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Abstract

In this paper we are concerned with the existence of strongly continuous solution x € CI[I, E] of the
nonlinear functional integral inclusion
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under the assumption that the set-valued function F has Lipschitz selection in the Banach space E.
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1 Introduction

Let E be a Banach space, I = [0, T] and let L!(I) be the class of all Lebesgue integrable functions defined
on the interval I.
Denote by C[I, E] the Banach space of strongly continuous functions x : I — E with sup-norm.

l[xllc = sup ||x[[g

Consider the functional integral inclusion

mﬂennfg@ﬂm@»%ytemj] (1.1)

where F : I x E — P(E) is a nonlinear set-valued mapping, and P(E) denote the family of nonempty subsets
of the Banach space E.

Indeed a set-valued functional equations have been extensively investigated by a number of authors and there
are many interesting results concerning this problem (see [2], [9]-[13]]), and a functional integral inclusion was
studied by B.C. Dhage and D. O’Regan (see [3], [4] and [14]).

Here we study the existence of strongly continuous solution x € C[I, E| of the functional integral inclusion
(1.1) in the Banach space E under a set of several suitable assumptions on the set-valued function F.

Our study is based on the selections of the set-valued function F, on which we have a functional integral
equation, such a type has been studied in several papers (see [1], [7]-[8] and [15]).
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2 Preliminaries

We present some definitions and results that will be used in this work.
Let E be a Banach space and let x : I — E.

Definition 2.1. [6]] A set-valued map F from I x E to the family of all nonempty closed subsets of E is called Lipschitzian
if there exists L > 0 such that for all t1,t, € I and all x1,x, € E, we have

H(F(t1,x1),F(t2,x2)) < L(|t1 — t2| + ||x1 — x2]]),

where H(A, B) is the Hausdorff metric between the two subsets A,B € I x E.

Denote Sy = Lip(I, E) be the set of all Lipschitz selections of the set-valued function F with values in the
Banach space E.

Let E = R". The following theorem assures the existence of Lipschitzian selection.

Theorem 2.1. [6]] Let M be a metric space and F be Lipschitzian set-valued function from M into the nonempty compact
convex subsets of R". Assume, moreover, that for some A > 0, F(x) C AB for all x € M where B is the unit ball of R".
Then there exists a constant C and a single-valued function f : M — R", f(x) € F(x) for x € M; this function is
Lipschitzian with constant I.

Denote S; = Lip(M, R") to be the set of all Lipschitz selections of the set-valued function F with values in
the space R".

Theorem 2.2. [5] “Schauder fixed point theorem”.
Let Q be a convex subset of a Banach space X, T : Q — Q be a compact, continuous map. Then T has at least one fixed
point in Q.

3 Existence of solution in E

In this section, we present our main result by proving the existence of strongly continuous solution x €
C[L E] of the functional integral inclusion (1.1) in the Banach space E, under the assumption that the set-
valued function F has Lipschitz selection in E.

Consider now the functional integral inclusion (1.1) under the following assumptions

(H1) The set F(t, x) is compact and convex for all (¢,x) € [ x E.

(H2) The set-valued map F is Lipschitzian with a Lipschitz constant L > 0.

(H3) The set of all Lipschitz selections Sr is nonempty.

(H4) The function g : [0, T] x E — E satisfies Caratheodory condition i.e. g(t,.) is continuous in x € E for
each t € I and g(., x) is measurable in t € I for each x € E.

(H5) There exists an integrable function a € L[, E] and a positive constant b > 0 such that

gt )| < lla(t)[[ +Dl[x]|, Vtel, xeE.
(H6) m : [0, T] — [0, T] is continuous.
Remark 3.1. From assumptions (H1) and (H3), there exists f € Sg such that
1f(t2,%) = f(ti, )l < L(lt2 = ta| + [x = yllc),
and

K(6) = £(t, [ (s, xm(s))ds, £ € [0,T] (32)

Then the solution of the functional integral equation (3.2), if it exists, is a solution of the functional integral inclusion
(1.1).
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Definition 3.2. By a solution of the functional integral inclusion (1.1) we mean the function x(.) € C[I, E| satisfying
(1.1).

For the existence of strongly continuous solution x € C[I, E] of the functional integral inclusion (1.1) we
have the following theorem.

