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Abstract
In this paper, the authors obtain sufficient conditions for the oscillation of all solutions of the equation
A(anA(xn + pnxy_)) + qnxﬁﬂ_, =0

where « > 1and B > 0 are ratio of odd positive integers, and {a, }, {p»} and {g, } are real positive sequences.
Examples are provided to illustrate the importance of the main results.
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1 Introduction

In this paper, we are concerned with the oscillatory behavior of nonlinear neutral difference equation of
the form
AanA(xy + puxt_) +quxt =0, 1> ng (1.1)

where 7 is a nonnegative integer, subject to the following conditions:
(Hy) a > 1,and B are ratios of odd positive integers;

(H2) {an}, {pn}, and {g,} are positive real sequences for all n > ny;
(H3) kis a positive integer, and ! is a nonnegative integer.

Let 6 = max{k,[}. By a solution of equation (1.I), we mean a real sequence {x,} defined for alln > ny — 6
that satisfies equation foralln > ny. A solution of equation is called oscillatory if its terms are neither
eventually positive nor eventually negative, and nonoscillatory otherwise. If all solutions of the difference
equation are oscillatory then the equation itself called oscillatory.

As mentioned by Hale [4] and others, neutral equations having a nonlinearity in the neutral term arise
in various applications. We choose to investigate the oscillatory behavior of equation (1.1) since similar
properties of difference equations with linear neutral term are extensively studied in [1H3} 18} [10].

In particular in [6} 7,9, 11} [12]], the authors considered equation of the type when 0 < « < 1 and either

v o, (1.2)
n=ng an
or
@1
Y — <oco. (1.3)
n=nop an
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In all the results the condition p, — 0 as n — oo is required to apply the theorems. Further in [11], the authors
considered equation of the type (1.1) with @ > 1 and studied the oscillatory behavior under the condition that
lim, o infg, > 0. Motivated by thls observation, in this paper we examine the other case « > 1 and we do
not require that either p,, — 0 as n — oo or lim;, . inf g, > 0. Our method of proof is different from that of in
and hence our results are new and complement to that of reported in [6 7,9} 11} [12]. Examples are presented
to illustrate the importance of the main results.

2 Oscillation Results

In this section, we obtain sufficient conditions for the oscillation of all solutions of the equation (1.1). Define

n—1 1 00 1
Reo- Yo oa-pl
s=ng S =n s
1 M R
B, = ; 1— " 2L 1 > 0 for all constants M > 0,
k
" n+kpn+2k
and
1.7 1.
1 My 1A2+kl
E, = ; 1- : > 0 for all constants M; > 0.
k «
" Pryox
We set

Due to the from of our equation (L.1)), we only need to give proofs for the case of eventually positive solutions
since the proofs for the eventually negative solution would be similar.
We begin with the following theorem.

Theorem 2.1. Assume that (Hy) — (H3), and hold. If

ad B
Y By = oo 4

n=mnq
then every solution of equation (1.1)) is oscillatory.

Proof. Assume to the contrary that equation (L.1) has an eventually positive solution, say x, > 0, x,_x > 0,
and x,,_; > 0 for all n > ny for some n; > ny. From equation (1.1), we have

A(apAzy,) = —qnxfjﬂfl <0, n>mny. (2.5)
In view of condition (1.2), it is easy to see that Az, > 0 for all n > n;. Now, it follows from the definition of z;,
one obtains
1

xﬁ = (ZnJrk - xn+k)' (2.6)
Pn+k

L1/
On the other hand x,, ,x < ”*2" , and therefore from (2.6), we have
n+2k

1 z
x> Zuk — 2 ) 2.7)

Puok

From (2.5), we have a,Az, is positive and decreasing and therefore

Zn > RpyanAz,, n > ny, (2.8)
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and hence
A (Z”> <0, n>mn. 2.9)
Ry
Now and (2.9) implies that
1 MEIRE
T wril (i wa wall AT (2.10)
" R kP ok

where we have used z,, > M > 0 for all n > n7. In view of (2.5) and (2.10), we obtain

B B
A(anDzn) +quBy 4125 1y 12 11 (2.11)

Summing the equation (2.11) from 1, to n, we have
1 B B
Y 4Bl iz < AmAzn
S=Mnq

Since z, > M, it is easy to see from the last inequality that we can obtain a contradiction with (2.4) as n — oo.
This completes the proof. O

Remark 2.1. In Theorem[2.1} we are not required the conditions a > Borw < pandl > korl < k.

Theorem 2.2. Assume that (Hy) — (H3), and hold. If I > k, and the first order delay difference equation

B B B
Awn +qnBy g Ry Wy qg =0 (212)

is oscillatory, then every solution of equation (1.1) is oscillatory.

