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Abstract. We study the behavior of the solution for a class of nonlocal partial differential equation of parabolic-type with
non-constant coefficients varying over length scale § and nonlinear reaction term of scale 1 /e, related to stochastic differential
equations driven by multiplicative isotropic a-stable Lévy noise (1 < o < 2). The behavior is required as ¢ tends to 0 with
¢ small compared to €. Our homogenization method is probabilistic. Since § decreases faster than e, we may apply the large
deviations principle with homogenized coefficients.
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1. Introduction

Let £, > 0 small enough. Our aim in this article is to study the behavior of u%® : R — R of the following
nonlocal partial differential equation (PDE) with parabolic-type :

du* a &8 1 T €8 d
5 (t,x) = LZ su (t,x)—i—;f (g,u (t,x)), xeRY 0<t, (L.1)
UE’ts(Oa z) = up(z), T € Rd;

where the linear operator L 5 is a nonlocal integro-differential operator of Lévy-type given by

epf@y= [ s (ereo (Gn) s e (Co) as@nsw] v

(@7 mE) i ()]s, sew
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Application of homogenization and LDP to a nonlocal parabolic PDE

— -1
Here B is the unit open ball in R? centering at the origin, and v*:¢ ' (dy) = éyo‘ (dy) = @ng is the isotropic
a-stable Lévy measure. In this paper, we use Einstein’s convention that the repeated indices in a product will be
summed automatically.

The combinatorial effects of homogenization and large deviation principle (LDP) is a classical problem

which goes back to P. Baldi [1] at the end of 20’th century . Such a problem has been most extensively
investigated by Freidlin and Sowers [7] in stochastic differential equations (SDE) and linear parabolic PDE on
the whole of R?. Huang et al. [9] recently studied a nonlocal problem from the mathematical point of view of
homogenization theory. They considered the nonlocal parabolic linear equation without the viscosity (large
deviations principle) parameter ¢, with linear reaction term of scale 5“%1 . Inspired by [1, 7], the work in this
paper is highly motivated by the consideration to combine the two principles in a compatible way, for a class of
semilinear parabolic PDE. The present paper will only focus on the subcritical case 1 < o < 2. There are both
probabilistic and analytical difficulties for the supercritical case 0 < a < 1. All things considered, the nonlocal
part has lower order than the drift part, so that one cannot regard the drift as a perturbation of the nonlocal
operator.
We first give the rate function Sy ; of the large deviations, in fact since J tends faster to zero than ¢ this function
is expressed by the homogenized coefficients of the PDE (1.1), next we express the solution of PDE (1.1) by the
use of Backward stochastic differential equations (BSDE) in [2] and the Feynman-Kac formula, then we
consider an auxiliary equation solved by £ log u=° . The limit of this auxiliary equation helps us to find the limit
of 459 when both ¢, § tend to zero. We show in the end that there exists a function V* (which depends on Sot)
such that u=° tends to zero if (¢,2) € {V* < 0} and tends to 1 in the interior of {V* = 0}.

We organize the paper as follows. In Section (2), we present some general assumptions and definitions.
Section (3) contains the results of large deviations principle. In Section (4), we study the behavior of the solution
of the PDE (1.1).

2. Preliminaries

By B, we means the open ball in R? centering at the origin with radius » > 0, we shall omit the subscript
when the radius is one. We denote by C* (CF) with integer & > 0 the space of (bounded) continuous functions
possessing (bounded) derivatives of orders not greater than k. We shall explicitly write out the domain if
necessary. Denote by C, (R?) := CJ (R?), it is a Banach space with the supremum norm || f[|, = sup. |f()].

rz€eR

k
The space C}' (R?) is a Banach space endowed with the norm || f||,, = || ||, + Z |V®7 f||. We also denote by
j=1
CUP the class of all Lipschitz continuous functions. For a noninteger v > 0, the Holder spaces C7 (C]) are
defined as the subspaces of CL7 (Cbm) consisting of functions whose |y |-th order partial derivatives are locally
Holder continuous (uniformly Holder continuous) with exponent 4 — |v]. These two spaces Cl7) and CbmJ
obviously coincide when the underlying domain is compact. The space CbM (Rd) is a Banach space endowed

with the norm [[f|[, = [If[[.,) + [V f], 2. where the seminorm [],, with 0 < 4/ < 1 is defined as

[fly = sup w (this seminorm can also be defined for the case 4/ = 1, which is exactly the
z,yeRd Ay  1T7Y

Lipschitz seminorm). In the sequel, the torus T¢ := R9%/Z¢ will be used frequently. Denote by

D := D (Ry; T?) the space of all T¢-valued cadlag functions on R, equipped with the Skorokhod topology.
We shall always identify the periodic function on R? of period 1 with its restriction on the torus T¢.