Theorem 3.3. Let the assumptions (H1)-(H6) be satisfied. Then there exists a strongly continuous solution x € C[I, E]
of the functional integral inclusion (1.1).

Proof. Let the set-valued function F satisfy the assumptions (H1)-(H3), then there exists a selection f € Sf, f :
I x E — E, such that

[ f(t2, x) = f(tr, y)llc < L(|t2 = t1| + [lx = yllc),
forevery ty,tp € I and x,y € E.

And f satisfy the functional integral equation (3.2).
Define the operator A by

Ax(t) = f(t, /Otg(s,x(m(s)))ds, teo,T]

Let the set Q, be defined as
LK+ M

Q= {xeCILE Ixlc <7k r= 10t

Then, it is clear that it is nonempty, bounded, closed and convex set.
Let x € Qr be an arbitrary element, then

laxol = It /tg<s,x<m<s>>>ds||

< 1] [ gls,x0n(s))ds] + 1£(2,0)]
< L||/ s,x(m(s)))ds|| +sup |f(£,0)|
< 1 [ 865, xm(s)) s + sup | £(5,0)
< 1 [ {la)l + blx(m())] s +sup £(5,0)
< 1 [ Ja(e)llds + 1 [ lx(m(s))]ds + sup £(5,0)
)|\ b su ds + su ;
< L[ la@lds o [ sup x(m(s))ds+sup |£(5,0)
)||ds b su ds + su ,
< 1 fa@)ds + 1 /SEOpT Ix(m(s)) ds + sup  £(t,0)
< LK+Lb||x||T+ M,

where K = fo lla(s)||ds, and M = sup |f(t,0)|.

Then
|Ax(t)|| < LK+ LbrT + M = r, where r = LM
Hence
|Ax|lc <.

Which proves that AQ, C Q;, ie. A:Q, = Q.

Finally, we will show that A is compact.

Let x € Qy, since Ax € Q;, ||Ax|| < r, then Ax isbounded V x € Q;.
Therefore, A is bounded and the class { Ax} is uniformly bounded.
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Now, let t1,tp € [0, T], then Ve > 0, 36(e) > 0, such that |t; — ;| < J, whenever

[Ax(t2) — Ax(t)[| =

IN

IN

IN

IN

IN

IN

IN

IN

Then

t g3
I£(t2, [ ts,x(m(s)))ds = (b, [ g(s,x(m(s)))s]|
Ll =]+ 1 [ gl xm(s)ds — [ g(s,x0m(s))as]}
Ll =]+ g xm(9) s}

Ll =]+ [ a(s) ]+ blix(n(s) 1)

Ll =]+ [ lae)ds+ 6 [ xtm(s)las)

Ll =al+ [ la)lds +b [ sﬂﬂw m(s)) |ds}
um—m+¢z| ds+b [ sup [x(m(s))]ds)

s€[0,T]

umfm+/ 5)llds + bl 2 — 11}
L{r5+/ $)|lds + bré} = .
|Ax(ty) — Ax(t1)|| <e.

Hence the class { Ax} is equicontinuous, x € Q,, and by Arzela theorem, A is compact.
Then by Schauder fixed point theorem, there exists at least one fixed point, and then there exists at least one
strongly continuous solution x € C[I, E] for the functional integral equation (3.2).
Consequently, there exists a strongly continuous solution x € C[I, E] for the functional integral inclusion

(1.1).

4 Existence of solution in R"
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In this section, we present the existence of strongly continuous solution x € C[I, R"] of the functional
integral inclusion (1.1) in the space R", under the assumption that the set-valued function F has Lipschitz

selection in R".

Consider now the functional integral inclusion (1.1) under the following assumptions
(I) The set F(t, x) is compact and convex for all (t,x) € I x R".
(IT) The set-valued map F is Lipschitzian with a Lipschitz constant L > 0

IF(t2,x) —

for every t1,t, € I and x,y € R".

