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Abstract. We study Perron’s theorem of a size-structured population model with delay when the nonlinearity is small in
some sense. The novelty in this work is that the operator governing the linear part of the equation does not generate a compact
semigroup unlike in the results present in literature. In such a case the spectrum does not consist wholly of eigenvalues but also
has a non-trivial component called Browder’s essential spectrum. To overcome the lack of compactness, we give a localization
of Browder’s essential spectrum of the operator governing the linear part and we use the Perron-Frobenius spectral analysis
adapted to semigroups of positive operators in Banach lattices to investigate the long time behavior of the system.
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1. Introduction

Many areas of applied mathematics involve delay partial differential equations. Dynamical systems found in
biology, physics, or economics depend not only on the present state of the dynamic but also on the past states.
One of the simplest delay models describing a population of species struggling for a common food is the logistic

model [13, 19]
N(t):7<1—N(tK_T)) N(t). (1.1)

The delay r here is the production time of food resources. The food resources at time ¢ are determined by
the population number at time ¢ — r. The constant vy is related to the reproduction of species, and represents the
difference between birth and death rates. Usually, - is called the Maltus coefficient of linear growth. The constant
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On the asymptotic behavior of a size-structured model arising in population dynamics

K is the average population number, and is related to the ability of the environment to sustain the population. At
the same time, Equation (1.1) can be used to study hatching periods, pregnancy duration, egg-laying, etc.
However, individuals in every biological population differ in their physiological characteristics. This gives an
importance to structured partial differential equations to understand the dynamics of such populations. We refer
the interested reader to the monographs [20] for basic concepts and results in the theory of structured populations,
and [24, 30] for the theory of structured populations models using the semigroup approach.
In this work, we study the asymptotic behavior of the following size structured population model:

0 0 0
Gpu(t:s) = =rgmu(tss) = p(s)ultn) + [ ws.a)ult+o,5)do
0o 0
+/ B(o,s,b)u(t + o,b)dodb + f(t,u(t,s)) fort >0, sc RT (1.2)
0 —r
u(t,0) =0 fort >0
u(o, s) = (o, s) for (0,s) € [-r,0] x RT

when the nonlinear perturbation f is small in some sense. To achieve this task, we will use a functional analytic
approach involving semigroups of operators.

The theory of strongly continuous semigroups of operators have been applied with great success to partial
differential equations with delay. This idea goes back to N. Krasovskii [21], who showed that solutions of delay
differential equations generate a semigroup of operators on an appropriate function space, known as history or
phase space. J. Hale [15] and S. N. Shimanov [28] were the first to formulate a general theory. Subsequently,
using semigroup theory, J. Hale and S. Verduyn Lunel [16] described the asymptotic properties of the solution in
the finite-dimensional case. Other works in this direction include [1, 5, 10, 18, 29]. The idea is to rewrite delay
partial differential equations in the following form:

d

T
where A is a linear (unbounded) operator acting on a Banach space X, x is the history function and L is a linear
operator acting on the delay space with values in X. If X is finite dimensional and L = 0, then A is a matrix and
Equation (1.3) is an ordinary differential equation. If X is infinite dimensional, then the operator A is usually
considered to be unbounded and generates a strongly continuous semigroup of operators (7'(t)),~, [12]. The so
called Perron’s Theorem for the asymptotic behavior of solutions of differential equations have been the subject
of many studies, see [3, 4, 7, 23, 25-27]. For ordinary differential equations, we refer the reader to the books
[8,9, 11, 17]. Let us recall the original Perron’s Theorem for ordinary differential equations.

(t) = Az(t) + L(xy) + f(t, z(t)), (1.3)

Theorem. [9] Consider the following ordinary differential equation

%x t)=Ax(t)+ f (t,z(t)) fort>0
x(0) = z¢ € C™,

(1.4)

where A is an n X n constant complex matrix and f : [0,00) x C™ — C™ is a continuous function such that
[f(t,2) <~(t)|z] fort>0andzecC",

where 7 : [0,00) — [0, 00) is a continuous function satisfying:
t+1
/ v(s)ds =0 ast— oo.
t

If z(.) is a solution of Equation (1.4), then either

x(t) =0 foralllarge t,
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or

log |a(t
lim —2 1 ‘f( |~ Rex,

t—o00

where \g is one of the eigenvalues of A.

In [26], the author proved a Perron’s Theorem for Equation (1.3), when A = 0, with a finite delay and the
space X is finite dimensional. In [22], the authors studied the case when X is infinite dimensional and the delay
is infinite. They assumed that the operator A is the infinitesimal generator of a compact strongly continuous
semigroup on X. A typical example of such an operator A is the differential operator in reaction diffusion
equations on bounded regular domains 2.

The aim of this work is to investigate the asymptotic behavior of the semilinear partial differential equation
(1.2). Unlike in most models of semilinear reaction diffusion equations, the linear part of our equation is governed
by a semigroup which is not compact. In such a case the spectrum does not consist wholly of eigenvalues but
also has a non-trivial component called the essential spectrum. In the literature there are many different ways of
looking at the essential spectrum, but a notable result in this area is that due to Nussbaum and (independently)
Lebow and Schechter: the radius of the essential spectrum is the same for all the commonly used definitions
of essential spectrum. To overcome the lack of compactness in our system, we will first give a localization
of Browder’s essential spectrum of the operator governing the linear part. This allows us to investigate the
asymptotic behavior of the semilinear equation via a spectral decomposition by splitting the spectrum of the
linear part with vertical lines R + p, p € R “far” from the essential spectrum. Finally, we give a sufficient
condition for extinction of the population in terms of the coefficients of the system. To achieve this task, we use
the semigroup version of the Perron-Frobenius theory of positive operators in Banach lattices [2, 14].

