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Guoping Zhang
1. Introduction and Preliminaries

The spectrum theory of discrete Schrodinger operators constitutes a fundamental framework in the field of
mathematical physics and quantum mechanics. These operators play a crucial role in understanding the behavior
of quantum systems on discrete spaces, such as lattices or graphs.

In the spectrum theory of discrete Schrodinger operators, the focus lies on the investigation of the eigenvalues
and eigenfunctions associated with these operators. One key aspect of this theory is the analysis of different types
of potentials that can influence the behavior of the discrete Schrodinger operators. These potentials can vary
in nature, including bounded potentials, unbounded potentials, periodic potentials, and even complex potentials.
Understanding the impact of these diverse potential profiles on the spectrum is very important for unraveling the
intricacies of quantum systems in discrete settings.

The spectrum theory encompasses the study of various spectral properties, such as the existence of band
gaps, spectral gaps, and the presence of absolutely continuous, singular continuous, or discrete spectra. These
properties shed light on the system’s spectral structure, revealing essential information about its stability,
resonances, and localization properties.

In addition to the spectral analysis, the estimation of Green’s functions associated with discrete Schrodinger
operators is a crucial topic within this theory. Green’s functions provide insights into the propagator behavior,
which describes the evolution of quantum states in time.

Numerous research works have contributed to the development and advancement of the spectrum theory
of discrete Schrodinger operators. Seminal works by Kirsch and Simon [2], and Remling [3] have provided
significant insights into the spectral analysis of discrete Schrodinger operators. Additionally, the monographs by
Teschl [4] and Simon [5] offer comprehensive treatments of the subject, covering various aspects of the spectrum
theory and its applications.

The spectrum theory of the discrete Schrodinger operators has been extensively applied in research on
nonlinear discrete Schrodinger equations, including the investigation into the existence of standing waves(see
[26-30]). This paper is organized as follows:

* In section 1 we introduce some basic results on the spaces of sequences;

* In section 2 we study the basic spectrum theorem of the discrete Schrodinger operators with bounded,
unbounded or complex potentials;

* In section 3 we provide exponential estimates of Green’s function and eigenfunctions of the discrete
Schrddinger operators;

* Insection 4 we investigate the spectrum structure of discrete Schrodinger operators with periodic potentials;

* In section 5 we review some results on standing wave solutions of discrete Schrédinger equations as an
application of the spectrum theory.

1.1. Spaces of Sequences

In this paper, we focus solely on real or complex-valued sequences that are involved in our research on discrete
Schrédinger equations. For a more comprehensive understanding of Banach sequences, we recommend referring
to classical functional analysis books such as [6, 7, 11, 13], as well as [16].

Let K be the real (R) or complex field (C), Z be the set of integers and d be a positive integer. Let n =
(ny,--- ,nq) € Z% and

3

s
2

126



Spectrum theory of the discrete Schrédinger operator

Any function from Z? to K is called a sequence. We denote the set of all sequence by /(Z) and the set of finitely
supported sequence bon discrete Schrodinger equation. For more details on Banach sequences we refer readers
to classical functional analysis books such as [6, 7, 11, 13] as well as to [16].

Let K be the real (R) or complex field (C), Z be the set of integers and d be a positive integer. Let n =

(n1,--- ,nq) € Z% and
nl= > Inil.

1<i<d

Any function from Z< to K is called a sequence. We denote the set of all sequence by [(Z?) and the set of finitely
supported sequence by

10(Z%) = {ulu : Z* = K,u = {u(n)},u(n) = 0, for all but finitely many n},

Obviously, these are vector spaces with respect to standard operations.
We define some Banach sequence spaces as follows:

¢« co(Z%) = {ulu: Z% = K,u = {u(n)},limy, o [u(n)| = 0},
* P(29) = {ulu: 27 > K u = {u(n)}, 3, ez0 [u(n)|P < 0o}, 1< p < oo,
e 1°°(2%) = {ulu : Z¢ — K,u = {u(n)},sup, ez |u(n)| < oo}.
It is well known that these sequence spaces are Banach spaces when equipped with the following norms:
¢ |ulloo = sup,eza [u(n)], for u € co(Z4),
* Jlully = (Ceze [u()[P) /7. for u € 1P(Z7) and 1 < p < oo,
¢ ||ulloo = sup,eza [u(n)], for u € 1°°(Z%).

