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Abstract

In this paper, we discuss the existence and uniqueness of solutions for a class of multi-term time-fractional
impulsive integro-differential equations with state dependent delay subject to some fractional order integral
boundary conditions. In our consideration, we apply the Banach, and Sadovskii fixed point theorems to obtain our
main results under some appropriate assumptions. An example is given at the end to illustrate the applications
of the established results.
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1. Introduction k=1,2,3,...,m & N. Subject to the fractional order boundary
’ conditions
Let E be a Banach space and let 2 = [0,T]. We consider the
space €, = P ([—1,1,E), 0 <t< T < o, T> 0 formed c(*D%y(0)) +d(D%y( / (s, 91(5)s- - ym(s))ds,
by the functions g : [—7,¢] — EE, which are continuous except
the points ¢ # t;,k = 1,2,...,m such that right limit g(z,") (1.4)

and left limit g(,") exists at #, and g(, ) = g(#). The space

D%, equipped with the norm ||g]| p¢, = sup {Hg( e - where 0 € (0,1),d # 0, and when § = 1, i.e.

h € P%,} is a Banach space. Let N and R denote the set of c(/(0)+d(y(T)) = /Th(s,yl (8)y--,ym(s))ds, (1.5)
natural and real numbers. 0

In this paper, we study the existence and uniqueness of ~ where c+d # 0,d # 0, “D represents the Caputo derivative
solutions for the following class of multi-term time-fractional ~ of order 1 > 0, and 8; > 0 for all j = 1,2,...,n such that
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0<a<B, <Pt <... < B1 < 1. The functions f; : P x
P€ o — E such that f;(0,y(0)) =0 for all j =1,2,3,...,n,
Jo:Ix PEyxE—-E,g: P65 »Eandh:[0,T] xE" —
E are given functions which satisfy some appropriate con-
ditions. For any y € &% r we denote by y;, the element
of P% define by y; = y(t+60),0 € [—1,0]. The function
p: 92 x P€y— [—7,T] is continuous and ¢(0) € L.
Let the function ¢t — y; be well defined and continuous from
the set {p(s,x) : (s,x) € [0,T] x P} into PEy. The
equation (1.3) characterize the impulsive conditions with
O=to<t1 <ty <, -, <ty <typ1 =T, It,J; € €(E,E)(the
set of continuous functions from E to E), k = 1,2,...,m are
continuous functions. We have Ay(t) = y(t;”) — y(t,) and
A(DYy(1)) = (‘Dy(1)) — (‘D¥y(; ), such that y(t) =
y(t, ) and (“D¥y(t)) = (“D"y(t, )). The operator K is de-
scribed by K(y)(¢) = [§ &(t,5)y(s)ds, where & € €(Q,RT)
is a positive and continuous operator on Q := {(t,s) € R?:
0<s<t<T})and K® = sup,c 7| o R(t,s)ds.

During the last few decades, the fractional differential
equations (in brief, FDEs) including Riemann-Liouville and
Caputo derivative have been magnetized the interest of many
researchers towards itself, inspired by demonstrated applica-
tions in widespread areas of science and engineering such
as in models about medicine (modeling of human tissue un-
der mechanical loads), electrical engineering(transmission
of ultrasound waves), biochemistry (modeling of proteins
and polymers) mathematically modeling, thermal systems,
acoustics, modeling of materials or rtheology and mechani-
cal systems, etc. For fundamental certainties regarding to
fractional systems, one can make reference to the papers
[2, 5, 6, 13, 17, 22, 27, 32], the monographs [24, 30, 33]
and references therein.

On the other hand, the theory of fractional impulsive dif-
ferential equations (in brief, FIDEs) has been generated a
great interest among many researchers due to the fact that
many real world processes and phenomena which are effected
by short term external influences may be efficiently and effec-
tively described by FIDEs. The time of external influences
is negligible in the comparison of total duration of entire
processes and phenomena. Therefore, the theory of FIDEs
arising from real world problems to describe the dynamics of
processes has been analytically investigated by many authors
with interesting papers [4, 6, 17, 18, 34, 37, 39].