This work is organized as follows: In Section 2, we give a localization of Browder’s essential spectrum of the
linear model. In Section 3, we will study the effect of small nonlinear perturbations on the original linear model.
Moreover, we give a sufficient condition for extinction of the population using a Perron-Frobenius type theory of
positive operators.

2. The linear model: localization of the essential spectrum

We consider a population of individuals that are distinguished by their individual size. Therefore, the density
of population of size s at time ¢ can be described by the number u(t, s). More precisely f;f u(t, s)ds is the
number of individuals that at time ¢ have size s between s; and s5. As time passes, the following processes are
supposed to take place in this population:

* Individuals grow linearly in time at constant rate v > 0.
* Individuals are subject to a size-dependent mortality denoted by .

o It is assumed that individuals may have different sizes at birth, and therefore (o, s,b) gives the rate at
which an individual of size b produces offspring of the size s. This process is assumed to occur with a
continuous time delay smaller than r (e.g. pregnancy duration).

* The population is subject to a density-dependent migration process with continuous time lags smaller then
r represented by the term ffr v(s,o)u(t + o, s)do.

From those assumptions the following evolution equation can be derived:
0

0 0
57(t:8) = =15 (u(t. ) = p(s)utts) + [ vis.oult+o.5)do
o) 0
+/ B(o, s,b)u(t + o,b)dodb fort >0and s € RT Q2.1
0 -7
u(t,0) = fort >0
u(o, s) = ¢(o, s) for (o,s) € [-r,0] x R*.
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On the asymptotic behavior of a size-structured model arising in population dynamics

In the sequel, we assume that: u € L®°(RT,R") and v € L®°(R* x [-r,0],RT). The birth function
B:[-r,0] x Rt x RT — RT satisfies:

sup / B(o,s,b)ds < 0. (2.2)
—r<o<0J0
b>0
An example of such function is given by
B(o,s,b) = B1(0)Ba(b)e?, (2.3)

where 31 and (2 are bounded functions respectively on [—r, 0] and R*.
To write this equation in an abstract form, we introduce the Banach lattice X = L!'(R*) and the operator A
defined on X by

D(A) = {z e WH(RT) : 2(0) = 0}

(Az) (s) = —v2'(s) — u(s)z(s) for s € RT.

The operator A generates a co-semigroup on X the given by

0 for s < ~t

2.4
o5 fs,%u(b)dbz(s —t) for s > ~t. ey

(T'(t)2) (s) = {
We introduce the delay operator ® : L ([—r,0], X) — X defined for each ¢ € L' ([~r,0], X) and s > 0 by:

0 00 0
(@) (s) - = / v(s,0)p(0)(s)do + / Blo,5,b)p(0)(b)dodb. (2.5)
-7 0 —r
If we write u(t,.) = u(t), then system (2.1) is written on the Banach lattice X = L*(R™) as follows:
u(t) = Au(t) + ®(ur) for t > 0,
u(0) =y € X, (2.6)
up = ¢ € L([-r,0], X),

To rewrite this equation as an abstract equation, we introduce the product space X = X x L!([-r,0], X) and

the function
Ut = (“(“> € x.

In this case we have o
U] = [ut, )] e+ / fut + 6,.)] .1 do.

-

Further, on this product space we define the following operator

D(A) := {<Z> € D(A) x WH([—r,0], X) : ¢(0) = z}

do
where % denotes the derivative with respect to o.

The following result is a consequence of [5, Corollary 3.5]:

e
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Proposition 2.1. Equation (2.6) is equivalent to the following abstract Cauchy problem

on X.

To show that A generates a co-semigroup on X', we split it as
Ad A0 0o
A.—(O Cl(i)—(o $>+(00>—.A0+A®, 2.7

D(A) := D(A) D(Ag) := D(A)

A0 and 0d
./4 = A =
° (o ) ' (0 o)

The following result is a consequence of [5, Theorem 3.25]:

where

Proposition 2.2. The operator Ag generates a cy-semigroup given explicitly by the following formula:

To(t) :== (TT(tt ) Tz(z t)> , (2.8)

where (T}(t))>0 is the nilpotent left shift semigroup on L'([—r,0], X) and Ty : X — L*([-r,0], X) is defined
for each z € X by

T(t+ 1)z, if —t<7<0,

0, if —r <7< —t.

(T; 2)(7) := {

One can see that the perturbation operator Asg is bounded. Moreover, we can see that the semigroup (7'(t)),
(see (2.4)) and the delay operator ® (see (2.5)) are positive. Thus from [12, Theorem 1.10], we have the following
result.

Proposition 2.3. The operator A generates a positive cy-semigroup (T (t))i>0 on X.

For a bounded subset B of a Banach space Z, the Kuratowski measure of noncompactness « (B) is defined
by
a(B):=inf{d > 0: there exist finitely many sets of diameter at most d which cover B} .

Moreover, for a bounded linear operator K on Z, we define o (K) by
a(K):=inf{k>0: a(K(B)) < ka(B) for any bounded set Bof Z} .

