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Abstract

In this article, we analysis the oscillatory properties of first order neutral difference equations with positive
and negative variable coefficients of the forms

m k
Alx(n) + p(n)x(n — 1) + Ziqi(n)x(n —0;) — X‘{ ri(n)x(n—p;) =0, n=0,12.., (%)
i= j=
and
m k
Alx(n) + p(n)x(n+1)] + Z%qi(n)x(n +0;) — Z;rj(n)x(n +pj) =0, n=0,12,.., (%)
i= j=

where {p(n)} is a sequence of real numbers, {g;(1)} and {rj(n)} are sequences of positive real numbers, T
is a positive integer, o; and p; are nonnegative integers, fori =1,2,..,mand j = 1,2,...,k. We established
sufficient conditions for oscillation of solutions to (x) and (xx).

Keywords and Phrases:  Oscillatory properties, neutral, delay, advanced, difference equation, positive and negative
coefficients.
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1 Introduction

In this article, we analysis the oscillatory properties of the first order neutral delay and advanced difference
equations with several positive and negative coefficients of the forms

m k
Alx(n) + p(n)x(n — 1) + X%qi(n)x(n —0;) — Xirj(n)x(n -pj)) =0, n=0,12,., (1.1)

i= j=

and ;
Alx(n) + p(n)x(n+1)] + Z;qi(n)x(n +0;) — Z; ri(m)x(n+p;) =0, n=0,12,., (1.2)

1= ]:

where A is the forward difference operator defined by Ax(n) = x(n +1) — x(n), {p(n)} is a sequence of real
numbers, {g;(n)} and {rj(n)} are sequences of positive real numbers, 7 is a positive integer, and ¢; and p; are
nonnegative integers fori = 1,2,..,mand j = 1,2, ..., k.
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Throughout the paper we assumed that there exist a constant p such that —1 < p < p(n) < 0; eventually
and {p(n)} is monotonically.

In the last many years there has been an improving curiosity in the work of the oscillation concept of
neutral difference and differential equations. The oscillation and asymptotic properties of these equations has
been used in many areas of applied mathematics, such as population dynamics [4], stability theory [12,13],
circuit theory [3], bifurcation analysis [2], dynamical behavior of delayed network systems [14] and so on.

In [11], Ogiinmez et al. established sufficient conditions for oscillation of all solutions of (1.1) and (1.2)
when p =0, m = k, q;(n) = q; and rj(n) = r;. In [8], we derived sufficient conditions for oscillation of all
solutions of the equations (1.1) and (1.2) for the cases —1 < p < 0, m = k, g;(n) = g; and rj(n) = r;. The
results obtained in [8] improves the results in [11]; In [9], we derived sufficient conditions for oscillation of all
solutions of the equations (1.1) and (1.2) for the cases p(n) = p with —1 < p < 0.

For the general background of difference equations, one can refer to the books [1,5] and the papers [2-4,
6-14] and reference cited therein. Our main aim in this paper is to obtain the sufficient conditions for the
oscillation of all solutions of equations (1.1) and (1.2).

Let n* = max {7,030} fori = 1,2,..,mand j = 1,2..,. k. A solution of (1.1) on N(ng) = {ng,no +1,...} is
defined as a real sequence {x(n)} defined for n > ny — n* and which satisfies (1.1) for n € N(ng). A solution
{x(n)} of (1.1) on N(ny) is said to be oscillatory if for every positive integers Ny > ny, there exists n > Ny
such that x(n)x(n + 1) < 0, otherwise {x(n)} is said to be nonoscillatory.

Furthermore, unless otherwise stated, when we write a functional inequality it indicates that it holds for
all sufficiently large values of n.

2 Some Useful Lemmas

The following lemmas are very useful to prove our main results.

Lemma 2.1. Let {x(n)} be an eventually positive solution of the delay difference equation

Alx(n) + p(n)x(n — )] + iqi(n)x(n —0;) =0. 2.1)

Set

z(n) = x(n) + p(n)x(n — 7). (2.2)
Then z(n) > 0and Az(n) < 0 eventually.
Proof. From (2.1) and (2.2), we obtain

Z qi(n)x(n— o) < 0. 2.3)

This shows that {z(n)} is a decreasing sequence.
Then either z(n) > 0 or z(n) < 0 eventually. If z(n) < 0, then

x(n) < —p(n)x(n — 1) < —px(n - 1)
or
x(n+kt) < (—p)*x(n),
which implies that x(n) — 0 as n — oco. Since {p(n)} is bounded, we have z(n) — 0 as n — oo and

consequently z(n) > 0, eventually.
This completes the proof. O

Lemma 2.2. [6] Assume that

7 m r
(m Z liminfa;(n) > 1, (2.4)
i=1
where a;(n) > 0,1 < i < rand m = minj<j<, m;. Then the delay difference inequality