For notational simplicity, we can organize all of this by considering d. := §, where lin% de = 0.
E—r

3
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1)
(H.1) We assume that lim — = 0.

e—0 ¢

Let (Q F,P, {]—'t}t>o) be a filtered probability space endowed with a Poisson random measure N®< " on

_ et

R\ {0} x R, with jump intensity measure v*¢  (dy) = 1 (dy) MTd‘Z where 1 < a < 2, ¢ > 0.

Denote by N the associated compensated Poisson random measure, that is, N e (dyds) := N e (dyds) —
— — —1

poe! (dy)ds. We assume that the filtration {]:t}t>0 satisfies the usual conditions. Let L%¢ = = {L? o }

>0
be a d-dimensional isotropic a-stable Lévy process given by
—1 t ~ —1 t —1
Ly :z/ / yN>*® (dyds)+/ / yN>*  (dyds).
o JB\{0} o JBe
Givene > 0,z € R4, consider the following:
s S\t &8s e x&0e . s
dXE% = <5> bo(; )+b1<; ) dt+sa( = arge ) X —w @)

or more precisely,

t c a—1 x<:0e Xx<:0e
e [N ()
0 5e 5e 5.
t x¢% ~ -1 t X< % -1
+/ / 0( = ,y> eNE (dyds)Jr/ / O’< = ,y> eN*® (dyds).
o JB\{0} de 0 e de

Before continuing, we list some general assumptions for the PDE (1.1) and the nonlocal the SDE (2.1).
We consider ug € Cp (Rd, R+) and we set

ds

sup ug(z) =1y < 0.
zERC

o _
Let us set Uy = {:17 € R : ugy(z) > O}, since ug is continuous we have Uy = Ul.
We assume that f : R? x R — R is periodic in each direction with respect to the first argument, and it verifies :

s Vo e R, f(z,1) =0;

* There exists c € Cf (R? x R,R) such that
fz,y) = c(z,y) -y,

with
c(x,y) >0, Ve e RY y €[0,1) UR", and c(x,y) <0, Yz e RY, y > 1.
And we assume that
max c(z,y) = c(z) = c(x,0) > 0, Vo € R%.
i) The functions (bg, by, o) : R3 — RY x R% x R are all periodic of period 1 in each component.
i1) For every y € RY, the function = +— (o (z, %), ¢(x, y)) is periodic of period 1 in each component.

H2) 4§ . B .. s o «
i11) The functions by, b1, c are of class C; with exponent 3 satisfying : 1 — 3 <p <1

iv) The initial functions ug is continuous.

e
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Application of homogenization and LDP to a nonlocal parabolic PDE

The function o : R? x R — R satisfies the following conditions (for some comments see, [9]).

i) For every z € RY, the function y — o (z, ) is of class C2. There exists @ — 1 < A < 1 such that

sup [Vyo(z,-)]x < oo.
z€R4

There exists a constant C' > 0, such that for any z,, 22,y € R?,
lo(z1,y) — o(x1,9)] < Ol — 2| [yl
(H.3) < i) The oddness condition : for all z,y € RY, o(z, —y) = —o(z,y).
i11) The Jacobian matrix with respect to the second variable Vo (z,y) is non-degenerate Vz,y € R,

and there exists a constant C' > 0 such that H (Vyo(z,y < Cforall z,y € R?