Definition 2.4. [6] Let C be a closed linear operator with dense domain in a Banach space Z. Let o (C) denote
the spectrum of the operator C. The Browder’s essential spectrum of C denoted by o (C) is the set of A € o (C)
such that one of the following conditions holds:

(i) Im (M — C) is not closed,

(ii) the generalized eigenspace M) (C) := U~ Ker (A — C)]C is of infinite dimension,

(iii) A is a limit point of & (C) . B

The essential radius of C is defined by

ess (C) = sup {[A]: X € 0cas (C)}
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On the asymptotic behavior of a size-structured model arising in population dynamics

We recall some important facts about co-semigroups. Let (R (t)),~ be a co-semigroup on a Banach space Z
and Ap, its infinitesimal generator.

Definition 2.5. [12, 30] The growth bound wy (R) of the co-semigroup (R (t)),, is defined by
wo (R) := inf {w €R: supe “'|R(t)| < oo} :
>0

Definition 2.6. [30] The essential growth bound (or a-growth bound) wess (R) of the co-semigroup (R (t))tzo
is defined by:

I t 1 t
Weus (R) 1= lim 12BOE®) _ . loga(R() 2.9)
t—o00 t t>0 t
The relation between 755 (R (t)) and wess(R) is given by the following formula ([30, Proposition 4.13 ])
Tess (R (1)) = €= and el7ess(Ar) 5 (R(t)). (2.10)
Let AR be the generator of (R (t)),~. Then
Oess (AR) C{N €0 (AR): ReX <wess(R)}. 2.1

This means that if A € 0 (Ag) and ReX > wess(R), then X does not belong to o5 (Ar). Therefore A is an
isolated eigenvalue of Ag ([30, Proposition 4.11]).
The spectral bound s (Ag) of the infinitesimal generator Ag is defined by:

s(Ag) :=sup{ReX: A€o (AR)}.
Recall the following formula [30]
wo (R) = max {wess(R), s (AR)} -
Consider the operator @ defined on X for each A € C and z € X by
0 o] 0
By (2)(s) := B(eM2)(s) = </ V(s,a)e)“’da) z(s) +/ < B(o, s,b)e)‘”do) z(b)db.
0

Since the perturbation operator A4 is bounded.
Lemma 2.7. [5, Theorem 6.15] For each A € R, if s(A + @) < A, then s(A) < .

Lemma 2.8. [12, Chapter VI, Theorem 1.15] Let B be the generator of a positive co-semigroup (S(t))i>0 on
the Banach lattice LP (0, 1), 1 < p < 0o. Then wo(S) = s(B) holds.

The following result gives a localization of Browder’s essential spectrum of the operator .A.

Theorem 2.9. Let Ay be the unique real solution of the following equation:

7(1 _ 677’)\)
—2 =
v 3 +p
where U = SUD;>¢ e[—r0 V(8,0) and p = infs>o pu(s). If
oo
lim sup / B(o,s,b)ds =0 (2.12)
a—r00 —r<o<0Ja
)
and
o0
lim sup / |B(c, s+ h,b) — B(a,s,b)|ds = 0. (2.13)
h—0 —r<0<0.Jo

b>0

Then, wess(T) < Ao, thus oess(A) C{A € C: Rel < Mo}
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Proof. Consider the following decomposition
O =t + P2,

where @ is defined for each p € W1 ([-r,0], X) and s > 0 by
0
(#79) ()i = [ vis.o)elo)(s)do

-

and ®, is defined for each ¢ € L' ([—r,0], X) and s > 0 by
9] 0
(<I>2<p) (s):= / B(o,s,b)p(0)(b)dodb.
0 —r

Note that condition (2.2) implies that ®2 is bounded.
Consider the following decomposition of the operator .A

A D A Pl + 2 A Pt 0 o2
=(02)=(78") (%) (0h) =aem
where A; is the operator defined by
D(Ay) := D(A)

A ol
Al:z( d)
0 &%

and I : X — & is the bounded operator given by

0 P2
K = (O ' ) .
Using again [5, Theorem 1.37] and [5, Theorem 6.10], .A; generates a positive cg-semigroup (7'1(t))t20 on

the Banach lattice X'. Using the Frijcechet-Kolmogorov Theorem [32, page 275], one can see that conditions
(2.12) and (2.13) imply that the operator K is compact. Hence by [12, Proposition 1V.2.12]

wess(T) = wess(’]-l) S w0(7-1)~ (214)
The space L'([-r,0],X) is canonically isomorphic to L' ([-r,0] x RT) and the space
X x L' ([~r,0] x RT) with norm | (2, )| = |21 11 g+ + 1@l L1 (=1 0] xR+ i again an L!-space.
By Lemma 2.8, we deduce that
wo (T1) = s(Ay). (2.15)
Let \
(1—e7"
E(N) :V%—)\—H.
Since ¢ is strictly decreasing on R, limy_, _ o, £(A\) = oo and lim_, o, £(A) = —o0, then the following equation
_(1—e)
=X
v 3 +p

has a unique real solution \¢. The operator A + <I>§0 is given by

0

(A4 @3,) 2) (s) = =72/ (s) — (,u(s) - / v(s, 0)6A0d0'> z(s) for z € D(A). (2.16)

-Tr
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,\\ A
£(0)

Figure 1: Graph of the function £()\)

Let (T/{O (t))t>0 be the ¢o-semigroup generated by (A + @%\07 D(A)). The cy-semigroup (T/{O (t))t>0 is given
explicitly for each z € X by B

(T3, (1)2) (5) ! fors <7t 2.17)

z) (s) = s .
Ao exp (% - (fi v(b,0)eM%do — ﬂ(b)) db) z(s —~t) for s > ~t.
Moreover,
7(175*'"%0) )t
T}, (1)z] < () E

Thus

0

It follows by Lemma 2.7 that s(A;) < Ag and thus by (2.14) and (2.15) we have wess(T) < Ag. Therefore, by
(2.11) we conclude that o55(A) C {A € C: ReA < Ao}. B

Remark. If r < p then £(0) = 7r — p < 0 and thus Ao < O (see Figure 1). It follows that the semigroup
(T (1)), is quasicompact, namely, wess (7) < 0.