(IIT) The function g : [0, T| x R" — R" satisfies Caratheodory condition i.e. g(t
x) is measurable in t € I for each x € R".

eacht € Iand g(.,

F(t,y)llc < L(t2 = ta| + lx = yllc),

(IV) There exists an integrable function a € L![I, R"] and a positive constant b > 0 such that

18 (£, x)[ < [la(

(Vym :[0,T] — [0, T] is continuous.

t)||+blx||, Ytel, xeR"

,.) is continuous in x € R" for

Definition 4.3. By a solution of the functional integral inclusion (1.1) we mean the function x(.) € C[I, R"] satisfying

(1.1).

Now for the existence of strongly continuous solution x € C[I, R"] of the functional integral inclusion (1.1)

we have the following theorem.
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Theorem 4.4. Let the assumptions (1)-(V) be satisfied. Then there exists a strongly continuous solution x € C[I, R"]
of the functional integral inclusion (1.1).

Proof. Let the set-valued function F satisfy the assumptions (I)-(II), then from Theorem with
M =1 x R", we deduce that there exists a selection f € F, which satisfies:

(i) f: I x R* — R" is continuous

(ii) f satisfy Lipschitz condition with a Lipschitz constant L > 0

1f (b2, %) = f(t,y)llc < L(lt2 =t + lx —ylic),
for every t1,t, € I and x,y € R"™.

And f satisfy the functional integral equation (3.2).
Define the operator A by

Let the set Q, be defined as

LK+M

n
<
= {x € CILR", [xllc <7} r= 1ot

Then, it is clear that it is nonempty, bounded, closed and convex set.
Let x € Q, be an arbitrary element, then

laxol = It /tg<s,x<m<s>>>ds||

8(s,x(m(s)))ds|| + [l f (£, 0|

IN
=
\

< 1 ./0 (s, x(m(s)))ds| + sup| £(t,0)

< 1 [ 865, xm(s)) s + sup (5,0

< 1 [ {lo(s)]|+ BllxOm(s)) s + sup £ (5,0)

< 1 [ Ja(e)llds + 1 [ x(m(s))]ds + sup £(5,0)

< 1 [ fato)lds+ 1o [ o l(m(s))ds+sup £(2,0)
< 1 [ at)lds+ b [ 2up [lx(m(s)) s + sup |£(4,0)
< LK+ Lb|x||T+ M,

where K = fo lla(s)||ds, and M = sup |f(t,0)].

Then
|Ax(t)|| < LK+ LbrT + M = r, where r = %
Hence

[Ax]c <.

Which proves that AQ, C Q;, ie. A:Q, = Q.

Finally, we will show that A is compact.

Let x € Qy, since Ax € Q;, ||Ax|| < r, then Ax isbounded V x € Q;.
Therefore, A is bounded and the class { Ax} is uniformly bounded.
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Now, let t1,tp € [0, T], then Ve > 0, 36(e) > 0, such that |t; — ;| < J, whenever

[Ax(t2) — Ax(t)[| =

IN

IN

IN

IN

IN

IN

IN

IN

Then

It [ gtsxlm))ds — for, [ g, x0m(s)))as]
Ll =]+ 1 [ gl xm(s)ds — [ g(s,x0m(s))as]}
Ll =]+ [ g xm(9) s}

Ll =]+ [ a(s) ]+ blix(n(s)) 1)
Ll =t [ la(o)lds +b [ () s}
Ll =al+ [ la)lds +o [ su%ﬂnx m(s)) |ds}
Ll nl+ [l \|ds+b/ sup ()4
L{lt2 — 1 +/ 5)llds + bllx| 12~ 1]}
L{rS—i-/ s)|lds + bro} = e.

|Ax(ty) — Ax(t1)|| <e.

Hence the class { Ax} is equicontinuous, x € Q,, and by Arzela theorem, A is compact.
Then by Schauder fixed point theorem, there exists at least one fixed point, and then there exists at least one
strongly continuous solution x € C[I, R"] for the functional integral equation (3.2).
Consequently, there exists a strongly continuous solution x € C[I, R"] for the functional integral inclusion

(1.1).
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Corollary 4.1. Let n = 1. If F satisfy the assumptions (I)-(II), then from Theorem (2.1) with M = I x R, we deduce

that there exists a selection f € F, which satisfies (i)-(ii), and f satisfy the functional zntegml equation (3.2).

Hence there exists a strongly continuous solution x € C[I, R for the functional integral inclusion (1.1).
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