The system (1.1) — (1.3) with boundary conditions (1.4)
and (1.5) is a strong motivation of the applications of physical
models with papers [19, 25, 27, 28]. Kosmatov [25], Vidushi
and Dabas [19] considered the following impulsive model

Ay(ty) = I(y(t; ), ACDYy(tx)) = Tk (y(t, ),

where y € (0,1), k=1,2,3,...,m € N. In [27] Liu et al.
established the existence results for fractional differential
equations with fractional non separated boundary conditions.
Recently Losada et al. [28] show the attractivity of solutions
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for the following fractional differential equation

DPy(t) =Y <DPifi(t.y) + folt.yi), t>10,

j=1
y(t) = o(1),

where 0 < B < B, ¢ € €([to — 0,1],R), and f; : [tg,o0) x
% ([to — 0,10],R) — R are some appropriate functions. The
use of nonlocal conditions was initiated by Byszewski [11].
Further Byszewski and Lakshimikantham [12] tried to show
the feasibility of nonlocal conditions over the classical condi-
tions, which have great applications in applied sciences like
as chemical engineering, blood flow problems, underground
water flow, and population dynamics [9], cellular systems [1]
etc.

The fractional order diffusion wave equations ( i.e. order
(14 a) € (1,2)) have many applications in various fields of
science and engineering. These equations represent propaga-
tion of mechanical waves through viscoelastic media, charge
transport in amorphous semiconductors [16, 20, 21, 29], and
may be used in thermodynamics, shear in fluids, the flow of
fluid through fissured rocks [7]. In particular, the fractional
delay diffusion wave equations describe the driver reaction
time, time taken for a signal traveling to the controlled ob-
ject and time consume by body to produce red blood cells
and cell division time in the dynamics of viral persistence or
exhaustion.

Our work is arranged as follows: In preliminaries section,
we recall some basic definitions and fundamental results of
fractional calculus. In main results section, the existence and
uniqueness results are obtained for the system (1.1) — (1.3)
with boundary conditions (1.4) and (1.5). At last, an example
is provided to show the feasibility of the theory discussed in
this paper.

fo—0o <t <ty

2. Preliminaries

In this section, we recall some definitions and basic results of
fractional calculus which will be used throughout the paper.

Definition 2.1. The fractional integral of a function g with
the lower limit zero of order 1 > 0 is defined by

1 t
Ig0) = o [ 1= g()dE 1> 0,
0= g ) 0-8"'5()
and J°g(t) = g(t), where T'(*) is the Euler Gamma function.
This fractional integral satisfies the properties J1 o J> = Jn+b
forb > 0.

Definition 2.2. The Riemann-Liouville fractional derivative
of a function g with the lower limit zero of order 1 >0,n—1 <
n < n,n € Nis given by

Sy, =6 (@,

where the function g(t) has absolutely continuous derivative
up to order (n— 1). Moreover D’g(t) = g(t) and D"J"g(t) =
g(t) fort > 0.

Dlg(r) =
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Definition 2.3. The Caputo fractional derivative of a function
g € €"([0,0)) with the lower limit zero of order 1 > 0 is
given by

‘Dlg(r) =

1 i o
m/o(f—é) m” ldén g(8)dg,

wheren—1<n <n,neN.

We denote D"g(r) = %g(r), for every n € N. Moreover
(D"oJ")g(t) = g(¢) forall n € N, and

t“, t>0,neN.

g
kv

.n—1, then

Similarly, we have (J70¢D")g Z k. for

n—1<n<n If g9(0) =0, ford = 1,2737..
(JToDM)g(t) = g(t).

Definition 2.4. A function y € P€r such that (1 + a)”
derivatives of y exist on 9 is said to be the solution of the
system (1.1) — (1.2) with (1.4) (or(1.5)), if y satisfies the
equation (1.1) on 9, the impulsive conditions

Ay(t) = Te(y(t, ), ACDYy(1)) = J(y(t)),
where k =1,2,3, ...

(1.4) (or(L.5)).

,m, and boundary conditions given by

To analyze the system (1.1) — (1.5), first we characterize
the solution, adopting the methodology of Fackan at el. [18].

Lemma 2.5. A piecewise continuous differential functions
y:[=7,T] — Eis a solution of the following integral equation
y(1) =

(1) =8Wp (31, ) Yoty )+ Yo tmyi) ) (1)1 € [, 0);
$(0) - 8(yp<n7y,. >vyp<r2,>12> Yp(imn))(0)
e bj
+bot — 1fo I( 1+a B; )f (s, yp(s)y))ds
+f() I( 1+a f0<s Yo (s,5) ( )( ))ds7 [Ovtl];
(P(O) - g(yp(fl }tl) yp<’27yt2) ’yp<[m )’tm))(o)
-wm+zkuu< )+ T P 0 = 1)
k
1f0r1+a B f/<s Yp(sys))ds
+fo I 1+(x Ll fols, Yo(ss) KO)(5))ds, t € (tm,T],
Q2.1
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where

r2-3§)

bo = T1-6

[(11 /OT h(s,y1(8);- -, Ym(s))ds

T — 5)%—B=5

+Z/ T T p;—8) /(5 pa0)ds

oa—98
/IW+;®f@%moﬂﬁ®MS

Y EE Bt |

(2.2)

if and only if y is a solution of the impulsive fractional system
(1.1) — (1.3) with the boundary condition (1.4).