-1

) ||£(Rd,JRd)

iv) There exists a positive bounded measurable function ¢ : RY — R, such that for all z,y € R,
¢(a) "'yl < o(,y) < d(@)lyl-

Let us introduce the linear operator A”*" defined as
.A”’Vaf(x) = /Rd\{ } [f (x+o(z,y)) — f(x) =o' (z,y) &»f(x)lB(y)] v(dy), =z eR% (2.2)
0

By virtue of the oddness condition and the symmetry of the jump intensity measure v“, we can rewrite the
operator AV as (see, [9])

AT f(a) = / [f (@4 2) = f@) = 2'0uf (2)15(2)] v7* (z,d2), = €R™ 23)
R4\ {0}

where the kernel 7 is given by
v> Yz, A) = / 14 (o(x,y))v¥(dy), AecB (Rd\ {0}). 2.4)
RI\{0}

Next, to move the SDE (2.1) to the torus T¢, we define Xf - éX (8565/5%1) ;» via the canonical quotient map
7 :R? — R?/Z%. Tt is easy to check that

~ ~ a—1 ~ ~ ~
X = [bo (X)) + (%) n (va‘ss)} at+ o (X Zany), X =2 @9
- 5

£

t t
Ly ::/ / y N (dyds) —|—/ / yN“(dyds),
0 /B\{0} 0 JBe

and with {%L?ﬁ’;;;a,l)t} = {5%[,?55/5)%} L {L{} by virtue of the self-similarity.

We shall also consider the limit SDE (2.5), namely

€

where

dX, = bo (Xt) dt+7 (Xt,, dLg) . Xo=u, (2.6)

where, heuristically by the L'Hopital’s rule, &(z,y) = Vyo(z,0)y is the point-wise limit of £o (-, %) as
€ 1 0. We need a stronger convergence as follows:

(H.4) Forevery y € R, Lo(z,ny) — (Vyo(2,0))y uniformly in 2 € R, asn — 0.
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Let us set L% be the linear integro-partial differential operator given by
LY = A7 by - V. 2.7)
By requirement there exists a £L*-Feller process on R? and by periodicity assumption on the coefficients such a
process induces a process X which is a strong Markov process on the torus T¢, moreover the £%- process is

ergodic (see, [9]). We denote by g its unique invariant measure on (Td,B (’]I‘d)). In order to do the
homogenization for the SDE X* 9= (2.1), we need the following be in force ([3, 8, 10]):

(H.5) The centering condition : / bo(z)p(dx) = 0.
Td
Thanks to [9, Proposition 4.11], there is a unique periodic solution b € CoHF of the Poisson equation
L% +by =0 such that / b(z)pu(dz) = 0, (2.8)
Td

which satisfies the estimate
18llats < C (Ibllo + 1]5) - 2.9)

Now we set

s

- /T (r+ Vb) i (@)ntan),

Ci= [ ctwptan)
v(A) = /Rd\{o} /Td 14 (o(z,y)) p(dx)v*(dy), AecB (Rd\ {0}) .

3. Large deviation principle

The theory of large deviations is concerned with events A for which probability P (X &0 ¢ A) converges to
zero exponentially fast as ¢ — 0 (see, [4]). The exponential decay rate of such probabilities is typically expressed
in terms of a rate function 7 mapping R? into [0, +00]. Our method allows us to characterize the LDP by
analysing the logarithmic moment generating function [4, Chap. 2.3]. Initially the corresponding rate function is
identified as the Legendre transform of the limit (when it exists) of the logarithmic moment generating function
defined as:

lim 9i - (0) == lim elog E {exp (£<0, Xf’55>)} .

e—
X5 ~fx
bl = 3.1
(57) ()] o
then we have by Itd’s formula

, a—1 €,6¢
Xte,ég :$+/ (I+Vl3€) by (X?‘Sf)ds— () / AT b(X s )d
0

i/ Asag,u b (XE(S )d8+/ co. (XECSE dLag 1) (3.2)
0

+ 0 / /]Rd\{o} (X€ e 4 e, (Xs_ ,y)) — b, (X§66):| Na’sil(dyds),

If we set

X66 X€5 +5

3
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2
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Application of homogenization and LDP to a nonlocal parabolic PDE

where (. (z) = ¢ (i) for {(x) in {bl (z),b(z), Vb, o (x, )} Note that v* (e A) = e~ *v*(4), A € B(R\ {0}).
Before proceeding, let us define for all z € T and for all € C*+7# (T)

H®%(z,") := <p<z + ia(z,% : )) —(2),

Q% (2) 1= AT OB/ o) — AT (),

Now, by Girsanov’s formula, we have

a—1

95..(0) = (0,2) + ElogE{ exp (65 /Oségt (0, (I + Vl;) b1 (Xj’ég) >ds)

£

X exp<65 /E(;glt QE’B (XSE’(SE) ds — 2 {B (X(Es’iil/ég)t) - 8(:)})
e Jo . NE N 3.3
X exp(ji | " /Rd\{o} {e%@’Hsﬁb()}?éE’y» —1- % <9,HE’B<X§’6E7y)1B(IU)> }y“(dy)ds

X exp(ii /Ogc;?t /]Rd\{o} {e<9>°(5(§’65 W) 1 <9,U(X§’5E’y) 1B(y)> }V“(dy)ds)}

where E is the expectation operator with respect to the probability P defined as

a—1 co—1
6755

P et b (s - « o [TeEt .
- =exp<‘*€ [ e (Re ) )N ayas) + 5 [T (oo (e Le) >)
0 € 0

ﬁ .