Furthermore, [%(Z) is a Hilbert space with the inner product

(w,0) =Y uln)o(n),

nezd

where as usual a stands for the complex conjugate of a € C.
The following embeddings hold:
If 1 < p; < ps < oo, then ||ull,, < ||ull,,, for all u € IP1(Z%); therefore, we have

1P1(2%) c 172 (2.

These embeddings are dense if py < co.
It is easy to see for all 1 < p < co we have

1P(Z%) C co(Z%) C 1°°(22)
The representation of the dual spaces is entirely analogous to the classical result that is listed as follows:
. co(Zd)* _ ll(Zd),
« IP(2%)* =19(Z"), where 1 <p < ooand  + ; =1,

o 11(Z4)r = 1°°(29).
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A Banach space is said to be reflexive if the dual space of its dual space is isomorphic to itself under the canonical
embedding. From the representation of dual space of IP(Z) we know that IP(Z?) is reflexive if 1 < p < oo and
co(Z4),11(Z4) and 1>°(Z?) are nonreflexive.

Assume that vy, is a sequence of elements of [P(Z¢) and v € IP(Z9), 1 < p < co. Let 19(Z¢) be the dual
space of [P (Z?), then we have % + % = land ¢ = oo if p = 1. Therefore we can define the sequence convergence
as follows:

(i) v is norm (or strongly) convergent to v in IP(Z<), denoted by vy — v, if limy_o0 [J0x — v||, = 0, for
1<p<oo;

(i) for 1 < p < oo, vy, is weakly convergent to v in IP(Z%), denoted by vy, — v, if for all u € [9(Z)

lim vi(n) —v(n))u(n) = 0.
kmgz;( k(n) —v(n))u(n)

(iif) for 1 < p < oo, vy is weakly* convergent to v in IP(Z4) = 19(Z?)*, denoted by vj, —*" w, if for all
u € 19(Z%)

Some important theorems are introduced here without proof([16]).

Theorem 1.1. If 1 < p < oo and vy, is a sequence of elements of IP(Z?) and v € IP(Z%), then vy — v if and
only if:

(i) limp 00 |v (1) — v(n)| = 0 for all n € Z4;

(i) Himp—s oo flvillp = [[v]lp-

Theorem 1.2. If 1 < p < oo and vy, is a sequence of elements of IP(Z?) and v € IP(Z%), then vy — v if and
only if:

(i) limp 00 |v (1) — v(n)| = 0 for all n € Z4;

(ii) there exists an M > 0 such that (3, za |up(n)[P)/? < M forall k > 1.

Theorem 1.3. If 1 < p < oo and vy, is a sequence of elements of I’(Z) and v € IP(Z%), then vy, —*" v if and
only if:

(i) limp 00 |v (1) — v(n)| = 0 for all n € Z4;

(ii) there exists an M > 0 such that (3, za |up(n)[P)/? < M forall k > 1.

Recall that a Banach space E has the Radon-Riesz property if and only if the following statement is true: if
vy is a sequence in F and v € E such that vy — v and ||vg|| — ||v||, then ||vy — v]| — 0.

Theorem 1.4. If1 < p < oo, then IP(Z?) has the Radon-Riesz property, that is, vy, — v if and only if:
(i) vp — v,
(i1) [[oxllp = l[o]lp.

The next result gives a criterion for compactness of a subset K C [P(Z%),1 < p < oo, and is completely
similar to the classical theorem ([17]).

Theorem 1.5. If1 < p < oo, then K C IP(Z%) is compact if and only if

(i) K is closed and bounded,

(ii)given any € > 0, there exist a positive integer N = N(e) (depending only on €) such that
(Xjn>N lu(n)|P)}/? < e forallu € K.

A subset K of a Banach space E is said to be weakly sequentially compact if and only if every sequence in
K contains a subsequence that converges weakly to a point in E.

Theorem 1.6. (i) If 1 < p < oo, then K C IP(Z4) is weakly sequentially compact if and only if K is bounded;
(ii) K C 1Y(Z9) is weakly sequentially compact if and only if K is strongly conditionally compact.
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Spectrum theory of the discrete Schrédinger operator

1.2. Some Operators in Spaces of Sequences

We introduce the canonical basis {e; : i = 1,--- ,d} of the free Abelian group Z¢ as follows:
€] = (170707"' 70)792 = (071703"' 70)7"' ,€d = (070707"' 71)

For m € Z% we define the translation operator on [(Z%), denoted by T},,, as follows (T},,u)(n) = u(n — m).
In particular, we obtain the frequently used right shift operator S; = T, and left shift operator 7; = T_,, on
1(Z%) as follows
(Siu)(n) =uln—e;), (Tiu)(n)=uln+e;), Vi=1,---,d.