Proof. Let us denote by f](t) = fi(t,Yp(y,)) and folt) =
Jo(t,Yp(ty,),K()(t)). Then for t € [0,#], the system (1.1) —
(1.3) transforms as

D)+ Y, DI (1) = fol1), 23)
=1
y(t) + (g(yp(t] ,ytl)ayp(lz7)r,2)7 "'7yp(tm.ytm)))(t) = ¢(t)>(24)

for t € [—7,0]. Applying Rienamm Liouville fractional inte-
gral of order (1+ o) of (2.3), we get

y(t) =ag + bot — 2]”“ ﬁj(]ﬁ/‘Dﬁ;)f (1)

t—s ,\
s)ds
+/F1—|—O¢
(t—s5)Bi

=agy + bot — Z/ F T ro_ ﬁj f(S)dS

t—s ,\
+/ I'( 1+a 2:5)
By using initial conditions, we get
a0 = 9(0) = 8ty 31, ) Yo (t231y)r - Yo tm3i) ) (05
then
(1) =0(0) = 80113, )2 Yo 1231y Y0 m i) ) (0)
(t—s5)*Bi
b d
T
—5)% -
- . 2.
[ s 26)
Similarly, if 7 € (#;,1,], then
Doy +ZCDﬁJ £i@) = o), .7)
(A1) =y(t) +h (), (2.8)
Dly(e") =Dly(r ) +1h (). 29
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Again taking Rienamm Liouville fractional integral of order by = by + (1 Dy, (y(t;)), then (2.13) becomes

(1+ @) of (2.7), we obtain h
y(t)=¢(0)— g()’p(r, 1) Yp(t2,315)0 "'ayp(t,,l,yfm))(o)

t—s5)* B - I'2-y)
b +bot + 1 (y(t +4————J t—t
¥(t) =ay + byt — z/“w 570 o0+ = g h O ) )
r—s5)% ~ (t—5)% Bi .
s)ds 2.10 d
+/r1+a 5 (2.10) e ﬁ]f(s)s
att = 1, rewrite (2.10), as +/ lf_s fo(s)ds. (2.14)
tl —s a ﬁl ~ . . .
bt — d Similarly, for ¢ € (t2,3], we can write the solution of the form
y(t7) =ai +biny Z/ Tira—p)" S (s)ds (t2,13]
/tl (tl_s) J/(‘\( )d (2 11) y(t) :(P(O)7g(yp(tl,y1|)7yp(t2,y12)a"'7yp(tm.’y,m))(0)
————fo(s)ds. . _ _
o T(1+a)’ +bot + 1 (y(t))) +L(y(ty))
By the impulsive condition (2.9) and the fact y(r;) = y(1, ), + re Y) Ji(y(t)(t—11)
we may write (tl )
r2-y -
(1 —5)® + L) —n)
Y1)+ (7)) =ay + bty ++ / 7 g s n .
(t—s)*Pi =~
B Lo (t—s)% B; A]-(s)ds, - Z/ I( 1+OC ﬁj f(s)ds
o Tl+a—p;)™ (t —5) P
2.12) +/ i s)ds. (2.15)
Now, from (2.12) and (2.6) at 1 =11, we get a1 = ¢(0) — general, fort € (#,1;11],1 <1 < m, we have the following

(g(yp(tl,y,I)7yp(t2,y,2)a"'7yp(tm~,)’zm)))(0)+b0[1_b1t1+11 (y(tf))v result
hence (2.10) becomes
y(t) :¢(O) 7g(yp(t1,y,| )7yp(t2,y,2)a "'7yp(tm.y,m))(0) + bot

V(1) =9(0) = 80p (113, ) Yp(t21y)2++++Yp 1)) (O0) ! L T(2-7)
+hoty + by (t— 1) + L (7)) + Zlk(y(t;)H Z (NJk(y(tk))) (= 1)
= k
/ l‘—Sa P f(s)ds I—Sa Bi
I(14+a-pj) o T+ a—B) ————fi(s)ds
t—S A
+ s)ds. (2.13) (=9 &
/ r(l+a) +/ T(1 o 00 (2.16)

Since “DYC = 0(C is a constant)yand *D*J'*%y(t) = J'*®7y(r), Finally, using the fractional order boundary condition (1.4),
then applying Caputo derivative of order yon (2.6) and (2.13)  where (°Dy(0)) is calculated from (2.6) and (°DYy(T)) from
with respect to ¢ at t = 11, we achieve (2.16) when I = m, we obtain the value of by given by (2.2).