€

o (St b/ e o
(_52/ 58 / {e<0,H ,b(XS s 7y)> —1- <9,H5’b(X§’65,y)13(y)> }Vo‘(dy)ds>
€ 0 R4\{0}

Let us set, for all z € T¢, for all § € R? :
@°(2,0) :=(6, (1 +Vb) by (2) ) + /
R4\ {0}
[ O g2 (g 0 e 1a(0)) o ),
R4\{0}

{ew,a(z,y)) —1-(0,0(2,9)15(y)) }Va(dy)
3.4

)

and let us set U5 € coth (’]Td) be the unique solution of

LOTG(2) + D°(z,0) = / ®°(z,0)u(dz) such that / U5 (2)u(dz) = 0.
Td T
Such a solution ¥g must exist again by the assumptions on the coefficients and the Fredholm alternative. So

applying It6’s formula to E‘je‘il vg (X 5756), we have

# o
s /O 32 t(I)E (Xfﬂ%ﬁ) = t/Td D°(z,0)u(dz) + ;%1 {\If’é (X(E;‘iil/(;?)) _ qu(;)}

a—1

€
5& %t we e §2a—1 %t s
aE_1 / Qe, 0 (Xf, E) ds — ﬁ/ V\DZbl (X;c‘, 5) ds (3.5)
€ 0 R o
% Ea&s;lt Ve [ e, ~
— Eas_l / /Rd\{ }Hsa 0 (va s’y) Na(dyds)
0 0

e
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Then putting (3.5) into the equation (3.3), we obtain

201 Ssat -
95 (0) = (0, ) +t/ D°(z,0)u(dz) + elong{ exp (— 6;_1 / b VUsb <X85755> ds)
T4 0

a—1

<o - [T e (g (X5 ) - 5(5)])
X eXp<_i§ /Os;t 0= (Xs 5 ) ds + = [\pf (X(ng, 1/5%) - \Ilg(;)D

[e3 t «@ -
Xexp(—/ 5 / ?5 “H® Ve (X 0e, )_1_65Ha’\pe<X§’657y>13(y)}va(dy)ds) )
Rd\{O} ="

where [ is the expectation operator with respect to the probability P defined as

(3.6)

d@ 6 %t e, Uy [ ve,0c 55 T
d@.—exp(—a/ H® 9(X - )N (dyds)

g

Xexp< / 32 / (%) Y HSYE (X500, y)_l_(SZHE"IJZ(ng"ss,y)lB(y)}Va(dy)ds>.
0 Rd\{o} e

Since the coefficients are bounded, we first notice that
o T 5 |~ ~/x
up {exp (% w0 -w(2)] - = e -5(2)] )
z€Td e* O > dc

a-1 3.1
gra-1 (St 52 5. 1601
X exp <— — / VUaby (25) ds> < exp (;Kl + —Ks + v Kg).
0

€ €

Recall an elementary result.
Lemma 3.1 ([9]). Let0 < A < land f € C, " (RY). For any x,u,v € R, it holds that

|f(x+u)—f(:c+v)—(u—v) f\1+)\[Vf])\|u |1+>\.

We let r = (d./¢)” for some v € R that will be chosen for B,. It follows from Lemma 3.1 that for all
¢ € CoTP (T?) (see [9, Appendix]) :

a—1

sup {. /O T g () ds} < K4<(55)A(w)_MMKM)(WM + (55)1_&(1M)> —0, (33)

z€Td 13 S

if we select vy satisfying
A — 1 1
_ ANa+p)—a+ cr<l g
! !

