are defined in (6.7)and (6.16)) respectively for all x € U.

Proof. By Theorems [6.1| and there exists a unique additive function A’ : U — V and a unique cubic
function C' : U — V such that

I (2x) = 8f (1) = A" (]| < 77T (5,,%) (620)

and

|f (2x) —2f (x) = C' (x)|| < 1L_ T (x,x,%) (6.21)

for all x € U. Now from (6.20)and (6.21)), that

Hf(x %C’ (x)H _ H{ 8f( ) 4+ 6(Jf) + f(EX) _ ZféX) _ C’éX)
<&l (2x) f( ) — ( X) ||+ f (2x) = 2f (x) = C" (%)}
g%{l r (x,x,x) +%1L'F(xxx) :%%:F(x,x,x)

for all x € U. Thus, we obtain (6.19)by defining A (x) = 2L A’ (x) and C (x) = :+C’ (x), where A (x) and C (x)
are defined in (6.7)and (6.16) respectively for all x € U. O

The following corollary is an immediate consequence of Theorem [6.3|concerning the stability of (1.7).
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Corollary 6.3. Let p, t be nonnegative real numbers. Suppose that an odd function f : U — V with f (0) = Osatisfies
the inequality

O,
el + il + 1z01) E£13
Il Iyl 1211 £
t t 3t 3t 3t
el Iyl D20+ el + ™ + 1207 ), # 3

IDf (x,y,2)|| < (6.22)

forall x,y,z € U. Then there exists a unique additive function A : U — V and a unique cubic function C : U — V
such that

85
217

melelf 1 1

3 [2—21] |8—=2f] f 7

Il TR
‘2 23t‘ ‘8 231“

sl o1 L1
3 =231 T 8= J -

1f(x) = A(x) =C)[ < (6.23)

forall x € U, where k; (i =5,6,7,8) are given in (6.9).

7 STABILITY RESULTS: MIXED CASE

Theorem 7.1. Let ¢, ¢ : U — [0,00) be a function that satisfies (6.1), (6.11), (6-Ipand @.I0)for all x,y,z € U.
Suppose that a function f : U — V with f (0) = 0 satisfies the inequalities (6.20)and (6.18)for all x,y,z € U. Then
there exists a unique additive function A : U — V, a unique quadratic functzon Qz U — V, a unigue cubic function
C: U — V and a unique quartic function Q4 : U — V such that

1-i
I (9) = A () = Q2 (1) = C(x) = Qs ()] 1 {Tu0, (5,%,%) + Tac(x, )} 7.1)
forall x € U, where T ,0,(x,x,x) and T sc(x, x, x) are defined by
Fo,0,(x,%,x) = % [T(x, x,x) +T(—x, —x, —x)] (7.2)
Tac(x, x,x) = é [[(x,x,x)+T(—x,—x, —x)] (7.3)

respectively for all x € U.

Proof. Let fo (x) = 3 {f (x) + f (—x)} forall x € U. Then f. (0) =0, fo (x) = fo (—x). Hence

IDf. (x,y,2)|| = 3 {|IDf (x,y,2) + Df (—x,—y, —2)||}
< L{IDf (x5, 2)|l + |Df (—x,—y, —2)II}
<3 {y(xy2) +9(—x —y—2)}

for all x € U. Hence from Theorem [6.3] there exists a unique quadratic function Q, : U — V and a unique
quartic function Q4 : U — Vsuch that

(7.4)

Hf(x)_QZ(x)—Q4 %{%Llll”xxx —Q—%
{I(

forall x € U. Again f, (x) = 3 {f (x) — f (—x)} forall x € U. Then f, (0) =0, f, (x) = —f, (—x). Hence

IDfo (x,y,2)|| = 3 {|Df (x,y,2) — Df (—x,—y, —2) ||}
< 3{IDf (x,v,2)|| = IDf (—x, —y, —2)||}
< Hop(yz) —¢(—x -y -2)}
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for all x € U. Hence from Theorem [6.3] there exists a unique additive function A : U — V and a unique cubic
function C : U — Vsuch that

If (x) =A(x) =C ()| <

i

% {%Ll L’l"(x x,x) + %ﬁfLF(—x,—x,—x)}

L1 ! (7.5)
< gt T x,x) + T(—x,—x,—x)},
forall x € U. Since f (x) = fe (x) + fo (x) then it follows from (7.4)and (7.5)that
1f (x) = A(x) = Qa2 (x) = C(x) = Qa (x|
= [{fe (x )—Qz(x)—Q4(x)}+{fa(X)— (x) =C ()}
< lfe () = Q2 (%) = Qa(x )H+Hfo (¥) = A (x) - C(x)] forallx € U.
< i (Tl ) (= =0 b4 4 (T ) 4 T =)
< xxx)—l—FAcxxx}
Hence the proof of the theorem is complete. O

The following corollary is an immediate consequence of Theorem [7.1|concerning the stability of (1.7).

Corollary 7.1. Let p,t be nonnegative real numbers. Suppose that a function f : U — V with f (0) = Osatisfies the
inequality

0,
t t t
Il + Iyl + 11211 E #1234
t t t
el Il 1= t£L340
t t t 3t 3t 3t
el I 2+ ™ ™+ 12%) e # 534

IDf (x,y,2)|| < (7.6)

forall x,y,z € U. Then there exists a unique additive function A : U — V, a unique quadratic function Qo : U —
V, a unique cubic function C : U — Vand a unique quartic function Q4 : U — V such that

1f (%) = A(x) = Qa2 (x) = C(x) = Qs (¥

3 2K1+8K5
< 3 1(62{4 T 2f}+K36 {2 pia 2tH e (7.7)
B % K63 - 23t+16 23t "‘? 5o T g ||x||3tr

> K64§4 Tt et 2123t+8123‘i (ST

forall x € U, wherex; (i =1,2,....,8) are respectively, given in (6.10)and (6.9).
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