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Abstract

In this article, the asymptotic behavior of oscillatory solutions of a class of first order neutral delay
difference equations with variable co-efficients and constant delays is investigated. We established a
sufficient conditions of the equations under consideration approach zero as the independent variable tends
to infinity.
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1 Introduction

We consider the first order neutral delay difference equation with variable co-efficients of the form
Alx(n) = p(n)x(n = 7)] = q(n)x(n —0) = 0; n>mno; ©)

where {p(n)}, {q(n)} are sequences of real numbers, T and ¢ are positive integers with T > ¢ and A is the
forward difference operator defined by the equation

Ax(n) = x(n+1) — x(n).

In the oscillation theory of difference equations one of the important problems is to find sufficient
conditions in order that all oscillatory solutions of (1) tends to zero as n — oo. Considerably less is known
about the behavior of oscillatory solutions to first order neutral delay difference equations with variable
co-efficients. We choose to refer to the papers [9,10,13].

By a solutions of equation (1), we mean a real sequence {x(n)} which is defined for n > ny — max {7, 0}
and satisfies equation (1) for all n € N(ng) = {ng,no+1,n9+2,...}. A non trivial solution of equation
(1) is said to be oscillatory if it is neither eventually positive nor eventually negative, otherwise it is called
nonoscillatory.

Philos et al. [7] consider the first order neutral delay differential equation

(1) = p()x(t—0)] = p(t)x(t—7), t=to (1)

and obtained sufficient conditions for all solutions of the equation (1") to tend to zero as t — .
The purpose of the present paper is to obtain sufficient conditions for all oscillatory solutions of (1) tend
to zero as n — oo. Our obtained results are discrete analogues of some well known results due to [7]. With
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respect to the oscillation and asymptotic behavior of difference equation, reader can refer to [3-6, 8-14]. For
the several background in difference equation, one can refer to [1,2].

Throughout this paper, we define N(a) = {a,a+1,a+2,..} and N(a,b) = {a,a+1,a+2,..b} where a
and b are integers with a < b.

The following conditions are assumed to be hold throughout the paper.

(C1) {p(n)} is a sequence of nonnegative real numbers,
(C2) {gq(n)} is a sequence of positive real numbers,

(C3) T and o are positive integers such that T > ¢.

In section 2, we shall state and prove some lemmas, which play a crucial role in proving our theorem.

2 Some Lemmas

Lemma 2.1. Assume that {p(n)} is a sequence of nonnegative real numbers and 0 < p(n) < p < 1. Assume also that
{q(n)} is a sequence of positive real numbers. Then every oscillatory solution of the neutral delay difference equation (1)
which is eventually of one sign (ie, it is either eventually nonnegative or eventually non positive), tends to zero at co.

Proof. Without loss of generality, we suppose that {x(n)} is an oscillatory solution of (1) which is eventually
nonnegative. We observe that, if {x(n)} is eventually identically zero, then it tends to zero at co. So, we
assume that {x(n)} is not eventually identically zero. Set

z(n) = x(n) = p(n)x(n —z). 2

By taking into account (2) and the fact that {x(n)} is nonnegative, from (1) we conclude that {Az(n)} is
eventually nonnegative and {Az(n)} is not eventually identically zero. They {z(n)} is increasing on N(n)
where ny > ng such that x(n) > 0, n > ny — T and it is not eventually identically zero. This guarantees that
{z(n)} is either negative eventually positive or eventually negative. Assume that {z(n)} is eventually positive
i.e. {z(n)} is positive on N(ny) when ny > ny. Since {x(n)} is oscillatory, there exists an integer & > n, with
x(&) = 0 then

0<z(G) = x(&)—p@)x(—1) ®)

= —p(@)x(—2)

consequently p(&)x (¢ —z) < 0.

Hence given {p(n)} is assume to nonnegative on N(1g), it follows immediately that x(¢ — z) < 0. This
contradicts the fact that {x(n)} is nonnegative on N(n1). This contradiction establishes that {z(n)} is always
eventually negative on N (7).