Obviously, translations are linear operators.

We define the forward partial difference (V;r = T; — I) and backward partial difference (V; =1 — 5;) as
follows

(Viu)(n) = uln +e) —u(n), (V;u)(n)=uln) —uln - e).
T,S; = S;T; = I implies
ViV, =V, VS =5+T, -2

Operators T; and S; act as isometric operators in [P(Z?), 1 < p < co. As consequence, difference operators VZT"
and V are bounded linear operators in all [? (Z%),1 < p < 0.

The following proposition is the analogue (or discrete version) of the product rule of derivative and its proof
is straightforward.

Proposition 1.7. For any u,v € [(Z%)
Vi (w) = uViv+ToViu

and
V. (uww) =uV; v+ S;vV; u.
Making use of elementary identities
S,V =VIs, =v;
and
v, =V;T;=V;,
we obtain the following statement.

Corollary 1.8. Ifu € [(Z?) and v € I(Z%), then

V; Vi(uw) =uV; Viv+ (Viu)(V;v+ Viv)
+ (Vi Viu)(T)
and
VIV (w) = uViViv+ (Viu)(Viv+ Vi)
+ (VFV7u)(Sv).
If d = 1, then the classical Abel’s summation by parts formula reads

m m

> u(n)(VHo)(n) = u(m)o(m + 1) — u(k — Do(k) = > (V" u)(n)v(n)

n=k n==k

(here we skip the index in the notation of difference operators). The formula can be extended to the case d > 1
but we do not use such an extension in the following. We only need the following particular case.
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Proposition 1.9. Assume that either u € [(Z%) and v € lo(Z%), or u € lo(Z?) and v € I(Z?). Then

Y u@)(Viv)(n) ==Y (Vi u)(n)u(n)

nezd neZd
foralli=1,...,d.
Corollary 1.10. In the space 1*(Z) operators Vj' and V" are mutually skew-adjoint, i.e.,
(Vi) =i

foralli=1,...,d.

2. Discrete Schrodinger operators

From now on all sequence spaces are supposed to be complex valued, and we drop C in the notation of spaces.
The norm and inner product in [?(Z?) are denoted by || - || and (-, -), respectively. We use the standard notation
o(A) and p(A) = C\ o(A) for the spectrum and resolvent set of a linear operator A, respectively.

2.1. Discrete Laplacian

The discrete Laplacian —A on Z¢ is defined by

-A=-V~.V*t

I
|
M-
4
<
“"-‘r

Here the second equality follows from the fact that operators V;r and V', j=1,..., d, commutes. In more
details, for any u € [(Z%)

(—Au)(n) = > u(m) - du(n).

|m—n|=1

This is a linear operator in the space [(Z%). It is easily seen that —A leaves the space lo(Z?) invariant, and acts a
bounded linear operator in all spaces [?(Z%), p € [1, o).
The following proposition follows immediately from the summation by parts formula.

Proposition 2.1. The operator —A is a bounded, self-adjoint operator in 1*(Z%). Furthermore, —A is a

nonnegative operator, i.e.,
(—Au,u) >0, uecl*2z).

Proposition 2.2. The spectrum o(—A) is purely continuous and coincides with [0, 4d).
Proof For any u € [2(Z%) we consider its Fourier transform
. 1
a(é) = oy Z u(n) exp(2w€ - n).
(27T) nezd

Then @ € L?([—m,7]). By Parseval’s theorem, ||i| 2 = ||ul|, and the map u + 4 is an isometric isomorphism
between [2(Z?) and L?([—, n1]). A straightforward calculation shows that

—Au(§) = a(§)a(§) ,
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Spectrum theory of the discrete Schrédinger operator

where
d

a() = QZ(COS& -1,

i=1
i.e., —A is unitary equivalent to the multiplication operator by a(¢) in L?([—, nr]) and, therefore, the spectra of

these two operators coincide. It is easily seen that the spectrum of multiplication operator by a(€) is precisely the
range of a(§) which is equal to [0, 4d]. The proof is complete.