Remark. The growth rate v does not have an effect on the asymptotic behavior of the ¢y-semigroup (77 (t))tzo-

3. Nonlinear small perturbations

Consider the following model:

0 0 0
&u(t, s) = %, (u(t,s)) — p(s)ul(t, s) —I—/ v(s,o)u(t+ o,s)do
oo 0 -
+/ B(o, s,b)u(t + o,b)dodb + f(t,u(t,s)) fort >0, se€R" (3.1)
0 -
u(t,0) = fort >0
u(o, s) = ¢(o, s) for (0,s) € [-r,0] x RT.
Assume that f : RT x R — R satisfies the following hypotheses:
S
(V=)
MM
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e Forallt > 0and z € L'(RT): s — f(t,2(s)) € L'(RT).

e For all (t,2),(tn,2,) € RY x LY(RT) with ¢, — t and 2, — =z in LYR"):
fooo |f (ks 2n(8)) — f(t,2(5))] ds — 0 as m — oo.

» fis globally Lipschitz with respect to the second variable.

o |f(t,z)| < p( ) |x| forallt > 0and z € R, where p : [0,00) — [0, 00) is a continuous function satisfying
lim¢— o0 ft+ p(s)ds = 0.

ety

1+a2
We write (3.1) in the space X = X x L'([-r,0], X) in the following form

An example of such a function is f(¢,z) =

U(t) = AU(t) + F(t,U(t)) for t >0,
3.2
uow- (). 2

where U(t) := (ul(tt)>,}'(t7l/{(t)) = (F(t,(;;(t))) and F(¢t,u(t))(s) := f(t,u(t, s)) for all s > 0. It follows

that the nonlinear function F : R™ x X — X is continuous and globally Lipschitz with respect to the second
variable. Thus we have the following result [31]

Theorem 3.1. Equation (3.1) has a unique solution U defined on R,

In the sequel, we will assume that the birth rate has the following form

ﬁ(av S, b) = 61(3)52(0—7 b)v

where 3 : RT — Rt and 35 : [-7,0] x RT — RT with 8; # 0.

In reality individuals with large sizes cannot give birth, then without loss of generality we can assume that the
birth function component ((c, s) vanishes for s > m where m is the maximal size of fertility. Thus Condition
(2.2) becomes

sup fa(o,b) < oo and / B1(s)ds < oo. (3.3)
~1<0<0

0<b<m

We state the first main result of this section:

Theorem 3.2. Let Ay be the unique real solution of the following equation

Assume that the solution U does not vanish for sufficiently large t. Then, we have either

log <|u( I+ f ut+6,.)|. d9>

lim sup <X 34
t—o00 t
or
0
log (|u(t, Mo + 2 Jult +6,)] d@)
Jim . = Re\, (3.5)
— 00

where X is a solution of the equation
m 0 s s o
K :/ (/ ewﬁz(&s)d@) (/ exp (%/ (—/\ — ule) +/ v(c, a)e*"da> dc) 61(b)db> ds
0 —r o , .
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On the asymptotic behavior of a size-structured model arising in population dynamics

Since by Theorem 2.9 we have o.55(A) C {\ € C: ReA < Mg}, then each A\ € o (A) with ReX > )\ is an
isolated eigenvalue of the operator A. Let p > A be such that

o (A)N (ER + p) = 0.

Consider the set
Yo ={A€o(A): Rel>p}. (3.6)

imaginary axis

7

e e

isolated eigenvalues

essential spectrum Wess(T)

il
essential growth bound

Figure 2: Spectrum of the operator A

From [12, Corollary IV.2.11 and Theorem V.3.1] and (2.11), the set X, is finite and X, N 0s5(A) = (0. Thus
X, contains only isolated eigenvalues of A. Let X, = {A1,..., A\, } and define the following operators

1
=5 L RO\, A)dA

for each 1 < j < n, where +; is a positively oriented closed curve in C enclosing the isolated singularity A;, but
no other points of o(A) (see Figure 2). Then IT; is a projection in X’ and II;II;, = 0 for j # h. Let U; := R(II,)
be the range of II;, then A restricted to U; is a bounded operator with spectrum consisting of the single point A;.
Let P, = Z?Zl I, Pb=1-P,S,=R(P)and U, =U; @ --- & U,. Then P, and P; are projections on
U, and S, respectively and

X=U,® S5, 3.7

and U, and S, are closed subspaces of X’ which are invariant under the semigroup (7 (t)),,. Let IIV» := Py
and I1°» := P,. The subspace U » 1s finite-dimensional. Moreover, for every sufficiently small € > 0, there exists
C. > 0 such that

{|T(t) Z| < Ce=9t| 2| fort>0and Z €S, 58)

|T(t) 2| < CelPt)t|Z| fort <0 and Z € U,,.

For more details, we refer the reader to [30, Proposition 4.15].
In what follows, 7V (t) and T~ () denote the restrictions of 7 (t) on U, and S, respectively. Then
(TY (1)) 1c 1S @ group of operators and

TUe(t) = eAvs  with Au, € L(U,).