Therefore

z(n) =x(n) —p(n)x(n—1) <0, n>m
and so we have
x(n) < p(n)x(n—1). 4)
Let us suppose that {x(n)} is unbounded. Then as {x(n)} is nonnegative on N (11 — 7). We can consider

a sequence of integers {m; } with ny <mp < my < my < ...and limy_,,, my = 00 k = 0,1, ... such that

max  x(n)=x(m;) >0 (k=0,1,23,..)

neN(ny—1t,my)

and limy_,, x(my) = oo.
Then by taking into account that {p(n)} is nonnegative on N(#) and using (4) and 0 < p(n) < p <1, we
obtain

0 < x(mp) < p(mg)x(mp) < px(my).
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That is, 0 < x(mg) < px(mg). As 0 < m < 1, this is a contradiction, which shows that {x(n)} is necessary
bounded on N (17 — 7). Hence there exists a positive real constant k such that

0<x(n) <K for all né€ N(n—r1). )

Now, we take into account the hypothesis that {p(n)} is nonnegative on N(1ny) and we use (4) and (5) to
obtain to n > n;.
0<x(n) <pmnx(n—1) <pK, for all ne N(np).

Finally, by an easily induction, we can prove that

0<x(n)<p'K for all neNm+(i-1)1), (i=0,1,2,3..) (6)
But, as 0 < p < 1 we have '
limp' =0
1— 00
Hence it follows easily from (6) that
lim x(n) =0
n—o0
The proof of the lemma is finished. O

Lemma 2.2. Assume that {p(n)} is a sequence of nonnegative real numbers on N(ng) and {g(n)} is a sequence of
positive real numbers on N(ng). Let {x(n)} be an oscillatory solution of the neutral delay difference equation (1) and
let 7i be an integer with it > ny. If

x() >0 and z(i) >0, (7)

then either x(&) < 0orz(&) < 0 forat leastone& € N(i+ 1,7+ 17— 1).

Proof. First of all, we will prove the following claim.

Claim: Let n; > ng. If both x(n) and z(n) are positive on N(ny,ny + 1), then x(n) and z(n) are also
positive on N(n1 + 7,11 + T+ 0). In order to establish our claim, we assume that x(n) > 0 and z(n) > 0
for all n € N(ny,n1 + 7). So, we have x(n — ) > 0, for all n € N(ny + 0,n; + 7+ o). From this and (3),
we concluded that Az(n) > 0 for all n € N(ny + o, n1 + T+ o). This guarantees that {z(n)} is increasing on
N(ny + o,n1 + 7 + o) which together with the facts that N(n; + 7,n1 + 7+ 0) C N(n; +0,n1 + 7+ 0) and
z(ny + o) > 0 implies that {z(n)} is always positve on N(ny + T,n; + 7 + ). We see that x(n —7) > 0 on
N(ny + 1,11 + 7+ 0). Hence, by taking into account the fact that {z(n)} is positive on N(n1 + 7,11 + 7+ 0)
and using the assumption that {p(n)} is nonnegative on N (1), we obtain, forevery n € N(ny + 7,1 + 7+ 0)

x(n) =z(N)+pmn)x(n—1) > p(n)x(n—1) > 0.
This implies that {x(n)} is always positive on N (11 + 7,11 + T + ¢) and completes the proof of our claim. [

Now, let us suppose that (7) holds.
We will show that either

x(§) <0 or z(¢) <0 for atleast one e N(A+1,a+T—1) 8)