2.2. Self-adjoint Discrete Schrodinger Operator

Let V € I(Z%) be a real sequence. We associate with V' the multiplication operator by V. In what follows
we do not distinguish notationally between the sequence V' and the associated multiplication operator. Such
operators can be considered as, generally, unbounded operators in various sequence spaces. The most important
case for us is the /2 case. More precisely, the multiplication operator by V in 12(Z%) is defined on the domain

D(V) = {uecl>(Z%) : Vuc*(z%)}.

Obviously, D(V') is dense in [?(Z%). As a diagonal operator, the operator V is self-adjoint. It is easily seen that
V is a bounded operator and D (V') = [?(Z%) if and only if V € (~(Z4).
The discrete Schrodinger operator with potential V' € [(Z?) is defined by

L=-A+V,

where V' is regarded as the operator of multiplication by V. Mainly we consider L as an operator in the basic
Hilbert space [?(Z<) though time by time we shall need to study its action in other spaces. Note that both —A
and V are self-adjoint operators in [?(Z?), and the first one is bounded. Therefore, the classical result on the sum
of self-adjoint operators in its simplest form immediately yields the following statement.

Proposition 2.3. The Schridinger operator L is a self-adjoint operator in 1?(Z%) with the domain D(L) =
D(V). In particular, L is bounded if and only if the sequence V' is bounded.

If L (equivalently, V) is unbounded, we equip D(L) = D(V') with the graph norm. It is convenient to use
the graph norm associated with V/

lullz = (lull?® + [Val®)'?, e D(L), 2.1)
Then the domain becomes a Hilbert space with inner product
(u,v)r, = (u,v) + (Vu, Vo), we D(L),ve D(L). (2.2)

Notice that the embedding D(L) € 12(Z?) is continuous and dense. Furthermore, for every A € p(L) the
operator (L — AI)~! maps [?(Z?) onto D(L) isomorphically. We say that the operator L has compact resolvent
if for some (hence, for all) A\ € p(L) the operator (L — A\I)~! is compact. Equivalently, this means that the
embedding D(L) C [?(Z%) is compact. Also the compactness of resolvent is equivalent to the property that the
spectrum o (L) is purely discrete, i.e., consists of countably many eigenvalues of finite multiplicity with the only
accumulation point at infinity. These results have been applied in our research on standing waves of nonlinear
discrete Schrédinger equations with unbounded potential (see [26-30]).

Theorem 2.4. The spectrum of L is purely discrete if and only if |V (n)| — oo as |n| — oo.

Proof Due to the second resolvent identity,

(L —il)™ = (V —iD) ™t = (L —iD) " *A(V —4) L.
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This implies immediately that L has compact resolvent if and only if so does V.
Assume that |V (n)| — oo as |n| — oo and prove that the embedding D(V') C 1?(Z%) is compact. With this
aim it is enough to show that the set

B = {ue P2« |lul® + |[Vul® <1}
={uel@: Y A+ IV)P)lu@) <1}
nezd
is precompact in [?(Z). For any ¢ > 0 there exists N > 0 such that
L+ |V >t

whenever |n| > N. Then

Yo @ <e Y A+ V)P um)? <«

In|>N [n|=N

Since B is obviously bounded in [2(Z?), Theorem 1.5 implies that B is precompact in [?(Z%).
Now we prove that the compactness of embedding D(L) C 12(Z%) implies that |V (n)| — oo as |n| — oo.
Assuming the contrary, we see that there exists an infinite set S C Z? such that V is bounded on S. Then on the

subspace
{uel?(Z% :un)=0 VYn¢gS}cC D(L)

the /2-norm and the graph norm are equivalent, and, therefore, the embedding D(L) C I?(Z?) is not compact.
The proof is complete.

Remark 2.5. If d = 1, then all isolated eigenvalues of L are simple.
Assume now that the potential V' is bounded below, say,
V(n)>a, nelZl,
for some a € R. Then the operator L is semi-bounded below, i.e.,
(Lu,u) > alull*, we D(L).
In this case the associated sesquilinear and quadratic forms have explicit representations
QL(U7U) = (V+ua V+U) + (VU,U)
=(V7u,V7v) + (Vu,v).
and
qr(u) = |V ull® + [|Vul?
= IV7ul® + [Vul*.
We remind that qr,(u) = qr.(u, u).
The domain D(qy,), i.e. the form domain, or energy space E = Ej, of L, is a Hilbert space with the inner
product
(u,v)g = qr(u,v) + C(u,v),
where C'is large enough. Notice that all these inner products are equivalent. If the operator L is positive definite,
i.e. a > 0, the most natural inner product is (-,-)z = qr(-,-). Also we note that E consists of all u € [?(Z%)

such that |V'|*/2u € 12(Z4).
Making use of the arguments similar to those in the proof of Theorem 2.4, we obtain the following proposition.