On summarizing, we obtain the desired integral equation

(t1 — )77 (2.3)
cpY
DYy() = 0 +/ C(l1+o—7) o(s)ds Conversely, let y satisfies (2.5). Since 1 < 1+ a < 2,
o (1 — )% BT by 1vilrtule of ¢D*®C = O(C is a constant), D' T% = 0 and
_Z/ mfj(s)ds, ‘D +a.] +o (t) ( ) fort e 9 = [ ]7{t1,t2,...7tk} we
j=170 a=pPj=Y have
1—y ¢ _Ja—y
t 1 (t—s) ~
DYy(t:7) =b ! d t—sa Bi .
/)
1 —s5)%" Bi-v .
— Z/ —fj(s)ds. . (t—s)% A
r+a +<p'te s)ds
hi=7) F 1+oc

Incorporate with fractional impulsive condition (2.9), we get

628 X



Existence results for multi-term time-fractional impulsive differential equations with fractional order boundary

n
__ Z CD1+a]1+a7ﬁjfj(S)ds
=1
+cD1+och+(xﬁ)(s)ds

n

=— Z CDﬁf]/‘}(s)derﬁ)(s)ds

=1

Next, to validate the impulsive conditions for ¢ € (;,#741],1 <
l <m, we get

r2—y

Further, it is easy to show that boundary condition (1.4) holds.

Thus y given by (2.5) satisfies the system (1.1) — (1.3) with
the boundary conditions (1.4). This completes the proof of
the lemma. O

Lemma 2.6. A piecewise continuous differential functions
y:[=7,T] = E be a solution of the following integral equation
y(1) =

’yp(tm,}’tm))(t)?t S [_T,O];
7yp(tm }tm))(o) +b0t

lfo I o 75 Ji(5:Yp(s.90) s
+fo BT Fo(5, Yo s K () (5))dls,

9O(1) = &0p(ry ) Yp(t21y) -+
¢(0) —g(ypm v,1> btz

€ [0,1‘1],‘

9(0) = &0p(11.31y) ¥p(t24y) 5 Y tm.yi) ) (0) + ot

FIE R O)) + E RO - 1)
fo r l+oz 7;3 f](s Yp( ,yb))d
+ fO T(+a) 1+oc fo(s Yp(s,5) K(y)(s))ds, t€ (tm,T].

629
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where

$)s-o o, ym(s))ds

fi (SayP(S-,yx))ds

(2.18)

if and only if y is a solution of the impulsive fractional system
(1.1) — (1.3) with the boundary condition (1.5).

Proof. The proof is similar to the proof of previous Lemma
2.5. Assume that notations be given as in the proof of Lemma
2.5. Now, applying the boundary condition (1.5), where y'(0)
is calculated from (2.6) and y'(T) from (2.16) when [ =m
we get the value of ¢( given by (2.18). The remaining part of
the proof is the similar as in the proof of Lemma 2.5. O

Remark 2.7. We note that the solution expression of the sys-
tem (1.1) — (1.3) with the boundary condition (1.4) is inde-
pendent of parameter ¢ appearing in the boundary condition.
Thus, by Lemma 2.5 we come to the conclusion that the param-

eter ¢ may be of arbitrary nature in the boundary condition
(1.4).

3. Main Results

In this section, we deal with the existence and uniqueness of
solution for the system (1.1) — (1.3) in light of the boundary
conditions (1.4) and (1.5).

Now, we consider the following assumptions to establish
the existence results:

(A1) There exist positive constants i fo,ufoo and Uy, such that

||f0(ta III,X) _fO(t7X7y)HE
< upllw =2l o, + 13 lIx—yle,
175t w) = £t 01e < tp v — x|l 2%,

forall j=1,2,3,...,n,and x,y e E, ¢, x € Z%.