I+ N (a+p) -

On the other hand, using a similar estimate once again, it follows

ca—1

sot
sup {5/ Ho (2, (Ey)} —0. 3.9)
z€Td 0 €

e
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Therefore
J(0) =
lim g7 .(0) = (0, z) + t/ <e<9’y> —1+(0,B— y13>) v(dy) . (3.10)
e—0 ’ ]Rd\{O}
Let 7 denote the Fenchel-Legendre transform of 7. Then we have
_ f—(B—yl
7(6) ::/ 0 10— (B -y15)| w(dy). 3.11)
R4\ {0} |y

where o(r) :=rlogr —r+1, reR].
Now, we state our main result.

Theorem 3.2. Fix T > 0 and assume (H.1)— (H.5) hold true. Then for every x € RY, the family {X‘sv‘sE e > O}
of R%-valued random variables has a large deviations principle with good rate function

Ip . (2) = Tj(z — x)

T

Next, let us consider

I T (@(s) ds if o € D ([0,T],R?) and ¢(0) = z,
So,r(p) ==
+00 else.

Since the function 7 is convex we can show that

ot / T (@) ds =17 (575):

0(0)=z, p(T)=z

So we express the path space-LDP

Corollary 3.3. Assume (H.1) — (H.5) hold true. Then the family {XE"SE }6>0 of D ([O7 TY; Rd) -valued random
variables has a large deviations principle with good rate function So 7 () for all ¢ € D ([07 TY; Rd).

From [4, Varadhan’s Lemma], we have

Remark 3.4. Let D be a Borel subset on D ([O, t]; Rd) and c be an element of C? (Rd) . Then we have

1 [t €8¢ _
1imﬁ)nfslog]E {ID (x=%) exp {/ c <X‘S ) ds}] > Ct — inf Sy .(¢),
E. 0 o

3 Oe oD

t £,8¢ —
limsupelogE {ID (x=%)exp {1/ c <Xs ) ds}] < Ct— inf Sp (o).
€ Jo

€l0 de ¢€D

4. Convergence of u*

Let us consider the progressive measurable process (Y%, U/%:%+) solution of the BSDE:

t s t
1 X%
Y90 = ug (X7%) + - / f( : Yé) dr - / UsddLy, 0 < s <t
S S

€ €

t
E/ / UE (y)2v® (dy)dr < co.
s Jra\{0}

3

s
2
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By [2, 11], we have for all (¢, z) € [0, +-o0[ x R%, the solution u+% (¢, ) of the PDE (1.1) is of the form

Yoot = ut e (tw),

and the Feynman-Kac formula implies that the solution of PDE (1.1) obeys

t e,8¢
R ER T ) S
S 0 &

Remark 4.1.
o If Up < 1, then Ve >0, 0 < Y% <1,
* On the other and, if c(z,y) < k(y) <0, (z,y) € R? x |1, +oo|, where k is Lipschitz continuous, then

dP x ds a.s. .

lim sup Yf"SE < 1 uniformly in any compact set of |0, +oo[ x R,

e—0

To prove this, we will use similar results proved in [12] .
Before continuing, let us introduce pe0e(te) = ¢ log % (t,x), and let us set

HEw " 0 (8 ) ;:/M{o} [e{:”m (ever (Go))} ), (5.9) 007" () 12 (y)

— {v€’55 (t, T +eo (E, y)) —v% (¢, x)} 1 v (dy).

Then, we observe that v=:% (¢, ) is a viscosity solution of :

3 €,0. o x
B (12) = L2507 () £ H (1) + o Do {Lo (o)} ), e R
€ 1>
v™%(0,z) = elog (ug(x)) x €Uy, 42
}irr(l) 050 (t, 1) = —o0, z € R\Up.
in

Let us define a distance in R, x R?, for (¢,z),(s,y) € Ry x R%:

d{(t,2), (s,y)} = max {t = sl, ]z — | },

and let us set
u* (¢, 2) =limsup {075 (s,y) : = <, (5,9) € B((t,2),m) },
n—0
v*(t,r) =liminf {UE"sE (s,y): e<n, (s,y) € B((t,a:),n)}.
n—0

Theorem 4.2. Then u* and v* are sub and super viscosity solutions of :

max (aw (t,2) = HI D"V uw(t,x) - B - Vu(t, ) —C‘> =0 zeR%t>0,

w \ Ot
w(07$) :0, mEUo,
}g%w(t,x) = —00, ve Rd\UO’
where
2 Tdy Ty — / {e<w,y> —1—(w,y) 1B(y)}ﬁ(dy).
RA\{0}

e
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Application of homogenization and LDP to a nonlocal parabolic PDE