Proposition 2.6. Assume that the potential V' is bounded below. Then the following statements are equivalent.
(i) The embedding D(qr) C 12(Z%) is compact.

(i1) V(n) = o0 as |n| — oc.
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Spectrum theory of the discrete Schrédinger operator

2.3. Dissipative Discrete Schrodinger Operator

First we remind some general results (see, e.g., [20, 23] and, in the case of operators in real Hilbert spaces,
[8]).
Let A be a linear operator in a Hilbert space H, with domain D(A). The operator A is said to be dissipative
if
Re(Au,u) <0

for all w € D(A). It is called m-dissipative if, in addition, A is closed and the range R(A — AoI) is dense in H
for some \g € C with Re\g > 0.

Proposition 2.7. Let A be a closed, dissipative operator. Then the following statements are equivalent:
(a) Ais m-dissipative;
(b) there exists Ao € C, with Re\g > 0, such that A\ € p(A);
(c) {A € C:ReX >0} C p(A);
(d) the domain D(A) is dense in H and A* is m-dissipative.

If A is m-dissipative, then
[(A =D~ < (Ren) ™
whenever Re\ > 0.
Proposition 2.8. A linear operator A in H is m-dissipative if and only if its domain D(A) is dense in H, A is

closed, (0,00) C p(A), and
I(A=ADTH < A™!

forall A > 0.

Proposition 2.9. Let A be a densely defined closed linear operator in H. If both A and A* are dissipative, then
A is m-dissipative.

Remark 2.10. A linear, dissipative operator A in H is called maximal dissipative if for any disipative operator
A such that D(A) ¢ D(A) and A‘D(A) = A we have D(A) = D(A) and, hence, A = A. In other words,
A is maximal dissipative if it has no proper dissipative extensions. In fact, the classes of m-dissipative and
maximal dissipative operators coincide (see, e.g., [8]). Thus the term ‘m-dissipative’ is an abbreviation for the
term ‘maximal dissipative’.

Now we consider the discrete Schrodinger operator with complex potential V € [(Z<). We keep the notation
V for the operator of multiplication by the sequence V" acting in (?(Z?), with the domain

D(V) = {uel*(Z% :Vuecl*z}.

As in Subsection 2.2, this is a closed linear operator, and it is bounded if and only if V' & loo(Zd). Since the
operator V is diagonal, for its adjoint operator we have that V* = V, where V is the complex conjugate of V/,
and D(V*) = D(V) = D(V).

As usual, the Schrodinger operator with complex potential V' is defined by

Lu=—-Au+Vu, weD(L),

with the domain
D(L)=D(V).

Since A is a bounded operator, the operator L is closed, D(L*) = D(L), and
L'u=—Au+Vu, D(L).
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Proposition 2.11. Assume that ImV (n) > 0 for all n € Z°. Then the operatoriL is m-dissipative.

Proof LetV = V;,+iV;. Due to Proposition 2.9, it is enough to show that both i and —iL* are dissipative.
Since [Vo(n)| < [V(n)| and |Vi(n)| < |V (n)| for all n € Z4, we have D(V) C D(Vy) and D(V) € D(V3).
Then, for all u € D(L),

(iLu,u) = —i(—=Au, u) + i(Vou,u) — (Viu,u),

and, by the assumption of proposition, Re(iLu, u) < 0forall w € D(L). Thus, iL is dissipative. The dissipativity
of —iL* follows similarly.

3. Exponential Estimates

In this section we consider Green’s function of discrete Schrodinger operator and eigenfunctions with isolated
eigenvalues of finite multiplicity.
Let {6y } ez« be the standard orthonormal basis in [2(Z%), i.e.,

1,n=k,
‘M"):{o Z;«ék.

For any A € p(L) we define Green’s function G(n, k; \) by
G(n,k;N) = (L= X)"16,6,), k,nezd.
The following symmetry identities are straightforward:
G(k,n; \) = G(n, k; A)
and _
G(n,k; A) = G(n, k; A)
foralln € Z4, k € Z4 and \ € p(L).