(A2) There exist positive constants f,, t;, (7 and 1 such that

lg(Wiys Whys oo W) — 8 (Xt s Xty s 5K | 2,
< Welly — Xl 2,
H/’l(l,X1,...7xm)—h(t,yl,...,ym)H]E SﬂhHX—YHI&
11(x) = L) e <pullx —yllg,
195 (x) = kW)l <pllx—ylE,

forallk=1,2,3,...,m,and x,y € E, v, x € ZE.

The following result is based on Banach fixed point theorem.

009 nn,,
5:

; ‘a’uv
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Theorem 3.1. Assume that the assumptions (A1) — (Az) are
fulfilled, then the system (1.1) — (1.3) with the boundary con-
dition (1.4) has a unique solution on [—7,T| if ®,, < 1, where

Th w
®,, = [ug + Fﬂh + Z (aa—ﬁj—éb‘kaa—ﬁj) My
=1
+ (aoch"‘aa) kg, + “](‘)OKO] +miy

Z

T+T%u}

where b =TOT'(2— &) and a, := %for all 1+z>0.

Proof. First, we convert our problem in a fixed point problem
by introducing an operator Q : €t — Z€r defined by

(y)(1) =

¢(t) 7g(yp(tl,ytl)7yp(t27y,2)7-“ayp(tm,y,m))(t)vt € [71-70];

#(0) —gp( ,y,l> Yp(rz i)+ 3P tmyy) ) (0) + ot
1for 1+oc [3 — fi(s, Yo(s.yy))dS

+fo (i+a) 1+oc = fols, Yoisws) KO (8))ds, t€[0,n];

: (3.1)

9(0) = 80p (113 ) Y t2.35) ++++ Y i) ) (0) + bt

XL IO 0)) + B PO = 1)
1fo mfj(s Yp sh))ds

+f0 T(l+a) 1+oc fo(S Yo (s,y5) ( )( ))ds, re (tm,T].

where by is defined by (2.2). Next, we show that Q has a
unique fixed point.
Letx,y € Z€7. Itis clear that || (Qx) —
y|| 2%, holds for t € [—7,0].

For ¢ € [0,1], we have

Q)77 < bellx—

[(Qx) (1) = (Qy) (1) ||
SHg(xp (t1,%, ) Xo(tp iy ) xp(tm,x,m))(o)
g(y/J(tl,yzl)vyp (t2.31)) 2 YDty ) )O)E

TFT% 86 { / lA(s,x1(s), ..., Xm(s))
—h(s,x1(s),.., xm(s))|[rds

_Saﬁj

+Z/ Mo g =g )
—fi(s, yp (5.35) )IIEds

b st K )
— ol o K()(s))llnds

) |Jk x(10)) — ) e~

* Lo

630
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(t—s5)*hi

1+OC ﬁ ”fj(svxp(s,xs))

Ll
~ fits gt mw
e .yt KOS
— 008, Yp(s.3) - K()(5)) leds

Tb !
< [ﬂg gt 21 (aaﬁjsb + aa[sj) My
J=
+ (aaab+aa) (s, + 1 K]

+Y T2yl 'T?

}nx—ym-
k=1

For t € (tm,tm+1], we sustain

1(0x) (1) — () (1) &
<18 (o013 ) Xp 1231 -+ Xt ) ) (O)
g(yp(tl )2 YP(82.315) 25 VP (b i) )(0)[|e
Tr(2-§)
TS 3 s 6)omnls)

—h(s,x1(s), -, 2m(s)) | eds

T — )%—B=5

+Z / R 5 o=p, =5 705500
f;(s yp (55) )”]Eds

s 5.2 K 3)(5)

~ fols, oo K()(5))llsds

+Z ka (1)) = eyt lstd~!

Y ) — RO e

k=1
+Iil|r—tk|ml‘y”||fk<y<tk>>—Jk<y<rk>>|E
= k

Z/ e 57161555005

= fi(s, )’p ,}A ) |leds
+/o m [ fo(5:%p(s.5- K (2)(s))
= Fo(5:Yp(sy) K ) (9)) s

Th u
< [.ug + 7/% + Z (aaﬁjéb + aaﬁj> Hy;
=1

+ (aagb + aa> (s, + g K]
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2—
+mpy +Z (t }/)(TJFT‘S)HJ [x = [l 27 -
k
Thus
[(0x) — (OY) | 247 <Oml|lx—y|l 2%,

Since ®,, < 1, so by Banach contraction principal we con-
clude that the system (1.1) — (1.3) with the boundary condi-
tion (1.4) has a unique solution y € &% ’r. This completes
the proof of the theorem. O

Definition 3.2. [10] Let %, be a nonempty, bounded, convex
and closed subset of a Banach space E. Consider two operator
Q1 and Q> such that

(i) Qi is compact operator.
(if) Qs is contraction mapping,

then Q := Q1 + Q3 is called condensing map on %,.