Lete, > 0besuchthato (A)N{AeC: p—e, < ReA<p+e,} =0. Put

(98]
\=]
~

pr:=p—¢, and py:=p+e,. (3.

ke
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We deduce from (3.8) that there exists a constant C,, > 0 such that for each ¢ > 0
|75 (t)]| < Cpe”®  and || T (—1)|| < Cpe= .
We introduce the new norm defined on X by

|Z|; :==supe ! |TS" (t) HSf’Z’ +sup e”! | TV (—t) 1Y 2.
>0 £>0

Lemma 3.3. [10, 22, 26] The two norms |.| and |.| - are equivalent, namely, for all Z € X, we have
12| < 2|7 < Cq|2], (3.10)
where Cy := C,, (||T1%|| + |11V ||). In addition, for all Z € X
12|y = 0% 2|+ 0% 2] . (.11
The corresponding operator norms || T (t)||.- and | TV (=t)||.- satisfy
|75 (1) < e and || T (<t)||, < e fort>0. (3.12)

Lemma 3.4. Let U be the solution of Equation (3.1). Then for any € > 0, there exists a constant C () > 1 such
that

t
U (t)] < C (e) e@o(T+)E=) expy <C’ (E)/ p(s) ds) lU(o)| for0<o<t. (3.13)
In particular, there exists a constant C, > 0 such that form € Nand m <t < m + 1, we have
1
o m + 1)] < U (2)] < C1 (). (3.14)
1
Proof. Using the variation of constants formula, we have for 0 < o <t
t
U(t):T(t—U)U(U)+/ T (t—s)F(s,U(s))ds. (3.15)

Let € > 0. Then, there exists C (¢) > 1 such that
|7 ()] < C (g) e T+t fort > 0. (3.16)

It follows from (3.15) and (3.16) that

t
U()] < C () el THIE=) iy (g)] +C(€)/ eloTIHIE=p (5) [U(s)] ds.

g

It follows that
t
M (1) < C () e @D+ ()| +C () / e (T U (s)| p (s) d.

The Gronwall’s Lemma implies that for 0 < o < ¢t

t
e~ oM Y(1)] < O (e) e DH7 |1 (o) exp <C (€) / p(s) ds) '

e
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Therefore we get the inequality (3.13). Now let m € Nand m <t < m + 1. By takinge = 1 and ¢ = m in
(3.13), we get

U)] < € (1) e 10 (m)| exp <C(1)/ p(s) d8>

m

< Ciju(m)l,

m+1
where C} := C (1) max {1, e (T)+1)} 6@ and @ := sup / p (s) ds. Similarly, we get

mZO m
U(m+ 1) < CoU(t)]-

Remark. By (3.14) and (3.10), we can see that form € Nandm <t <m +1
1
63|Z/l(m+l)|7—§ |Z/{(t)|7—§C'3 |u(m)|7'7 (3.17)

where C3 := C1C5.

Proposition 3.5. Let U be the solution of Equation (3.1). If U(t) does not vanish for sufficiently large ¢, then we
have

log ()] _

wo (T) .

lim sup
t—o00

Remark. Tt is clear from Lemma 3.4 that if 2 (to) = 0 for some to > 0, then U(t) = 0 for all ¢ > t,.
Proof of Proposition 3.5. Let € > 0, from Lemma 3.4, we deduce that for ¢ > 0

log ()] _ log (Co () (0)])  Jop(s)ds.
t

; < ; +wo (T)+e+Cole (3.18)
_ Jop(s)ds . . .
Since e — 0 as t — oo, then by taking ¢ — oo in (3.18), we obtain that
log |UA(t
liinsupw <wo(T) +e. (3.19)
—00

Now by letting € — 0 in (3.19) we obtain the desired estimation. l

We fix a real number p such that p > Ao and o (A) N (iR + p) = 0. Let U be the solution of Equation (3.2).
Define form € N

U (m) == [M%uU(m)| -, U (m) := [1%U(m)| - (3.20)
and
m—+1
p(m) := C,C3 max{l,e”l,e”}/ p(s)ds, (3.21)
where p; and ps are the real numbers defined by (3.9).
Lemma 3.6. The following estimations hold:
U (m+1) < e U5 (m) +p(m) (U (m) +UY (m)), (3.22)
and
UY (m+1) > e”2UY (m) — p(m) (U5 (m) +UY (m)). (3.23)
S
Ry
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Proof. Using the variation of constants formula, we obtain for each m € N

m+1

Um+1)=T Q)U(m) +/ T (m+1-—s)f(s,U(s))ds. (3.24)

m

By projecting the formula (3.24) onto the subspace S, and using (3.12), (3.10) and (3.14), we have

m+1
[ U(m +1)| - < [T ()% U(m)|. + / |75 (m 41— s) 1% f (5,U(s))| - ds
" m+1
< et [ISeU(m)|. + C2 max {1, epl}/ (s) [U(s)| ds
m—+1
< e |HSPZ/{ |7_+C’102 max {1, e”l}/ p(s)ds|U(m)|,

Using (3.11) and the above inequality, we conclude that (3.22) holds.
Now from (3.12), we have for ¢ € U,

TV (1)), > e |6l

By projecting the formula (3.24) onto the subspace U, using (3.12), (3.10), (3.14) and (3.11), we deduce that

Y U(m+1)| . = ‘TUP(l) (HU”L{(m) + /m+1 TYe (m —s) TV f (s,UU(s)) ds> ‘

m T
m+1
> e”2UY (m) — epz/ ep2(m=s) 1% f (s,Z/l(s))|TdS
" m—+1
> e”2UY (m) —epQCgmaX{l,e_”z}/ p(s)Cy|U(m)|ds
m—+1
> e”2UY (m) — C1C3 max {e”?, 1}/ s)ds (UY (m) + U (m)).