The main result on Green’s function is the following theorem.

Theorem 3.1. Let K be a compact subset of p(L). There exist constants C = C > 0 and o« = a > 0 such
that
|G(k,n; \)| < Cexp(—aln — k|) 3.1

foralln € 74, k € Zand \ € K.
As consequence, we obtain the following representation of resolvent.

Proposition 3.2. If \ € p(L), then for all f € I>(Z)

(L=AD)T ) () = Y Gl ks N (k). (3.2)

kezd

Furthermore, the right-hand side of (3.2) converges for f € IP(Z%), and defines a bounded linear operator in
1°(24) for all p € [1, ).

Remark 3.3. By Proposition 3.2, the resolvent (L — NI)~, X\ € p(L), extends to a bounded linear operator in
1P(Z%) for all p € [1,00]. Actually, the operator L can be considered as a closed, in general unbounded, linear
operator in IP(Z%), p € [1,0c]. The resolvent set of such extension contains p(L), and the resolvent of extension
is given by the right-hand side of (3.2) for A € p(L). In fact, one can show that the spectrum of L considered as
an operator in IP(Z4), p € [1, 00|, is independent of p but we do not use this result.
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Spectrum theory of the discrete Schrédinger operator

As the first step toward the proof of Theorem 3.1 we introduce the action of discrete Schrodinger operators in
certain weighted [? spaces. Let
Ve k(n) = e~eln=kl necz?,

and let
12,.(Z% ={uel(Z) : pepu € *(2%)},

where ¢ € R. Endowed with the norm |||z 1 = ||¢e ru
by @, ;. the multiplication operator by ¢, 1

, this is a Banach (actually, Hilbert) space. We denote

(I)E,ku = Pe kU -
Then @ j, maps 2 . (Z4) onto 1%(Z<) isometrically, and the inverse operator
O, 1H(ZY) — 12 ,(2Y)
is represented by ®_. .
Now we introduce the operator L. j, in li 4 (Z4) as follows. Its domain D(L. j) is given by
D(Lek) = @ D(L) = @, D(V),
and the action of L. j is given by
Leyu=—-Au+Vu

for all w € D(L. ). Itis easily seen that L, j is a closed linear operator in the space lg’ (Z%). Notice that it is
bounded if and only if the potential V' is bounded. The operator L, j, is isometrically equivalent to the following
operator

La’k = (I)s,k‘Ls,kq)fs,k

in the space 12(Z%). Its domain coincides with D(L).

In the notation just introduced we suppress k whenever k = 0.

Lemma 3.4. Let K be a compact subset of p(L). Then there exists a constant €y > 0 such that for every A € K
the operator L. j, — X\l has a bounded inverse operator for all k € Z% and all £ € [—&0,¢€0]. Furthermore, the
norm of (L. — M)~ is bounded above by a constant independent of A € K, k € Z% and ¢ € [—¢, &o)-

Proof  Since operators L. j and L& * are isometrically equivalent, it is enough to prove the statement with
Le ;. replaced by L&F.
Making use of Corollary 1.8, we have
L% =L+ By,
where
d
Bak“ = - Z[‘Pak(vfﬁp—a,k)(vj + v;)u + %,k(vaj%’—a,kﬂ}u] .

i=1

We claim that B, j, is a bounded linear operator in [2(Z%) and

1Bz k|| = o(lel)

uniformly with respect to k € Z<. Indeed, an elementary calculation shows that
Pen(n) (Vi oocp)(n) =1 - e,
depending on whether n; — k; > 0 or not, and therefore is o(|¢|). Similarly,

e o(n) (V5 Vio_er)(n) = o(e?)
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uniformly with respect to k € Z9.
Since the resolvent (L — AI)~! is uniformly bounded as A € K, there exists eg > 0 such that

1B illI(L = ADTH <
for some « € (0, 1). Then the operator
I+B.p(L-X)", MNeK,
is invertible in 12(Zd), and its inverse is uniformly bounded. Hence, the operator
LK — XTI = (I + Bo (L — XI)™H)(L — \)

has the inverse operator which is uniformly bounded if A € K.
The proof is complete.

Remark 3.5. From the proof of Lemma 3.4 it is clear that (L% — \I)~1 depends continuously on (\,¢) €
K x [—&9,¢&0].