Theorem 3.3. [10, Sadovskii] Let 2B, be a nonempty, bounded,

convex and closed subset of a Banach space E. Then a con-
densing map Q : B, — B, has a fixed point in B,.

Next result is based on Sadovskii fixed point theorem.
Therefore, we assume the following additional assumptions:

A3) There exists functions vy, v¢, € L'([0,T],R") such that
f() f]

||f0(t>llf7x)HE < vfo(t)7 Hfj(th)HE < vfj(t)7
forall j=1,2,3,...,n,x € E, y € Z%).

Theorem 3.4. Assume that the assumptions (Ay) — (A3) are
fulfilled, then the system (1.1) — (1.3) with the boundary con-

dition (1.4) has at least one solution on [—T,T| if Ay < 1,
where
_ 7’) 5
A= (g + uh+mm+Z (T°+T)py
k
3.2)
Proof. Let h® = sup,c(o 7, [|(s,0,...,0) || and g° = [|2(0,0

,---,0)||g. Now we claim that there exists a positive number r
such that 0%, C %,, where B, :={y € PCr: ||yl 2, <1}
If this is not true, then for each r > 0, there would exists
y € %A, andt € [—1,T] such that |Qy|| »4, > r. Fory € %,
and t € [—7,T], we have

r<[[(Qy)|le
=[1@ )l + 18 (Vpt1.31,)s Yo 12,315 Yp (i) ) (0)

+ 7902 §) le /OT 75,1 (5), -, 2m(5))
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—h

—~

5,0,...,0) +Ah(s,0,0)||rds

T (T —s)* B9
/0 I(1+a—pB—9) 1505, ¥p(s0)) IS

(T —5)*9
I(1+a-9)

¥ gy M) =10+ KO0

(5))

~.
Il
-

+
AM=

£0(5,Yp(s.30) K () (5)) el

+
o\
)

+

M= IIMS

+
=

—I(0) + I (0) ||

T
I

M”Jk( (7)) = Ji(0) +Ji(0) |

+

(ngE
|

:

»
Il
e

—Bj
X [ iz ey Vi ot lads

+/Ir(zlJr)og)”fO( $:Yp(5.3): K () (9)) |l

Th
<l Ol + (pgr+8°) + - (wur+ 1)

n
+) (aaﬁjab +aaﬁjb> Vi1l

Jj=1
m 1—~

+ Z
e+ 11(0) ) + (aa_5b+aab) Vil

72 (4 1000 ).

W+ 17(0)[|=)br] !

Now, dividing the last inequality by r and for sufficiently large
value of r, we achive

1<{ug+ uh+Z u,bty !
4 F 2—
n MH‘ZT (1_y7) ;
k=1 I

which contradict (3.2), hence Q(%,) € %, for some positive
number 7.

Now, decompose the operator Q = Q; + Q» on %4,, where

015(1) = | LT e (550 KON

(t—s)*" B;

_Z/Fl—i—(x B;)
tF2 ) {Z/ o

T1- T orl-§
ij(s Yp svv))

§)% 1
/ 1“1+025)f (8, Vp(s.0s) K()(s))ds |-

Fi(8:Yp(s.y5) )ds

T — 5)%—Bi=5

+a—pB;—9)
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forr € [0,T], and

02y(1)

(1)

_g(yp(tl ﬂytl)’yp(hvyl‘z)’ "'7yp(fm7)'rm))(t)7t € [_
9(0) = 80p(t1.31y)1Yolt2.313) 2+ Yp (1)) (0)

5) .
“ﬁg[dh H(.31(5), - ym(5))ds
7—1

—kazul:gi:gjk( ( ))tk
+Zzn:1]k()’(tk_))
+ X7 RO

1—y
I

7,0];

L)t —1),t € (tm, T).
(3.4)

In the further steps, we will show that Q> is contraction map-
ping and Q; is compact operator.
For x,y € %, and t € (ty,t,,+1] we have

[|Qa2x(2) — Qay(t )IIE

< Hg(xp GESE X0 (ty X, ) ) (O)

g()’p 1y ) Yo(2yn)> ’yP(tzm.thz)>(0)HE
TFT(l_—ﬁ[d/o (s, 21(5), . (5))
—h(s,x1(8),...,%m(s))||eds
:g|1k<x(tk))—1k(y(tk))IIEtZ1

()=

t2 x,z)r"a

() = he(y(5)) e

P2 7)) = ) s

— 1|

Thus

~7)
TP+ Ty |x =y iy
By the assumption Q> is a contraction mapping.