.
Ax(n) + ) aj(n)x(n—m;) <0; n=0,1,2,.., (2.5)
i=1

has no eventually positive solution.
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Lemma 2.3. Let {x(n)} be an eventually positive solution of the neutral advanced difference equation

Alx(n) + p(n)x(n +1)] qu x(n+0;) =0; n>n. (2.6)
Set
z(n) = x(n) + p(n)x(n+ 7). (2.7)
If
Yo Y qi(n) = +oo, 2.8)
n=ngp j=1

then z(n) > 0 and Az(n) > 0 eventually.

Proof. From (2.6) and (2.7), we have

Z gi(n)x(n+0;) > 0. 2.9)

This shows that {z(n)} is an increasing sequence. Then either z(1n) > 0 or z(n) < 0, eventually.
If z(n) < 0, then
x(n) < —p(n)x(n +7) < ¥(n + 7).
This shows that {x(n)} is bounded from below by a positive constant, say M.
From (2.9), we have
m
Az(n) > M ) qi(n), (2.10)
i=1

which, in view of (2.8), implies that z(n) — +o0 as n — +oco. This is a contradiction and this completes the
proof. O

Lemma 2.4. [8] Consider the advanced difference inequality

m

E (n+0;) >0, n>ng. (2.11)
If

0-0' m . .

where 0 = miny <<y, 0;, then (2.11) cannot have an eventually positive solution.

3 Sufficient Conditions for Oscillations of Equation (1.1)

In this section, we establish sufficient conditions for the oscillation of all solutions of the neutral delay
difference equation (1.1).

Theorem 3.1. Assume that Ap(n) < 0and m = k. Suppose that fori = 1,2,...,m, 0; = p;, 0; > T, q;(n) —ri(n) >0
and not identically zero and

qi(n) —ri(n) =2 qi(n — ) —ri(n — 7). 3.1)
Suppose that fori =1,2,..,m
! o —1t+1 m . o
(0 -7+ 1), Y liminf 9:(n) —1i(n) > 1, (3.2)
(0 =) -t o oo \1+pn—c+1—0)
where
¢ = min o; and o= max 0.
1<i<m 1<i<m

Then every solution of (1.1) is oscillatory.
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Proof. Assume the contrary. Without loss of generality, we suppose that {x(n)} is an eventually positive
solution of (1.1) and let {z(n)} be its associated sequence defined by (2.2). Then by Lemma 2.1, z(n) > 0 and
Az(n) < 0, eventually.

Then the equation (1.1) becomes,

Az(n) = Y- (rs(n) — qu(m))x(n - ). 63)
Set

y(n) =z(n) + p(n —o)z(n — 7). (3.4)
Then

IN
0=
—~
=3
—~
=
~—
=
—~
=
~—
~—
=
—~
=
I
[
~

Ay(n)

= 3 (1) — gi(m)z(n — ) <0, 5)

This shows that {y(n)} is a decreasing sequence. By applying the procedure used in Lemma 2.1, we can easily
show that y(n) > 0, eventually.
Now, from (3.4), we have

y(n)
T p(n o) <z(n-1), (3.6)
or
y(n+7—0ai) <z(n-o;). (3.7)

1+pn—c+7—0;) ~
Using (3.7) in (3.5), we have

Ay(n)+i_i<1+;lé£1”1;:i(:)_m)>y(n—(Ul-— ) <O0. (3.8)

In view of (3.2) and Lemma 2.2, the delay difference inequality (3.8) has no eventually positive solution, which
contradicts the fact that y(n) > 0, eventually.
This completes the proof. O

Theorem 3.2. Assume that Ap(n) < 0and m = k. Suppose that

(i) there exists a partition of the set {1,2, ..., m} into two disjoint subsets I and | such that i € I implies 0; > p; and
j € J implies oi = pj;

(ii) gi(n) =qi(n) —ri(n —0; + p;) > 0 and not identically zero fori =1,2,...,m;
and

(iii) gi(n) > gi(n—71)and o; > tfori =1,2,...,m.