Proof of Theorem 3.1:  Since
G k5 A) = (Li—egur) — M) ™0k
and ||0g||—¢,,k = 1 we have, by Lemma 3.4,

IG (- ks N2 > NG, ks NP < L —aq ) = AD TP 100 ]2 0o 1 < C.

—e0,k — —€o0,
nezl

The result follows with o = &¢.

Proposition 3.6. Assume that 0(L) = ¥o U X4, where X9 and X are disjoint closed sets, and X is bounded.
Then the spectral projectors Py and P that correspond to the spectral components ¥o and 3.1, respectively, are
continuous with respect to [P norm for all p € [1, o).

Proof Since P, = I — P, it suffice to prove [P-continuity only for Py. Let I' C C be a smooth, closed,
connected, counterclockwise oriented curve surrounding the set 3¢ and such that 'Y, = (). Then P, possesses

the representation
1
Py=—— [ (L—-A)d\,
2me Jr
and the result follows from Proposition 3.2.
Now we turn to discrete eigenvalues.

Theorem 3.7. Let \o be an isolated eigenvalue of L with finite multiplicity, and u € 1*>(Z%) be an associated
eigenfunction. Then there exist constants o > 0 and C' > 0 such that

lu(n)| < Cexp(—aln|), nezt.
Proof Let I be a circle centered at Ao, counterclockwise oriented, and such that it does not intersect o (L).
Then the eigenspace E of L that corresponds to the eigenvalue A is the image of the Riesz projector

1
P=—— [ (L-X)"td\,
21 Jp
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and £ = dimF is the multiplicity of A\g. By Remark 3.5, in a small neighborhood of ¢ = 0 the operator
(L — XI)~ ! is a continuous function of £ and X € T'. Hence, the Riesz projector
3 1 € —1
Pf=—— [ (LF=AI)""dX
211 T

as a bounded operator in [?(Z%) depends continuously on ¢ in that neighborhood, and dimE® = k < oo is
independent of €. Notice that P = P and E° = E.

As isometrically equivalent to L°, the operator L. has the same spectrum. Its Riesz projector P. that
corresponds to the part of spectrum inside I" is isometrically equivalent to P¢. Indeed,

1
PO . =——— [ O (L. —N)"'®_.d\
2wt Jr
1
=—— [(®(L-A)®_.)"'d\ = P°.
271'7, 1"( E( ) E)

As consequence, the image E. of P. is isomorphic to £°. Since both spaces are finite dimensional, dimFE, = k.
Ife = —a < 0, then
12(z%) c P(z),
D(Lc) € D(L)

and the operator L. is the restriction of L to D(L.). Therefore, the resolvent (L. — AI)~! is the restriction of
(L — AI)~! to the space 12(Z%). Hence, the projector P- is the restriction of P, and E. C E. Since both these
spaces have the same dimension k, we see that E = E. C [2(Z%). Thus, for any eigenfunction u € E, we have

exp(al - u € 1?(24) c 1°(Z%) .
This yields immediately the required, and the proof is complete.

Corollary 3.8. If u € 12(Z9) is an eigenfunction of L associated to an isolated eigenvalue of finite multiplicity,
then u € 1*(Z4).

4. Periodic Discrete Schrodinger Operators

In this section we consider the Schrodinger operator with periodic potential. We fix N = (N1, ..., Ny) € Z¢
such that N; > 1forall¢ = 1,...,d. Assume that the potential V' is N-periodic, i.e.,

Vin+N)=V(n), neZ.

Notice that in this case the operator
L=-A4+V

is a bounded self-adjoint operator in [2(Z4).
The periodicity cell Oy is defined by

Ov={neZ':0<n; <N;—1,i=1,...,d}.

The cardinality of [ is equal to
|IOn| = NiN2---Ny.

The lattice of periods G is the subgroup of Z¢ generated by the vectors N;e;, i = 1,...,d. We denote by G’
the dual lattice to G’y which consists of all vectors x € R? such that & - v € 277 for all ¥ € G . Here - stands

e
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for the usual dot product in R?. More explicitly, G, is the subgroup of R? generated by the vectors 27 N, iflei,
i=1,...,d
Recall that (unitary) characters of the group Gy, i.e., group homomorphisms

Gy = S={z€C:|z| =1},

are of the form
Xe() =€, y€eGy,

where ¢ € R?. According to physics terminology, vectors ¢ are called quasi-momenta. It is easily seen that

Xé+r = XE

for all k € G'. Therefore, we can restrict the values of quasi-momenta to the set

By ={¢eR?: —ﬁ<g, vi=1,...,d}.