Let y" be a sequence in %,. Then by the continuity of fy
and f; we have

1Q1y" () = Quy(1)le
Tl+o . )
Smﬂfo(&ymwg)x(y )(s))
= Jo(5,Yp(s) KO)(5)) [

n

T1+a7ﬁj
= F(2+ [0 *ﬁj)
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X Hfj(s’yg (5,5 )_fj(svyp(s,yx))HEds
n T1+Ot7‘5j73
Zl r+a—pBj—9)

+7°r(2 - 5[

J
Hf](s yp sy )
T1+OC )

fj(svyp(s.,ys)) HE

TTEra=) U KO

—m@%wwmw@mmﬁ,

which implies that Q; is continuous on Z,.

Also, Q; is uniformly bounded on %,

101yl 2%,
1+

R —

_F(2+(X) ||vf0||L1
n T1+O£ ﬁj
Sr(z—a)[

T1+a—8
- m”"ﬁ)”u

n

T1+o- Bj—6
Z F(2—|-06 B —3) ”vf]HL'

|

Next, we show that Q; is equicontinuous. Let 71,7 €
(t1,t141],1 <1 < m such that 7; < 1, and y € %,. Using the

fact that fp and f; are bounded on a compact set fo(z, ¥, x) <
My, and f;(t,y) < My;, we have

[Q1y(%2) — Q1y(T1)[[&
JV ﬁfa 05, V(s K()(5))ds
(11 —9)¢

_./0 mfﬂ(svypmmK(y)(S))dSIIE
Tz —S o—B;

+Z”/ T(+a—p)"

T (Tl —S)a [3/

f (svyp(s,ys))ds

)fj(s,yp(s,ys))dSHJE

JO F(1+a7ﬁj
(rz—rl)F(Z—é)
+ T1—8
T — 5)%—B=8

gy

+/ F1+a 5||fosypws) K(y)(s))

I( 1+(x B;— 5)||f/(s V(s llds
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o (r—s5)* — (11 —5)%
< Mg d
—/o T(1+a) @S
(Tz—Tl)Ha
M
r(2+ o) Mads
rz—s V9B — (1) —5)®Bi|
+ Myd
/ —I—Ot—ﬁj) 143
(1277:1)14““ Bi (,—1)I(2—-9)
r2+a-pj) T1-96

n
X [ Z aa—ijﬁij +ag_sMs | — 0,
=

as T) — T1. So Q is equicontinuity for each (#;,#/41],1 <1 <
m; hence Q) is relative compact on %,. We conclude by utiliz-
ing PC-Arzela Ascoli theorem [37, Theorem 2.12] that Qg is
compact operator. Hence, we obtain that the Q = Q1 4+ O is
condensing map on Z,. Therefore, by using Sadovskii fixed
point theorem the system (1.1) — (1.3) with the boundary
condition (1.4) has a fixed point in %, O

Next, we state the existence results for the system (1.1) —
(1.3) with the boundary condition (1.5) without proof since
the proof can be produced on similar lines as we obtained for
the system (1.1) — (1.3) with the boundary condition (1.4).

Theorem 3.5. Assume that the assumptions (A1) — (Az) are
fulfilled, then the system (1.1) — (1.3) with the boundary con-
dition (1.5) has a unique solution on [—7,T] if ®,, < 1, where

T n
O 1= [/v‘g"’ 7p“h + le <a0€—ﬁj—1p+ao‘_ﬁj>‘uff
j=

+ (aa—1P+aa> (s, +.U})0K0] +miy
m l"

>

+T)#J}

Td
c+d”

where p =
Theorem 3.6. Assume that the assumptions (A2) — (Az) are
fulfilled, then the system (1.1) — (1.3) with the boundary con-
dition (1.5) has at least one solution on [—7,T| if Ay < 1,
where

I'(2—-
Ap = Mg + .u'h+m.u1+z (1 }/)(p+T)IJ
k=1 I
(3.5)
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4. Example