If (8) is not true, then x(n) > 0 and z(n) > 0 for every n € N(i+ 1,71+ T —1). So, because of (6), both
{x(n)} and {z(n)} must be positive on N(7,7 + T — 1). By our claim, {x(n)} and {z(n)} are also positive on
N(i+t—1,1+7+0—1). Consequently, {x(n)} and {z(n)} are positive on N (7,7 + T + ¢ — 1). By using
again our claim (with n; = i+ 0 — 1), we see that {x(n) } and {z(n)} are also positiveon N(71 +7+0c — 1,7 +
T+ 20 —1). Thus, {x(n)} and {z(n)} are positive on N(7i,7 + T + 20 — 1). Following the procedure, we can
conclude that, for any nonnegative integer k, both {x(n)} and {z(n)} are positive on N(7, 7 + T + ko — 1).
This guarantees that {x(n)} and {z(n)} are positive on N (7). But, the fact that {x(n)} is positive on N(71)
contradictory the oscillatory character of {x(n)}. So (8) has been proved.

Lemma 2.3. Let 0 < p(n) < p < land {f(n)} be an unbounded sequence of real numbers on N(ny — 7). We define

gn) = f(n) —pm)f(n—1), n=no.



A. Murugesan et al. / Asymptotic behavior of the oscillatory solutions... 431

Then the sequence {g(n)} is also unbounded. Moreover, there exists my > ng, such that for any m > my, the following
statement is true:

If
ig(n)| < |g(m)|, for every n € N(mg,m), )

then
|f(n)|§11pg(m)| for all ne N(ng—1,m) (10)

Proof. The hypothesis that {f(n)} is unbounded guarantees the existence of a sequence of integer {m };_q1
with ng < mg < mq < ... and limy_,, M = oo such that

max_|f(n)| = |f(my)], (k=0,123,.) an

neN (ng—1,my)

and

lim |my| = oo. (12)
k—o0

By taking into account, the assumption that {p(n)} is nonnegative on N(#) and using 0 < p(n) < p < 1and
(11) we obtain fork = 0,1, 2, ...

g(mi)| = |f (m) = p(mie) f (mye — 7))
|f(mie) | = p(mge) | f (mye — 7))
|f ()| = p 1f ()|

AVARLY,

Hence, we have
|g(mk)‘ > (1 - P) ‘f(mk)| ’ (k =0, 1/2/"')

So in view of (12) and because of the fact that 1 — p > 0, it follows that

lim [g ()| = .
k—o0
This guarantees that |g(n)| is necessary unbounded.
Now, let m be an arbitrary point with m > m, and assume that (9) is satisfied. As {p(n)} is assume to be
nonnegative on N (1), we can use (9) and 0 < p(n) < p < 1 to obtain, for n € N(mg, m),

gm)[ = g(n)| = [f(n) —p(n)f(n—1)]
> |fm)]=plf(n—-1)
> |f(m)] - Poonmax M (s)]-
Thus,
glm)| = max |f(n)—p max - |f(n)],neN(no—1m). (13)

On the otherhand, by using (11) with k = 0, we can immediately see that

max n)l =  max n)|,
neN (mg,m) |f( )| neN(ng—1,m) |f< )|

Hence (13), yields
lgm)| = (1—=p) max |f(n)].

neN(ng—1,m)
So since 1 — p > 0, we have

max |f(m)] < 1 |g(m)].

neN(ng—1,m) p

The proof of the lemma is now complete. O
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3 Main Results

Theorem 3.1. Assume that

0<pn)<p< % (14)
If
n+1—1
limsup Y q(s) <2(1-2p) (15)
n—oo  s—n

then every oscillatory solution of equation (1) tends to zero as n — oo.