Suppose further that
n—1
Y. )Y ri(s) <1+p(n) (3.9)
icl s=n—o;+p;
and

(0.’ _T+1)vl—r+1 m

imi 8i(n)
(0 —1)7 -7 ;h}mg}f <1+p(n+r—a—ai)> > 1, (3.10)

/ .
where 0 = minj <<y, 0; and 0 = maxi<j<y, 0.
Then every solution of (1.1) is oscillatory.
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Proof. On the contrary, we assume without loss of generality that {x(n)} is an eventually positive solution of
(1.1). Set

n—1

z(n) =x(n)+pn)x(n—1) — Z Z ri(s)x(s — pi)- (3.11)
i€l s=n—o;+p;
Then by Lemma 2.1 in [10], z(n) > 0 and Az(n) < 0 eventually.
Now,
AZ(Tl) = _Zqz 1’1—0’1 +i7’z ”_Pz
i=1
- Zfz x(n—p;) + ) ri(n — o+ pi)x(n — ;)
i€l iel
= _iqi(n) x(n —o; +Z7’z —0; +pi)x(n —0;)
i=1
Az(n) = — igi(n)x(n —0;). (3.12)
i=1
Set
y(n) =z(n)+pn—o)z(n—1) (3.13)

where ¢ = maxj<j<y, 0;. Then

Ay(n) < Az(n)+pn—o)Az(n—1)

< - Lsintn =) = pln—o)

s

I
—

gi(n—1)x(n —1—0;)
< = Y in)lx0n— ) + pln — 0)x(n — T~ y)

= igi(n)[x(n —03) + p(n—o)x(n— 7 —03)]

= —Zg, z(n — ;) <0. (3.14)

This shows that {y(n)} is a nonincreasing sequence. We claim that y(n) > 0, eventually.
Otherwise y(n) < 0. This implies that

z(n) < —p(n—0o)z(n—1) < —pz(n — 1)

and hence we have z(n) — 0 as n — oo. Since {p(n)} is bounded, we have y(n) — 0 as n — oo, which is a
contradiction.
From (3.13), we get

or

<z(n-—o;) (3.15)

Using (3.15) is (3.14), we have

+1:21 1+pn+(:)_g o) y(n—(0i—1)) <0. (3.16)

By Lemma 2.2 and (3.10), the delay difference inequality (3.16) has no eventually positive solution, which
leads to a contradiction.
This completes the proof.
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Theorem 3.3. Assume that Ap(n) < 0. Suppose that

(i) there exists a positive integer I < m and a partition of the set {1,2, ..., k} into | disjoint subsets |1, J, ..., J; such
that j € J; implies p; < 03;

(i) gi(n) = qi(n) — Lyej, ru(n — 0i + pu) > 0 and are not identically zero for i = 1,2,...,1, gi(n) = q;(n) for
i=14+1,..,.m

and

(iii) gi(n) > gi(n—7)ando; > tfori=1,2,..,m

Suppose further that
l n—1
Y)Y Y ri(s) <1+p(n), eventually (3.17)
i=1je]; s=n—0o;+p;
and

_ —T+1 m .
(U T+1)° Z lim inf ( 8i(1) ) > 1, (3.18)
) -t H noe \1+pn+t—0—0;)

/ .
where 0 = min| <<y, 0; and 0 = maxj<j<y, 0.
Then every solution of (1.1) is oscillatory.

/

(o' —

Proof. Assume the contrary. Without loss of generality we may suppose that {x(n)} is an eventually positive
solution of (1.1). Set

! n—1
z(n) =x(n)+pm)x(n—1) =Y. Y Y ru(s)x(s — pu). (3.19)
i=1u€j; s=n—o;+py
Then
Az(n) = Alx(n)+p(n)x(n —1)]
1 n n—1
- Yy Y. ru(s)x(s—pu) — Y rul(s)x(s — pu)
i=lu€]; |s=n+1—0;+pu S=Nn—0;+pu
k
= _2% n_‘Tz —|—2rj(n)x(n—pj)
i=1 j=1
1
- ;Z} x(n—py) = ru(n — oj + pu)x(n — 0;)]
= iql x(n—o; —|—Z%Z}run—(fl+pu) x(n—oy)

m
Az(n) = =) gi(n)x(n—o;) <O0. (3.20)
i=1
This shows that {z(n)} is nonincreasing sequence. By Lemma 2.1 in [10], we can show that z(n) > 0,
eventually.
Set

y(n)=z(n)+pn—1)z(n—r1), (3.21)
where ¢ = maxj<j<, 0.
Then

Ay(n) < Az(n)+pn—o)Az(n—r1)

= Y gi(nx(n—c)— pln—0)

i=1 i

agB

gi(n—1)x(n—1—0;)

I
—
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M

< =) gi(n)z(n—0;) <0. (3.22)

i=1

Clearly {y(n)} is a nonincreasing sequence. By applying the procedure in Theorem 3.2, we can easily show
that y(n) > 0, eventually.