Therefore, we get the estimation (3.23). B

In what follows, we assume that the solution U/ does not vanish for sufficiently large t. We have the following
Lemma.

Lemma 3.7. Either

U’ (m)
S oy 629
or S( )
U
lim_ ) = 0. (3.26)

Proof. The proof follows the same approach as in [22, 26]. From (3.10), one can see that |2/(t)|, > 0 for ¢t > 0.
Suppose that (3.25) fails, then there exists € > 0 such that

for infinitely many m. Next we will show that (3.26) must hold. From (3.21) we can see that

lim 5 (m) = 0. (3.27)
S
[\V =]
MJM
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By (3.27), there exists m1 > 0 such that for m > my

1+e_

ef? 5 p(m)>0

e (o) p(m) 1
et g)p(m
ger2 — (1 4+¢)p(m) <g' (3.28)

Since (3.25) fails then there exists msy > mq such that

UY (my) > ed® (ms).

Next we show that for all m > mo
Uv (m) > et (m). (3.29)

Suppose by induction that this inequality holds for some m > ms. Then it follows from (3.22) that

S (m+1) < e L) LD g (o
_ (BZ + 2 +5(m>) U (m).

Now from (3.23) we have

U7 (1) = e () = 5om) 4 () ()

= (ef’2 . (;”) 5 (m)) u’ (m). (3.30)
It follows that
US (m+1) < <e: + p(g”) +5(m)) uY (m)
< (TP pm) ot 4 )
e+ ilm) + B m) o

" cerr —p(m) — p(m)
Now from (3.28), we deduce that
Uy (m+1) > e (m+1).
Thus by induction, the inequality (3.29) holds for all m > my. From (3.22) and (3.30), we deduce that for
m > Mo
US(m+1) _ e US (m) + 5 (m) (U5 (m) +UY (m))
U (m+1) — (em —p(m)— 5(m))uU(m)

€

e’ +p(m) Uus ( |
(ep2 —p(m)— M) Uv(m) (epz —p(m) — M)

€

It follows by (3.27) that
lim su L{S(m) e lim su Z/Is(m)
msee UU(m) = e mosed UY (m)’
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That is

U3 (m)
1—ePr7P2) limsup ———~ < 0.
s s
But since p; < p2 and lim sup M > 0, we deduce that lim sup UU(m) = 0. Therefore
s
im A

m—oo YU (m)

This ends the proof of Lemma 3.7. B

The proof of Theorem 3.2 is based on the following principal Lemma.

Lemma 3.8. Either

log [UA(t
lim sup 284Dl (3.31)
t—o00 t
or 1 u
t
Jim inf 28401 (3.32)
t— 00 t

Proof. By Lemma 3.7, we have to discuss two cases:

Case 1. Assume that (3.25) holds. Then we have UV (m) < U® (m) for all large integers m, where UV (m)
and U® (m) are given by (3.20). Let £ be a positive real number. Then by (3.27), there exists a large positive
integer m. such that for m > m.,

p(m) <e and UY (m) <US (m). (3.33)
Using (3.22) and (3.33) we have U (m + 1) < (et + 2¢)US (m) for m > me. It follows that
U (m) < (e +2e)" " U (m.) = K. (e’ +2¢)",

where K, := (e”* + 2¢)” " U (m.) > 0. For t > m,, we have [t] > m., where [.] is the floor function. Since
[t] <t < [t] + 1, it follows from (3.10), (3.11), (3.17) and (3.33) that

U] < Uy < Cs |ty |, < 20U (1)) < 205K (e +22)

Hence,
log [U(t log (2Cs3 K, t
og[U() < o (205 K. ) —i—ulog(e”1 + 2¢).
t t t
Let ¢t — oo, then
log [UA(t
lim sup log [U(t)] <log (e’ + 2e¢).
t—o0 t
Now by taking ¢ — 0, we obtain that
log |UA(t
limsupM <log(e*) = p1 < p,
t—00 t

that is, (3.31) holds.
Case 2. Suppose that (3.26) holds. Note that U/ (m) < UY (m) for all large integers m. Let € such that
0<ex< % By (3.27), there exists a large positive integer m. such that for m > mc,

p(m) <e and U (m) <UY (m). (3.34)

e
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Using (3.23) and (3.34) we have UY (m + 1) > (e”2 — 2¢)UY (m) for m > m,, which implies that

UY (m) > (er? —2e)" " UY (m.) = K. (e’ — 2e)™,
where K. := (ef? —2¢)” "™ UY (m.) > 0. Fort > m,., we have [t] + 1 > m,. Since [t] <t < [t] + 1, it
follows from (3.10), (3.17) that

U o Ml U (1) K (e —20)1
Oy - (yC3 CyCs - CyCs

u(t)) =

Hence,

K.
log [U(t)] log (CgCg) [t]+1 ,
> 1 P2 _9¢) .
; > ; + ; og (e €)

By taking t — oo we get that

1
lim inf w > log (e — 2¢).

t—oo
Now by taking € — 0, we obtain that

lim in > log (e”?) = pa2 > p,

t—o0

that is, (3.32) holds. This completes the proof. B

log U(®)
t

3.1. Proof of Theorem 3.2
Proof of Theorem 3.2. Let U/ be the solution of Equation (3.2) such that |/(¢)| > 0 for all ¢ > 0. Suppose that

log |t4(t)]

lim sup > Ap.

t—o0

Since wess (T) < Ao, it follows from Proposition 3.5 that
Wo (T> > Wess (T) .