Proof. Let {x(n)} be an oscillatory solution of (1). First it will be shown that the solution {x(n)} is bounded.
Next, by the use of the boundedness of {x(1n)}, we shall prove that the solution {x(#)} tend to zero as n — oo.
Suppose, that the sake of contradiction, that the solution {x(n)} is unbounded. We see that condition (15)

implies, in particular, that
n+t—1

Y q(s) <2(1—2p) for all n
sS=n
and consequently there exists an integer 11 > ng such that

n+t—1
Y q(n) <2(1—2p) for every n>ny. (16)

By taking into account the fact that {p(n)} is nonnegative on N(ng) and that (14) holds and using the fact
that {x(n)} is unbounded, we can apply Lemma 2.3 to conclude that the sequence {z(n)} is also unbounded,
where z(n) is defined by (2). Moreover, there exists a my > ng such that, for any m > my, the following
statements is true.
If
|z(n)| < |z(m)| for every n € N(mgy,m), (17)

then

|x(n)] < |z(m)| for all ne& N(ng—1,m). (18)

L—p
Also, as {x(n)} is unbounded, it is obvious that {x(n)} does not tend to zero at n — oo.

In view of Lemma 2.1, {x(n)} cannot be eventually of one sign, i.e., it is neither eventually nonnegative
nor eventually nonpositive. This means that {x(n)} changes sign for arbitrarly large values of n. So, in view
of (1) and (2), the sequence {Az(n)} changes sign for arbitrarly large values of n and consequently {z(n)}
cannot be eventually monotone. From this fact and the unboundness of {z(n)} we conclude that there exists
an integer m > max {ny + o, mop, ng + 7} with z(m) # 0 such that

z(m)Az(m) <0 (19)

and
|z(n)| < |z(m)| for every n & N(ng,m). (20)

We observe that m > m( and that (20) implies (17). Hence (18) holds true. Furthermore, we see that { —x(n)}
is also an oscillatory solution of (1), which is unbounded, and that

—z(n) = —x(n) + p(n)x(n—71) for n > ny.
Thus, as z(m) # 0, we may (and do) assume that
z(m) > 0. (21)

So (18) becomes
1

()| < 1,

z(m) for all né€ N(ny—1t,m). (22)

Now, we will show that
x(m) > 0.
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Assume, for the sake of contradiction, that x(m) < 0. Asm > ng+ 1, we have ny < m —t < m. Consequently,
(22) susures that

[x(m —1)| <

7 _pz(m).

By using this inequality as well as (21) and taking into account the fact that {p(n)} is nonnegative on N(ny),
we obtain

0 < z(m) x(m) — p(m)x(m — 1)
—p(m)x(m — 1)

p(m) [x(m —7)|

ININ

IN
<
—_

[ [
3

and consequently

This contradiction proves that x(m) < 0. In view of (19) and (21), we have
Az(m) <0.

Prove this and (1), we have x(m — ¢) < 0. Note that m — ¢ > ny. Let us denote the integer ¢; less then m such
that x(¢71)z(¢1) < 0and

x(n) >0 and z(n) >0 for every ne N(&+1,m).

It is obvious that m — o < ¢; < m — 1. Since {x(n)} is oscillatory, then there exists an integers ¢, > m such
that

x(¢2)z(¢2) <0

and
x(n) >0 and z(n) >0, for every ne N(m,g—1).

We note that x(n) > 0and z(n) > 0as N(&; +1,& — 1).
We shall establish the following inequality

¢1+7—-1
2 <2 . 23
z(m) _{ p+ ngél ”’(”)}nemﬂa{im_l)'x(”)' (23)
Inequality (23) is an immediate consequence of the next inequalities:
m—1
< 24
m) < {P+nZ€1q(n)}n€N(nr1ng>;m1)IX(n)| (24)
and
S1+71-1
< . 25
2(m) < {p+ p) q(n)}neN(gg?m_l) x(m)| @)

So, we will prove that (24) and (25) hold.
Proof of inequality (24). We see that (1) and (2) gives

z(m) = z(&) + 2 g(n)x(n — o) (26)
n=g
First, let us assume that z(¢1) < 0. Then from (26) we obtain

m—1
< ) q(m)x(n— Zq ) [x(n—a)].

n=¢, n=g
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Asm—o0 < ¢ <m—1,wehave
m—-2t<m—-20<1—oc<m—oc—-1<m-—1

Hence n — o € N(m —2t,m — 1) whenever n € N(¢;,m —1). So, we get

m—1
2(m) < { 3 ‘7<”>}neN<maX x(n)

n=t, n—2t,m—1)

which, as p > 0, implies (24), Next, we assume that x(¢1) < 0. Then from (26), we obtain

m—1

z(m) = x(é‘l)*P(é‘1)x(§1*T)+;JILI(n)X(”*U)
< —pG)x(G—1)+ qu
< (Cl)‘x(§1*T|+Zé;q ) [x(n—0o)]|.