Consider the following impulsive fractional differential equa-
tion

epitl cns sinty(t — o (y(t)))e™
D' 8y(t)+°D [(t+5)2+y2(t0'(y(t))]
te”sin(y(tcs(y(t)>>
+LD8[(I+5)+y2(t—O'()’(l))}
_ ety(l‘*o(y(t)))
36 4+y*(t—o(y(t))
X /OICOS(f_S) m ds, @.1)
fort € (0,1) — 3.
1= Gl
__ GOl 4.2)
3 15+ y(3 )l
ety GO
A(Dsy(5 17+ [ly(A )| 7

0+ 3 [ = Eple—oti))(ENE ~ o). b

for t € [~7,0]. Subject to the fractional order § = ! boundary
conditions

I 1 1 7
4CDH(0) + (DT =55 [ fsin(s— Dy + 572

+sin(ys +1)]ds, (4.5)

and when 6 =1 i.e.

1 T
:%/0 [sin(s—l)y1+s2y2
+sin(y3 + 1)]ds,

4(y'(0)) +5(/(T))
(4.6)
where ¢ € € ([—

c €% (E,[0,
such that

7,0L,E), K(t — &) € 22%¢(|—7,0],E), and
%)),0 <t =1 < 1. Set @ >0, and chose 2€*

= {9 € PE((0,].E): lim e (1) exist},

with the norm ||| = sup; (g e |9 (1)], ¢ € €.

We setp(r,9) =1—0 <<p<o>> then £, <p>= e S
62911’1
falt,9)= l@ﬁiz,fo(tfplf( (1)) = 32 + fycos(r -

) ds. g(@)(1) = XLy Ji Kt~ E)g (E)¢ and

h(s,y1(s),ldots, y3(s)) = [sin(s — D)y1 +s7y2 +sin(y3 + 1)].
For convenience, we assume H® = sup,c (g | JoH(t—&)dé <
1

3
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Further, we have

I fo(t,w,x) = fo(t, x.9)|le < 36”"’ xH+ Hx yllE,
I fi(t, W) = fi(t, x)|le < gllw x5

Ilf2(t, w) — falt, x)lha_zsllw x5
||h(t7x17”'7-x3)_h(t7y17~~'7y3)||]E S 7Hx_y||]E7

11 (x) = I(¥) e < BHx yllE,

Ik (x) = T )||E < 17Hx yllE,

lg(@) —g(x)|e <H|l@o— x|,

for all x,y € E,y,y € #%€® and t € [0,1] and moreover
1fot,v.0)l[e < e, [lAilt,w)lle < e, and |f2(t,¥)|& <
e 2 b =0.8862, and p = 0.5556. Now, we have the fol-
lowing results

(i) |:.ug+Tdb,uh+Zl;=l (aocﬁij“‘aocﬁj)“fj‘i' (aa6b+

(g + 1) KO) -+ mpy + X FS?;}/Y) (T+ Tﬁ)ﬂj] =
k

H° +0.6054 < 1. Hence by Theorem 3.1, the system
(1.1) — (1.3) with (1.4) admit a unique solution.

(if) {Ng duh+mu1+):k e y)(Tﬁ"‘T)ﬂJ] =H+
I

1.996 < 1. Hence by Theorem 3.4, the system (1.1) —
(1.3) with (1.4) admit at least one solution.

(iii) [Ng+T¢f7Hh+):?1 (aaﬁj1P+aaﬁj>u,fj+ (aa117+

o ) [t + 1 KO + mpy + X - T y)(p+T)uJ} =
k

H® +0.4951 < 1. Hence by Theorem 3.5, the system
(1.1) — (1.3) with (1.5) admit a unique solution.

(iv) [ug Tf’“’l+mu1+):k 1 t‘ >(p+T),uJ}—01688+
k

H° < 1. Hence by Theorem 3.6, the system (1.1) —
(1.3) with (1.5) admit at least one solution.

5. Conclusion

In this paper, an approach has been developed for some results
on existence and uniqueness of solutions for a class of sys-
tems governed by (1.1) — (1.5) along with finite delay. The
existence and uniqueness results have been established under
more general settings via fractional order impulsive conditions
(1.3) with fractional order and integer order boundary con-
ditions (1.4) and (1.5), respectively. The differential system
(1.1) — (1.5) describes diffusion wave character of a phenom-
ena [32, 36]. Moreover, instantaneous forces present in the
phenomena at certain points may be characterized more pre-
cisely by fractional order impulsive conditions (1.3) rather
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than integer one (see [19, 25]). The results are illustrated with
a well-analyzed example in Section 4.
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