Proof. We use similar techniques as in Evans [5, 6]. Let us prove that u* is a viscosity subsolution. The function
€9 (¢, x) is viscosity solution of

=0 a el e,ov%, e,8 x 1 es
T (t,x) — L5 v (t,x) —H &% (t, ) — c(g,exp {;v (t,x)}) =0. 4.3)

We notice that
lim H57V v = HId V.

e—0

Now, let @ be a smooth function, (¢, o) be a strict local maximum of v:% — ®, and ¢ € C® (T?) be a periodic
function solution of the following Poisson equation,

Lo%(z) + (I + Vé) by (2) DB (to, xo) + HET B(to, 20) + c(2)

B o o 4.4)
= HE’U’V(I)(to, .’bo) + B - VD(I)(to, .’Eo) - C.

We consider now the perturbed test function

°(t,2) = B(t, ) + 6.b (:) D®(t,z) + iiw <:> . (4.5)
Then we have
00 (t,x) 0P(t,x 8
= — 4.

ot ot ( ) ot (4.6)
DO*(t,z) = (1 + vé) (;) D®(t,x) + s.b (5 ) D%®(t, x) + 5?71171/; <§> : (4.7)

There exists a sequence (., z.) local maximum of v=:% — ®¢ converging towards (o, zo). If we set z. = =
£

and getting ¢ small enough, and putting everything together in (4.3), we have

oL

7 (o, 20) = L2 (2) = HO7" B(to, 20) - (1 + vi)) by(2) D (to, z0) — c(2)

+ A7 (z) + b(2) D (to, z0)

a—1

[(Hvz:) bo(z) + A7V b(z )} D (ty, mo) + o(1) < 0.
=0

€

So, from (4.5) we can observe that

ATV 4p(2) = —%AE’”E(Z)D‘I)(to,JUO) + V[P(t @) — ()]

€ €

By Lemma (3.1), we can observe that

=

a-1
sup {E ' [<I>E(t,;v)—<I>(t,x)]} — 0 ase—0.
rERE 8

Hence, we deduce
oD®
ot
Let us now consider v*. Let (tp,x¢) such that T(tg,xg) < 0. Let & < v* be a smooth function such that
D (tg, x0) = (o, o) , and (to, xo) is a strict local maximum of & — v

(to,l’o) — HIdy’UD(I)(to,mo) -B- D@(to,l’o) -C < 0.
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Considering the same perturbed function test ®¢ as above. Hence, there exists a sequence (t.,z.) locally
maximizes ®¢ — v®%< and converges towards (o, 2 ). By analogy,

oD®

W(to,xo) — HIdy’qu)(to,,Io) -B- D@(to,l‘o) -C > 0.

Let us now introduce some notations

P (t,x,y) = inf{So,t(so): 0(0) =z, o(t) :y} and  p?(t,z,Up) := inf p*(t,,y).
yeUp

From this we easily show

Remark 4.3 ([12]). Let u* and v* be respectively the sub- and supper-viscosity solutions of PDE (4.2). Assume
that for all (t,z) € ]0,00[ x RY,

—p2(t,z,Up) < v*(t,2) < u*(t,z) < min <€t — Pt 2, Uy); 0).

*

Then we have v* > u*.
Now, let O be a open subsetin R x R?, define the function 7 on R x D ([0, oc] x R?) values into [0, oc],
T=70(t,¢) =1inf{s: (t — s, d(s)) € O}

Take © the set of Markov functions 7. Let V*(t,z), t > 0,2 € R¢ be the function :

V*(t,2) = inf sup {57 — Sor (9) } (4.8)
TEO ($eD([0,t],R%),$(0)=2,8(t) €U0}

Hence, we have the uniform convergence

Remark 4.4 ([12]). For (t,z) € R} x RY,

lim e logu®% (t,2) = V*(t,x) = inf sup {67 — So,r (¢) }
=10 €O {9eD(0.6].R4).4(0)=.6(t) U0}

Consider the partitions M and € of R, x R%:
M z{(t,x) e R, x RLV*(t,z) = o},
& :{(m) e Ry x R: V(1) < o}.
We have

Theorem 4.5. By our assumptions.

lim % (t, ) =

el0

0 uniformly from any compact K of &,
1 wuniformly from any compact K of /\o/l .
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