But,asm — o < ¢ < m—1, we have
m—-2t1<m—-1—0<{1—1<1—c<m—-1—-c<m-1
or
m—-2t<m—-oc—1<1—T1T<{1—c<m—-1—-oc<m—1

Thus,

(& — 1) < pen(max [x(n)]

Also as we have previously seen,
n—o € N(m—2t,m—1) whenever n € N(§,m—1).

Thus the last inequality becomes

m—1
z(m) <p max |x(n)| + { ; q(n)} max |x(n)]|.

neN(m—2t,m—1) neN(m—2t,m—1)
Consequently (24) is fulfilled. The proof of (24) is finished. O

Proof of inequality (25)

We distinguish between two cases: Either ¢, > {1 + 1,0r gy < ¢ + 7.

Case 1: & > {1 + 7. Then there is an integer 71 with ; < 71 < ¢, — T such that x(77) > 0 and z(i7) > 0.
So by Lemma 2, either x(¢) < 0 or z(§) < 0 for atleastone ¢ € N(i+ 1,1+ 7—1). Since {1 <7 < ¢ <
1+ T —k < . This is a contradiction to the fact that both x(n) > 0and z(n) > 0on N(é; + 1,2 — 1)

Case 2: ¢ < &1 + 7. From (1) and (2), we have

z(m) = z(&) — Z g(n)x(n—o) (27)
We examine the two subcases, where either &, < m+coréy, >m+o.
Subcase 2.1 ¢, < m + 0. Suppose first that z(¢») < 0 Then from (26),

G—1
2m) = — % qln)x(n—0)

IN
]
=
=
=

=

|
<
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We observe that
m—T<m—oc<n—oc<gH-1—-c<m-—1

So,n— 0 € N(m—1,m—1) whenever n € N(m, &, — 1). Hence from the above inequality, we obtain

&1
(T} o a0

neN(m—t,m—1)

C1+7—1
{ n;ﬂ q(ﬂ)}neN(r"glaéml) |x(1)].

Consequently, as p > 0 inequality (25) is always fulfilled. Next, let us suppose that x(¢,) < 0. Then from (1)
and (2), we have

z(m)

IN

IN

61
z(m) = [x(&2) — p(&2)x(82 — 7)] Zq x(n—o)

G—1

< —p(&)x(G2—1) — Z g(n)x(n — o)
Ga—1

< (§z)|x(2—r|+2q ) [x(n — o)

¢—1
< P\X(Cz—TH—Zq ) |x(n — o).

But m—t <& —1< (m+0)—(0c+1) = m—1. Also, as we have seen above, we have n — o € N(m —
T,m — 1) whenever n € N(m, & — 1). From these, we obtain

-1
<
z(m) < neN(ﬁlaﬁm1)|x(")|+<n§1q(”)> neN(In?fﬁmfl)‘x(””
< max

G1+t—1
+ n max x(n
Lol >] . x(n)]

m—1,m—1)

neN(m—t,m—1)

¢1+7—-1
< {p+ D ”’<”>}neN(maX x(n)]

n—m m—2t,m—1)

So (25) holds true
Subcase 2.2: {, > m + o. First, let z({,) < 0. Then (27) is written as

22 x(n—o). (28)

Ifne Nm+o,6—1),thend; <m<n—0<¢—1—-0<¢ —1. Consequently,n —c € N(¢;1 +1,& —1).
So we have x(n — ) > 0 for every n € N(m + ,& — 1). Hence, it follows from (26), that

m+o—1 ¢r—1
z(m) < — ; q(n)x(n—o) — :Z+ q(n)x(n—o)
m+o—1
< - ; q(n)x(n—o)
m+o—1
< Z q(n) [x(n —o)].