Again from (3.21)
y(n) < (14 p(n—0))z(n—1)
or ( |
yin+1t—o0; ‘
TTp(ndi—c—0) <z(n—0). (3.23)
Using (3.23) in (3.22), we obtain
8i(n) o
*Z 1+pn+f_a o )y = ei=7)) <0 (3.24)

But in view of Lemma 2.2 and (3.18), the delay difference inequality (3.24) has no eventually positive solution.
This contradiction compelets the proof. O

4 Sufficient Conditions for Oscillation of Equation (1.2)

Theorem 4.1. Assume that Ap(n) > 0 and m = k. Suppose that for i = 1,2,..,m, 0; = p;, p;i > T, hi(n) =
ri(n) — g;(n) > 0and are not identically zero, and h;(n) > h;(n + 7).

Suppose further that
o0 m
Z Zhl(n) = 400 (4~1)
n=0i=1
and
I p/—’r m )
(b -1 Y liminf ( hi(n) ) >1, 4.2)
(pl—T—l)‘D —T1-1 = noee 1+p(n+p—f+pi)

where p/ = min)<j<,, p; and p = MaxXj<j<y ;-
Then every solution of (1.2) is oscillatory.

Proof. For the sake of contradiction, without loss of generality, we may suppose that {x(n)} is an eventually
positive solution of (1.2).
Set

z(n) = x(n) + p(n)x(n+ 7). (4.3)
Then from (1.2) and (4.3), we obtain

m
Az(n) =Y hi(n)x(n+p;) > 0. (4.4)
i=1
This shows that {z(n)} is an eventually increasing sequence. Then by
Lemma 2.3, the sequence {z(n)} is an eventually positive.
Set
y(n) = z(n) + p(n+p)z(n + 1) (4.5)

where p = maxj<j<y, p;- Then
Ay(n) > Az(n)+p(n+p)Az(n+7)

hi(n)x <n+pl>+p<n+p>i 0+ T)x(n + pr 4 7)

|
AM§

Il
—_

v
=

I
—

hi(n) [x(n + p;) + p(n + p:)x(n + p; + 7))
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m

=) hi(n)z(n+p;) > 0. (4.6)

i=1

This shows that {y(n)} is an increasing sequence. But in view of (41) and
Lemma 2.3, we get y(n) > 0, eventually.
From(4.5), we have

y(n)
m <z(n+1) (4.7)
or
M TH0) < 2nt i) (438)

L+pn+tp—T1+p) ~
Using (4.8) in (4.6), we obtain

( hi(n)
I+pn+p—1+pi

Ay(n) —

) [NagE

)>y(”+Pi—T)>0- (4.9)
Butin view of (4.2) and Lemma 2.4, the advanced difference inequality (4.9) cannot have an eventually positive
solution. This is a contradiction and this completes the proof. O
Theorem 4.2. Assume that Ap(n) > 0and m = k. Suppose that

(i) there exist a partition of the set {1,2, ..., m} into two disjoint subsets I and | such that i € I implies p; > 0; and
J € ] implies p; = 03;

(ii) hi(n) =ri(n) — qi(n+ p; — 0;) > 0and are not identically zero fori = 1,2, ...,m;
(iii) hi(n) > hi(n+ 1) and p; > Tfori =1,2,..m.

Suppose further that
i i hi(n) = +oo (4.10)
n=0i=1
and /
e B (e ) @

where pl = min)<j<,, p; A1d p = Maxj<i<y O;-
Then every solution {x(n)} of (1.2) is either oscillatory or liminf,, . x(n) = 0.

Proof. On the contrary we may assume, without loss of generality that {x(n)} is an eventually positive
solution such that

ligicgfx(n) > 0. (4.12)
Set
n+p;—0o;—1
z(n) =x(n) +pn)x(n+1) — 2 Z gi(s)x(s + o). (4.13)
el s=n
Then from (1.2) and (4.13), we have
m
Az(n) = =) qi(n)x(n+o;) +Zrl x(n+pi)
i=1 i=1
- Zqi(n"‘Pi_‘Tz) (n+pi) +qu x(n +0;)
iel i€l
= *ZQ1”+PZ 0i)x (”+pl +27’1 ”+Pz)
i=1 i=1

= ihi(”)x(nﬂi) > 0. (4.14)
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This shows that {z(n)} is a nondecreasing sequence.