Proof. Assume to the contrary that equation (L.1) has an eventually positive solution such that x,, > 0, x,,_; >
0,and x,,_; > 0 for all n > ny > ng. Proceeding as in proof of Theorem 2.1} we obtain (2.8) and @.11). Now
combining (2.8) and (2.11), we have

B B B
A(anDzy) + anrD[-q-l—ana-i—l-i—k—l(a”+1+k—1Azn+1+k4) * <0

Let w, = a,Azy,. Then {w, } is a positive solution of the inequality

B B B
A(anBzn) +4nBy Ry Wiy <012

But by Lemma 2.7 of [8], the corresponding difference equation (2.12) has positive solution. This contradiction
completes the proof. O

Corollary 2.1. Assume that (Hy) — (H3) and hold. If1 > k+1,a = B and

P I—k-1\""*
nlg{}o mfs:n+21:+k—l GsBs+1-1Rs 1451 > <lk) (2.13)
then every solution of equation is oscillatory.
Proof. The proof follows from Theorem 7.5.1 of [3] and Theorem 2.2} O

Corollary 2.2. Assume that (Hy) — (Hs), and hold. If p < wand | > k and
) B B
Y By Ry = (2.14)
n=nq

then every solution of equation (1.1)) is oscillatory.
Proof. The proof follows from Theorem 1 of [5] and Theorem O
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Corollary 2.3. Assume that (Hy) — (H3), and hold. If B > wand 1 > k + 1 and there exists a A > ﬁ logg
such that

B B
o « « A
Jim inf \qaBy Ry exp(—e™)| >0
then every solution of equation is oscillatory.
Proof. The proof follows from Theorem 2 of [5] and Theorem O
Our next results are for the case where (1.3) holds in place of (1.2).

Theorem 2.3. Let g > 1, (H1) — (H3), and hold. If condition holds, and

n—1 B B }75 5571
1 o o
lim sup Ad8sES o —

= dasAg

2

M, “A
7 =00 (2.15)

for all constants My > 0, then every solution of equation (1.1)) is oscillatory.

Proof. Assume to the contrary that equation has an eventually positive solution such that x,, > 0, x,,_; >
0,and x,_; > O for all n > n; > ny. From equation that holds, we then have either Az,, > 0 or
Az, < 0 eventually. If Az, > 0 holds, then proceeding as Theorem 2.1} we obtain a contradiction to condition
. Next assume that Az,, < 0 for all n > n4. Define

apAz
Uy = "E",nzm. (2.16)
Zn
Then u,, < 0 for n > ny, and from (2.5) we have
apAz
Az; < U, s>n
as

Summing the last inequality from 7 to j and the letting j — oo, we obtain

DbZnAn o g s (2.17)
Zn
Thus
B_1 £
—ayAzy(—apAzy) e A} <1
é _—
Zn
for n > ny. Since —a, Az, > 0 and from (2.16), we have
1 B
- B S unAﬁ S 0/ (218)
Lat
where L = —ay,, Az, . On the other hand from (2.17), one obtains
A(Z"> >0, 1> n. (2.19)
Ay
From the definition of z,; and (2.19), we have
1_ 19 1_4
1 Mx “A®
x> 1— L) >, (2.20)
Pn+k

Pu+ok
where we have used f‘—’; > M; for all n > nq. From (2.5) and (2.20), we obtain

B B
AanDzn) +quES 4 1Zp 1y <0, 12> ny. (2.21)



584 B.Kamaraj et al. / Oscillation criteria for nonlinear difference...

From (2.16), we have
Ala, A Az
Aty = (“'; Zn) e Lt 2.22)
1 Zut1
By Mean value theorem
B
B Bya~l B < q.
Azﬁ S azrétllAZn, if m > 1, (223)
B Az, if B <1,
and so combining (2.23) with (2.22) and then using the fact that Az, < 0 gives
B By B qu?
Muy < —quES,, - ng AT (2.24)
n

B
since Zz—" > 1forall n > ny. Multiplying (2.24) by A}, and then summing it from 7 to n — 1, we obtain

Zn+1 —

n—1 B n—1 B B n—1 ‘B éfl B éfl uz
Y Al Bus+ Y AL GES ) M AL AS al <0.

s=nq s=nq S=nq n

(2.25)
Summation by parts formula yields

n=1 g B B n—1 B_1u
Y AL Aus > Afuy — Afun + Y EA: =,

. . (2.26)

s=n1 s=ny

Combining (2.25) and (2.26) implies

B B nlpg bqu, "By B Bogy2

n o n S n n s
Ajtn = Ay + ), DA =4 ) M AL AT
s=Mnq S s=mny n

n—1 B B
+ ), ALgsES <0

S=nq

which on using completing the square yields

SR P L :
Z As+1q5Es+1—l - B < E_, + Ay Uy
= dasAl L

when using (2.18). This contradicts (2.15) as n — oo, and the proof is now completed. O

Theorem 2.4. Let 0 < g <1, (Hy) — (Hs), and hold. If I > k, condition (2.14)) hold, and

1

=0 2.27
4a5As11 ( )

n—1
. B_1 b
nlg’i‘o sup ) |K« Asi1qsESyy —

S=Mnq
for all constants K > 0, then every solution of equation (1.1)) is oscillatory.