436 A. Murugesan et al. / Asymptotic behavior of the oscillatory solutions...

But, foranyn € N(m,m+oc —1),itholdsm —7<m—0—-1<n—-0—1<m—1. Thus, we derive

m+o—1
<
z(m) < {n;ﬂ q(ﬂ)}neN(gla;fml)lx(n)l
é—1
<
< n;mq(n) neN(rﬁ;ﬁm_l)lx(n)l
<

G1t+1-1
{ n;n q(ﬂ)}neN(;na;fml) x(n)|,

which, as p > 0, guarantees that (25) holds true. Next, let x(¢z) < 0. Then (27) becomes,
G—1

z(m) < —p(&)x(& — 1) Zq x(n—o). (29)

As above, n — o € N(¢1+ 1,8, — 1) for every N € N(m + 0,8 —1). Consequently x(n — ) > 0 for each
neN(m—o,8—1). Wenotice that & — 7 < {1 <m < § — 0. If n € N(m, — o), then from (29), we get

m+o—1 ¢r—1
z(m) < —p(&2)x(G2—1) X]q )A'j;_ﬂwxmfa)
m—+o—1
< —p(G2)x(G2—17) — Z q(n)x(n —o)
m-+o—1
z(m) < plx(G2—1)|+ ; q(n) [x(n—o)|

Butm—1 < ¢ — 1 < ¢ < m. Moreover, as before, we have [n —c € N(m —t,m —1)], for every n €
N(m,m+ o — 1). Thus, we obtain

&1
am) < p |x<n>|+{gq<n>} max_[x(n)]

neN(m—t,m—1) neN(m—t,m—1)

IN

neN(m—1,m—1)

¢1+1-1
{p+ ; q(n)} max |x(n)]|.

So inequality (25) is always satisfied.
Now, we will make use of inequality (23), which has been already established, to arrive at a contradiction.
Since m is choose so that m > ng + T, we have m — 2T > ng — T and consequently from (22) in particular that

1
|x(n)| < T pz(m) for all n e N(m—2t,m).
This can equivalently be written as
max  |x(n)| < ! z(m)
neN(m—2t,m) “1-p

and so inequality (23) yields

_ g1+7-1 1
22(m) < {zp+ py q<n>}1_p 2(m)].

g1+1—1 1
2§{2p+ Y q(n)}

n=g, 1=p

Thus, in view of (21), we have

ie.,
g1+7—1
q(n) >2(1-2p)
n=¢
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As 1 > m — o > nj the last inequality contradicts (16). This contradiction finishes the proof of the fact that
the solution {x(n)} is bounded.

The proof of the theorem will be accomplished by proving that the solution {x (1)} tends to zero as n — .
To this end, we will make use of the fact that the solution {x(n)} is always bounded.

Suppose, for the sake of contradiction, that {x(n)} does not tend to zero as n — oo, and define

i = limsup |x(n)|.

n—oo

It is obvious that 0 < u < co. Moreover, we put

A = limsup |z(n)].

Now, for n > ng
z(n)] = [x(n) = p(n)x(n—1)|

[x(n)| +p|x(n—1)|
|x(n)| +m|x(n—1)].

IN A

So, as {x(n)} is bounded, it follows that {z(n) } is also bounded. Consequently A must be finite. Furthermore,
it holds.
Az pu(l—p), (30)

which guarantees, in particular that A > 0. In fact, let € be an arbitrary positive real number. From the
definition of y it follows that, for some point ne > ng — 7, we have

|x(n)| < u+ € for every n>nec. (31)

Hence by using (31) we obtain for eachn > ne + 7

z(n)] = |x(n) —p(n)x(n—1)|
> |x(n)] = plx(n—1)|
> |x(n)] —m(p+ €).
Consequently,
limsup |z(n)| > limsup |x(n)| — p(u+ €)
n—oo n—,oo
ie.,

A>pu—m(p+ €).