Therefore

wo (T) = max {5 ("4) y Wess (T>} =S ('A)

and

A={rA€o(A): Re)l> wess (T)} # 0.
We claim that there exists A € A such that

log )| _

lim sup
t—o0

1 t
In fact, if lim sup w =p¢{ReX: Xe€ A}, with p > wess (T), then condition (3.31) in Lemma 3.8

. t—o0
fails. Hence, we must have

1 t
lim inf M > p.
t—00 t
However, this implies that
log [U(t log |U(t
p = limsup EUOL S g loelOL
t—00 t t—o0 t
S
Vo
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which is a contradiction. Therefore, there exists A € A such that

lim sup M = Re \.

t—o0

Since Re A > wess (T), then there exists pg ¢ {Re A : X € A} such that Re A > pg > wess (T). That is

W UOl _ g s po. (3.35)

lim sup
t— 00

By applying Lemma 3.8 to pg using (3.35), we obtain that

lim inf w > po > Wess (T) -

t—00
We claim that o I log I
t t
limsupiog‘ ()l :Hminfiogl ( )l
t— o0 t t—o0

log [U(t log |4t
In fact if lim sup w > lim inf %, then there exists p; ¢ {ReA: A€ A} with p1 > wess (T)

t—o00
such that
1 t
lim sup M > pp (3.36)
t—o00
and
1 t
lim inf 28O p1. (3.37)
t—o00 t
By applying Lemma 3.8 to p; using (3.36) , we obtain
1 t
lim inf M > p1,
t—00 t
which contradicts (3.37). Therefore, we have
1 t 1 t 1 t
im 2B HOL o 2By 08O gy
t—00 t t—00 t t—o00

But since Re A > wess (T), then A € 0,(A), which is true if and only if A € 0,(A + @) (see [5, Lemma
3.20 page 58]). The operator A + &, is given by

0

m 0
(A+ ®))(2)(s) :== —v2'(5) — u(s)z(s) +/ v(s,0)e* doz(s) +/O 3 B(o, s,b)er z(b)dodb

Thus A € 0,(A + ®,) if and only if there exists z € D(A) = {z € WH'(RT) : 2(0) = 0}, z # 0 such that
(A + ‘I),\)Z = A\z.

It follows that z satisfies the following differential equation

2 (s) = (—/\ — u(s) + /0 u(s,a)e’“’do) 2(s) + }y/om _Orﬁ(a,s,u)e“z(u)dadu.

-

By solving this equation using (o, b, u) = B1(b)B2(0, u), we get
1 S 1 S 0 ‘o
z(s) = ;CZ exp 5 A —ulc)+ v(c,0)e*?do | de ) B1(b)db. (3.38)
0 b —r
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where C, := (fom fET B2 (o, u)e)“’z(u)dadu). Multiply the above equation by e*? 35 (6, s) and integrating, we
get

C, = C,% /Om (/O e“’ﬂz(e,s)do) (/O exp (i /b </\ — u(e) + /O v(c, 0)6)‘”(10) dc) 51(b)db> ds.

Since z # 0 then by (3.38), we have C', # 0. Therefore

1= i/om (/0 e’\eﬁg(ﬁ,s)déi) (/Osexp <i /b (—A — u(e) + /0 V(C7J)e>“’da> dc) ﬁl(b)db) ds.

This proves the theorem. B

3.2. Extinction of population
In the following, we give a sufficient condition for the extinction of the population.

Theorem 3.9. Assume that .

s+ [ Bi(b)db € L*(RT), (3.39)
0

m 0 s o

/ ( ,Bg(a,s)da> ( / By (b)e™ ™ ff(”‘f‘*“@—fr”<°7°’>d")d0db> ds > 7 (3.40)
0 —r 0
and
m 0 s ) o
/ ( Ba(o, s)da) < / Bi(b)e” fJ(MC)fv-”(Cv")d“)dCdb) ds < . (3.41)
0 —r 0

Then there exists ¢ > 0 such that for t large enough
lu(t, )| <e .

Remark. One can interpret Theorem 3.9 in this way: (3.41) shows that if the birth rate and the density-dependent
migration are small enough with respect to the mortality and growth rate, then the population goes extinct.

The following lemma is needed in the proof of Theorem 3.9.

Lemma 3.10. [14, Corollary 1.7] Let S(t);>0 be a positive cy-semigroup on a Banach lattice and let B be its
infinitesimal generator. If there exist ty and a compact operator K such that v (S(tg) — K) < r (S(to)), then
s(B) is an eigenvalue of B.

Proof of Theorem 3.9 From Proposition 3.5 we have

s Ul _ 0 (7). (3.42)

lim sup
t—o0

We will prove that wo(7) < 0. Since by Lemma 2.8 wo(7) = s(.A), it is sufficient to prove that s(A4) < 0. To
do this we will prove that s(4 + ®;) < 0 and use Lemma 2.7 to conclude. We first claim that s(A + ®) is an
eigenvalue of A 4+ ®g. In fact, the operator A + P is given by

-Tr

0 m 0
((4+20)2) () = =220) = (16s) = [ vts.0)do) 2(5)+ 5166) [ [ patospstordoas

3

s
2
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Consider the following decomposition
A+ ®y = (A+ 0p) + 0, (3.43)

where A + ® is defined by

0
(44 88)2) () = 1/() = (ute) = [ wls0hae) 205
and ®% is given by
m 0
(®3z) (s) = 51(5)/0 /_1 Ba(o,b)z(b)dodb for z € X.