Proof. Proceeding as in the proof of Theorem 2.3 we see that Az, > 0 or Az, < 0 eventually. If Az, > 0, then
proceeding as in Corollary 2.2} we obtain a contradiction with condition (2.14). Next, assume that Az, < 0 for
all n > ny. Proceeding as in the proof of Theorem[2.3|we obtain ([2.21). Define

A
Uy = 225 s (2.28)
Zn

Thus u, < 0foralln > ny, and

AanAzy)  an(Azy)?
Zn+1 ZnZp+1
B

Zpirak—t g
Zn+1 an

Auy,

IN

IN

—qnE} , > . (2.29)
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Since {z, } is decreasing there exists a constant K > 0 such that z, < K for all n > n;. Using the last inequality
in (2.29), we see that

Au, < _QnEE

Multiplying the last inequality by A, ;1 and then summing it from n; to n — 1, we have
u? i
Z Asi1Dus + Z As-&-l* + Z K"‘ s+1‘7$E;+1,l <0. (2.30)
s=Mnq 5=n1 as s=Mnq
Using summation by parts formula in the first term of (2.30) and rearranging, we have
u? B
Aptty — Ap i, + Z (a —|—As+1> + Z Ke- 5+1qSEs“+1fl <0

S=mnp S=Mnq

which on using completing the square yields

¥ {KﬂlA Es L } <144
o 1 “ = — | < + u
S s+1q9sb51 1 4a3Aq 44 ny ny
when using (2.17). This contradicts (2.27) as n — oo, and the proof is now complete. O

Theorem 2.5. Let & = B, (Hy) — (H3), and hold. If 1 > k + 1, condition 2.13) hold, and

1
hm 0 Sup Z [ s+19sEs1-1 — ‘MM} =™ (2.31)
5418

S=Mnq
then every solution of equation (1.1)) is oscillatory.

Proof. The proof follows from Corollary 2.T|and Theorem 2.4} and thus the details are omitted. O

3 Examples

In this section, we present some examples to illustrate the importance of our main results.

Example 3.1. Consider the neutral difference equation

1
A (nA (xn +nxd )) +nxt% =0, n>1 (3.32)
Here a,, = %, pn=mn,qg,=nk=11=3 a=3and = % Simple calculation yields R, = ”(”271)
and B, = (=) +1) (1 — Nfz%/s) Now, it is easy to see that all conditions of Theorem are satisfied, and hence

every solution of equation (3.32) is oscillatory.

Example 3.2. Consider the neutral difference equation
1 3 3
N (xn+mx) ) ) +260 5 =0, n>1. (3.33)

Here a, = ﬁ, pn=mn,q;s =2, k=2,1=4and o« = § = 3. Simple calculation shows that R,, = n?—1,

B — 1 (1 _ M72/3(ﬂ+5)1/3
" (nt2) (n+1)173(n+4)173
every solution of equation (3.33) is oscillatory. In fact {x,,} = {(—1)"} is one such solution of equation (3.33).

) and it is easy to see that all conditions of Corollary are satisfied. Hence

Example 3.3. Consider the neutral difference equation

A ((n—f— 1)(n+2)A (xn +n3xf’,_1)> +(n+1)7x ;=0,n>1. (3.34)
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Herea, = (n+1)(n+2), pn =n%, g = (n+1)7, k=1, 1 =4, a = 3and B = 5. A simple calculation

. o S o MV/3(n1)2/3 o M—2/3
yields Ry = %52, An = 359, Bn = Gy (1 - n1/3((n+2>)2/3 ) and En = G (1 T (m+2)17

to see that all conditions of Theorem 2.3]are satisfied and hence every solution of equation (3.34) is oscillatory.

) . Now, it is easy

Example 3.4. Consider the neutral difference equation

A+ 1) +2)A (x0+ (1= 1)23) ) + (14285 =0, n > 1. (3.35)

n—1
Herea, = (n+1)(n+2), pp=(n—1), g = (n+2)?, k=1,1 =3, « = p = 5/3. A simple calculation
a1 o a1 M-2/5(311)3/5 1 M2/5 (n42)2/5
shows that R, = "=, Ay = 505, Bn = (1—W)randlgn = 1_W
verify that all conditions of Corollary 2.1|and Theorem [2.5]are satisfied and hence every solution of equation
(3.35) is oscillatory.

We conclude this paper with the following remark.

. It is easy to

Remark 3.2. In this paper, we obtain some new oscillation criteria for the equation (1.1) using Riccati type
transformation and comparison method which involves « and . Further the results presented in this paper are new and
complement to that of in [6} 7,9} 11} [12]].
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