This inequality holds true for all real numbers €> 0 and so (30) is always satisfied.

Since the solution {x(n)} is not eventually of one sign, i.e., it changes sign for arbitrarly large values of
n. Thus the sequence {Az(n)} changes sign for arbitrarly large values of n, which ensures that {z(n)} is not
monotone. By this fact and fact that A > 0. we conclude that there exists a sequence of integers {my } - ; with
np < my < my < ...and limy_,, my = oo such that z(my) # 0 (k=1,2,...) and

z(my) Az(my) < 0 (32)
and
Jim |2 (my)| = A. (33)

We remark that the sequence {my;};._; can be chosen so that either z(my) > 0 forall k = 1,2,... or z(my) < 0
foralln =1,2,3,.... We see that

—z(n) = —x(n) + p(n)x(n—t) for n>ng
and that

limsup |—z(n)| = A.

n—oo
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Also, itis obvious that { —x(n) } is a bounded oscillatory solution of (1), which does not tend to zero as n — 0.
After there observations, we may (and do) restrict ourselves only to the case where

z(mg) >0 (k=1,23,..) (34)
In view of (34), equality (33) becomes
nli_r};oz(mk) = A (35)

It is clear that we have either x(m;) = 0 for infinitely many k € {1,2,3,...} or x(my) # 0. So, we examine
separately the following two cases:
Case I: x(my) < 0 for infinitely many k € {1,2,3,...}. Let {my, } - be a sub sequence of {n};; such that

x(m) <0 (i=1,2,3,..). (36)

Clearly, limy,—,c 1y, = oo. It follows from (32) (34) and (35) that

Az(m) <0 (i=1,2,3,..), (37)
z(m) >0 (i=1,23,.) (38)
and
lim z(my,) = A, respectively. (39)
1—00

By (37), (1) and (2), we have
q(my)x(m, —o) <0 (i=1,2,3,..).

Consequently, we get
x(my, —o) <0 (i=1,23,..). (40)

Using (2), (36) and (38) we obtain fori =1,2,3, ...

0<z(m) = x(my)— pmg)x(mg, —7)
< —pmy)x(my, — )
< plx(m, —7)]
< max |x(n)]|.

neN (my, —7,my.—1)

We consider an integer j € {1,2,3, ...} such that My, > T. Then we obviously have myg, > T foralli > j, so, it
holds

z(my,) <m max x(n)|, or 1>1. 41

) <m e (0], for iz )

Next using (1), (2) and (40) we obtain, fori > j,

mk[—l
) = 2m =)+ Y qn)x(n—o)
mkl,—l
= [xOm,— ) = plm, — x0m, ~20] + ¥ almx(n—0)
mki—l l
< —plmg = Ox(mg —20)+ ), g(m)x(n—0)
mkiil
< plmg =) [x(m —20)|+ ), q(n) |x(n —0)|
m;ifl
< max |x(n)|+[ ) q(n)] wen max |x(n)].

nGN(mk]_—ZT,mkl_—l) mki—ZT,mk]_—l)
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Therefore,
mkifl

< + 42
Z(mk,>_{P n_mZk;Tq(n)}neN(mkirrgﬁrmki_l)lx(n)l (42)

A combinations of (41) and (42) leads to

mki—l
2z(my,) < 2p+ Y. q(n) max |x(n)|  for i>j. (43)
! =y —T neN(mki—ZT,mki—l)