Then either
nlgroloz(n) = +oco (4.15)
or
nh_r)r(}oz(n) =LeR. (4.16)

Assume that (4.16) holds. But in view of (4.10) and (4.12), and from (4.14), we have
lim z(n) = +oo,
n—o0
which is a contradiction to the assumption and so (4.15) holds. Thus we have z(n) > 0. eventually. Set

y(n) =z(n) + p(n+p)z(n +7) (417)

where p = max;<j<, ;- Then

Ay(n) = ilhxn)x(nm) +p(n+p) ilhi(n L o)x(n 4 T4 py)
> Y hin)z(n +p1) > 0. (418)

I
—

1

This shows that {y(n)} is an increasing sequence. By repeating the steps followed in the Theorem 4.1, we can
easily show that y(n) > 0, eventually.
Again from (4.17), we have

y(n)
m < Z(n + ‘L')
or
YT o, (4.19)

1+pn—1t+p+pi) ~
Using (4.19) in (4.18), we obtain

N

L ( hi(n)

— i) >0; 4.20
1+P(”_T+P+Pi)>y(n e = “20

Ay(n) —
i=1

But in view of (4.11) and the Lemma 2.4, the advanced difference inequality (4.20) cannot have an eventually
positive solution. This is a contradiction and this completes the proof. O

Theorem 4.3. Assume that Ap(n) > 0. Suppose that

(i) there exist a positive integer | < k and a partition of the set {1,2,...,m} into | disjoint subsets Iy, I, ..., I; such
that i € I; implies p; > 0y;

(i) aj(n) = rj(n) — Liel, qi(n+pj—07) > 0forj =1,2,..,1 and are not identically zero and a;(n) = r;(n) for
j=1+1,..,k

(iii) pj > Tforj=1,2,..k;

(iv) aj(n) > aj(n+7)forj=1,2,..,k

Suppose further that
o k
liminfa;(n) > 1 (4.21)
L, L liminta
and )
L\ -T k )
0 =" " Y limint %(n) >1 (4.22)
(0 —t—1)p w1 e \1+pn—T+p—p))

where p' = ming <<k pj and p = maxi<j<k Pj-
Then every solution {x(n)} of (1.2) is either oscillatory or liminf, . x(n) = 0.
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Proof. On the contrary, without loss of generality that we may suppose that {x(n)} is an eventually positive
solution such that

liﬂiolgfx(n) > 0. (4.23)
Set
1 n+pj—0o;i—1
z(n) =x(n)+pmx(n—1)=3} ), Y a(s)x(s+a). (4.24)

j=lie I s=n
Then from (1.2) and (4.24), we have

k
Az(n) = *qu x(n+0;) + Y ri(n)x(n+p))
j=1
- Z%ZI qi(n+pj — oi)x(n+ p;) — qi(n)x(n + 0;))
] 1SS
= ZT] n—|—p] lel% n+pj— ;)X (”"’P])
] 1€
k
+ ) ri(mx(n+p))
=111
or )
Az(n) =Y aj(n)x(n+p;j) > 0. (4.25)
=1

This shows that {z(n)} is an increasing sequence. In view of (4.21) and (4.23) and from (4.25), we obtain
z(n) — 400 as n — oo. Since {z(n)} increases to +00. We have z(n) > 0, eventually.
Set

y(n) = z(n) + p(n+p)z(n +7), (4.26)

where p = max; <<k pj. Then

Ay(n) > Az(n)+pn+p)Az(n+ 1)
k Kk
= Z x(n+p)) +p(n+p)Z; aj(n+1)x(n+7+p;))
: ]_

or

Ay(n) >

VM»

aj(n)z(n+p;) > 0. (4.27)
1

]
Since {y(n)} is increasing, z(n) — o0 as n — co and z(n) > 0 eventually, we can easily show from (4.27), that
y(n) — oo as n — oo and consequently y(n) > 0, eventually.
From (4.26), we have

y(n)
m < z(n + T)
or
y(n =+ pj) <z(n+p;). (4.28)

I+pn+p—1+p;) ~
Using (4.28) in (4.27), we have

. aj(n)

Ay(n) — ! (n+p;—1)>0. (4.29)
y ]§<1+p(n‘(+pj+ﬁ)>y Pi

This shows that the difference inequality (4.29) has an eventually positive solution {y(n)}. On the other hand,

in view of (4.22) and Lemma 2.4, the advanced difference inequality (4.29) cannot have an eventually positive

solution, which leads to a contradiction. This completes the proof. O

Conclusion: We presents sufficient conditions for oscillation of all solutions of first order neutral delay
and advanced difference equations with positive and negative variable coefficients. Our results improves the
earlier results in the literature.
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