The operator ®2 is of finite rank and thus compact. The operator (A + @, D(A)) generates the semigroup
(T3 (1)) +> given explicitly for each z € X by

Tl B 0 for s < ~t 344
(To®2) () = exp (% fssiw (fi)r v(b,o)do — u(b)) db) z2(s —~t) for s > ~t. G4
Moreover,
ITE (1)2] < e(T8)t 2.
Thus
s (A4 ®)) =wo (Tg) <vr — p. (3.45)

Being a bounded perturbation of the operator A + ®}, the operator A + ®( generates a positive semigroup
(To(t));>q- Using [12, Proposition IV.2.12], we deduce from the decomposition (3.43) and the compactness of
the operator ®2 that the operator Ty (t) — T¢ (t) is compact for t > 0. Let K := Tp(to) — T4 (to) for some t > 0.
Thus from (3.45) we have

H(Tolto) — K) = r(Ti (10)) = e0(T)en < o=,

Since r(Ty(t)) = e=o(To)t for all t > 0, to show that r(Ty(to) — K) < r(Ty(to)) it suffices to show that
or — p < wo(Tp). (3.46)

Note that wo(Tp) = s(A + ®p) again by Lemma 2.8. To prove (3.46), we will find a real eigenvalue of A + ®q
such that or — i < Ag. Consider the function £ defined by

£ = /Om (/j] 62(0,5)510) (/0 ,Bl(b)e*%ff(“““)*ffr”<C"’>d")d°db) ds — 7.

We have limy o, () = —v and limy_, _ o, £(A) = oo and £ is decreasing. This implies that there exists a

unique A\g € R such that
&(Xo) = 0. (3.47)

We claim that \q is an eigenvalue of A + ®( with an eigenvector given by
o) = [ (0Ot
0
Notice that

¢ho) = /Om ( ' 52(9,5)519) 20(s)ds — . (3.48)

-Tr
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vr — o
£(0)

Figure 3: Graph of £

We have 0

2p(s) = —%()\0 + pu(s) — / v(s, a)do> 20(8) + B1(s). (3.49)

Thus using (3.47), (3.48) and (3.49), we obtain that

0 0

(M+¢@%Mﬁw&ﬁww)v/vwﬁﬂﬁ%@+ﬁdﬁﬁm< meww)%@%
0
= 24(5) = (uls) — [ vl5,0)do)z0(s) + 51 5) (€0h) + )

0

Zﬂ%@—W@—/V@®WM@+WﬂQ

= )\020(5).

-r

Note that (3.40) is equivalent to {(¥r — ) > 0 which implies by the monotony of £ (see Figure 3) that

Ur— < Ao. (3.50)

One can see that (3.50) together with (3.39) insures that 2y € L'(R*). Now by (3.3) and (3.49) we have
2, € L*(RT). We conclude that zp € WH(R™) and thus 29 € D(A + ®) because z¢(0) = 0. Since zy # 0,
we deduce that )\ is an eigenvalue of A + ®. As a consequence, (3.50) implies that or — 1 < s(A + ®g) and
thus 7(Th(to) — K) < 7(To(to)). By applying Lemma 3.10, we deduce that \; := s(A + @) is an eigenvalue
of the operator A + ®g. Thus there exists z € D(A) with z # 0 such that

((A+ Dg) 2) (s) = Mz(s),

that is

(s) = —% (Al +ou(s) — / ' V(S,a)da) 2(s) + %51(3) /O " ( " bat, b)do) Ab)db. (351

-r -r

By solving (3.51) taking into account the fact that z(0) = 0 we get
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Z(S) — Cz (/ e‘%f:(k1+u(0)—fET V(C’U)do)dcﬁl(b)db> , (3.52)
0

1 m 0
where C, is the constant given by C, := ” / ( B2 (o, b)dU) z(b)db. Note that C, # 0 because z # 0.
0

-r

Multiplying (3.52) by [°, 2(c, s)dor, we get that

0 0 s 1 s 0
< ﬁ2(0'7 s)dg) z(s) =C, ( 52(0'7 s)do’) (/ e 7 IS (>\1+M(C)_ffr V(c,a)da)dCBI(b)db>
0

m 0 s o
Y= / ( 62(0’, S)do’) (/ e_% fg*(A1+u(0)—f,T V(c7a)do-)d061(b)db) ds
0

—r 0

Now, by integrating the above equation and using the fact that C', # 0 we get that

m 0 s ) o
v = / ( ﬂg(o,s)dg> </ eAlrfbb(/\1+u(6)f,,u(c,a)da)dc51(b)db) ds,
0

—r 0

thatis £(A1) = 0. Thus s(A+ Pg) = A\ = Ao because ) is the only real zero of £. Note that (3.41) is equivalent

to
m 0 s
f(o) :/ ( 62(0', 3)d0’> (/ e_%f:(ﬂ(c)_fgr D(C,O’)do‘)dcﬁl(b)db> dS — < O
0

—r 0

which implies by monotony of £ that s(A + @) = X\ < 0 (see Figure 3). Therefore using Lemma 2.7 we
conclude that wo(7) = s(A) < 0. The proof is now complete by using (3.42) and the fact that
lu(t, ) < [U(E)]. .
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