Let €< 0 be an arbitrary real numbers. In view of definition of y, there exists an integer nc > ny — 7 so that
(31) holds. Choose an integer | > j such that my, > ne + 27. It is obvious that my, > ne + 27 for all integers
i > [. It follows from (31) that

max x(n)| < u+ € or i>1.
neN(mki—ZT,mki—1)| ( )| =H f B

Hence, from (43) we get

mkifl

2z(my,) < (u+ €) {2p+ ) q(n)} for every i>1,

nzmki -7

which gives

mki—l
2lim z(my,) < (p+€) [2p+limsup Y. q(n)]

i—00 i—00 n=y, =T

n—00 gs=p—1

n—1
< (p+€) {2p+limsup ) q(s)}
= (V+€){

n+t—1
2p+limsup ) q(s)}.

n—oo s=n

So because of (39), we have

n—o0 s=n

n+7—1
2A < (p+ €) {2p+limsup JFZ q(s)} . (44)

By combining (28) and (42), we obtain

n+71—1
2u(1—p) < (u+ 6){2P+1imsup +Z q(S)}-

n—oo s=n

As this inequality is satisfied for every real number €> 0, we always have

n4+1—1
2u(l=p) <p {ZP +limsup ) q(S)} :

n—o0

Thus, since i > 0, it holds

n+mn

2(1—p) <2p+limsup Y q(s).

n—oo s=n

ie.,
n+t—1

limsup Y q(s) >2(1—2p). (45)

n—oo

Inequality (45) contradicts condition (15).
Case II: x(my) > 0 for all large n. This means that there exists an integer r € {1,2,3, ...} such that

x(mg) >0 for all k>r. (46)
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It is clear that the integer r can be chosen to be arbitrary large; so it will be considered that m, > 1y + 7. Then
we have my > ng+ tforallk > r.

Let as consider an arbitrary large k with k > r. We observe that in view of (34) and (46) it holds x(my) > 0
and z(my) > 0.

Furthermore by (32) and (34), it holds Az(m;) < 0. From this and (1), we have x(m; — o) < 0, where
m, — o > ng. Let Q’; be the integer with m; — o < 5771 < my such that either x(Ci) < Oor z({,‘;) < 0 and
x(n) > 0and z(n) > 0on N(&} + 1, my).

On the otherhand, by the oscillatory character of {x(n)} we may find an integer 5% with my < g*,% such that
either x(¢7) < 0 of z(¢7) < 0 and x(n) > 0and z(n) > 0 on N(my, & — 1). It follows that both x(n) > 0
and z(n) > 0 on N(&},¢2). Thus we have defined two sequence {¢} } and {¢?} of integers such that {x(n)}
and {z(n)} are positive on N(&} +1,¢% — 1). Since ¢{ > my — o for k > r, we always have limy_, &} = oo.
Following the same procedure as when establishing (23), we can prove that

Z+r-1
2z(my) < {Zp—l— ) q(n)} on( max |x(n)|  for k<r. (47)

mp—27T,m—1
n=c} k k=1

Consider an arbitrary real number €> 0 and let nc > 1y — 7 be an integer such that (31) is satisfied. Moreover,
let ] > r, be an integer such that m; > nec + 27. Then we obviously have my > ne¢ + 27 for every k > [. So (31)
guarantees that

< € k>1
nEN(mll‘(rlazzf,mkfl) |X(7’l)| =pE fOV o

Thus, from (47)we obtain

4r-1

2z(my) < (p+ €) {Zp—l— ) q(n)} for all k>1.

n:(f,l

Therefore,

§,1+T—1
2klirnz(mk) < (p+ e){2p+limsup ) q(n)}
— 00

k—roc0 n=qy

IN

n+t—1
(u+ €) {Zp—l—limsup 2 q(n)}
k—oo  s=n

which because of (33), leads to (44). By the method used previously we can see that (45) is always satisfied.
But (45) contradicts condition (15).

In both Cases I and Il we have arrived at a contradiction. This contradiction shows that the solution {x(n)}
tend to zero as n — oco.

The proof of the theorem is complete.
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