- N
In physics the set By is called Brillouin zone.
For a sequence u € 12(Z%) we define its Floquet transform by

|DN‘1/2

(n 5) W U(n + 'y)e_ié.’y . (41)

vyeEGN

For any n € Z? the series in the right-hand side of (4.1) converges in the sense of L?(By), and @(n, &) is a
G'\-periodic function with respect to £:

a(n, &+ w) =a(n,€), nez,
for all Kk € G'yy. Also it is easily seen that
(n+7,8) = (n, ), €GN (42)

As consequence, (-, &) is completely determined by its restriction to [y, and we can consider the Floquet
transform of u as a function 4(£) with values in the space F)y of complex functions on (. We equip F; with
the standard inner product of /2 type. The function u also can be considered as a function on G’y with values in
Fy. In this context the Floquet transform becomes the Fourier transform for Fy-valued functions on the group
G'n. Hence, the mapping u — 1 is a unitary equivalence between 12(Z?) and L?(By; Fy), and we have the
following inversion formula

|DN |1/2 ~ &y
or\a2 a(n,&)e*7de, ~ve€Gn,nely. 4.3)
(2m)42 Jpy

Now we look for a representation of operator L in terms of the Floquet transform. More precisely, let us
define the operator L by

u(y+n) =

(La)(€) = Lu(€), €€ By.

Proposition 4.1. There exists a real analytic function M (§), with values in the set of self-adjoint operators acting
in the spaces Fy, such that (Lu)(§) = M (§)a(€).

Proof We represent the operator L in the form

d
. e
L=-3Vivi+v,

j=1
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where
and

Making use of periodicity of V', we have

T2
B e = Y Vin+utn+) = Vi) Y uln+),

YEGN vyeEGN

ie., V isthe operator of multiplication by V/, and does not depend on &. Straightforward calculations show that,
forj=1,...,d,

it = { e T
and (n) ( )
A u(n) —u(n —e;), nj =0,
(Vi Juln) = {u(n) — e Ni&u(n + (Nj — 1)e;), nj = 0.
Since

the result follows.
Remark 4.2. Notice that the matrix M (§) is Gy -periodic in €.
The following theorem provides an information about the spectrum of periodic discrete Schrédinger operator.

Theorem 4.3. The spectrum of discrete Schrodinger operator with N -periodic potential is equal to the union of
|| bounded closed intervals By, k = 1,...,|On]|.

Proof For the sake of simplicity, we set r = |CJy|. Let

p(€) < p2(§) < - < ue(§),

be the eigenvalues of the matrix M (£). Due to Remark 4.2, the eigenvalues are G’} -periodic functions of {. By
Proposition 4.1, A € o(L) if and only if A = 14 (&) for some k = 1,...,r and some ¢ € By. Furthermore, the
matrix M (&) depends analytically on £. Perturbation theory of finite dimensional self-adjoint operators implies
that the functions p(€) are continuous and piece-wise analytic. Hence, the range of 1 (£) is a bounded closed
interval By, k =1, ..., 7, and the proof is complete.

The intervals By, are called spectral bands. It may happen that some, or even all, bands are separated by
open intervals free of spectrum. Such open intervals are called spectral gaps. Certainly, there are two infinite
intervals free of spectrum, above and below o(L). Sometimes these intervals are also called (infinite) gaps. In
physics literature the multi-valued function o (M (£)) is called the dispersion relation.

A detailed discussion of the discrete Floquet theory in dimension d = 1 can be found in [24] (see also [18]).
Notice, that the case d > 1 does not appear in the literature. The presentation in this section follows [10], where
operators on periodic discrete and quantum graphs are considered (see also [14]). For the Floquet theory of
ordinary and partial differential equations we refer to [9, 12, 15, 22].
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5. Standing Wave Solutions

In this section, as an application of the spectrum theory, we review some results (in [30]) on the existence
of nontrivial standing wave solution of the discrete nonlinear Schrodinger equation with the growing potential
at infinity. We combine the variational method with Proposition 2.6 to demonstrate the existence of nontrivial
standing wave solutions.

We consider the one-dimensional discrete nonlinear Schrédinger (DNLS) equation,

Wy + Ay, — vathn + 0y f(hn) =0, n € Z, (5.1)

where 0 = +1 and
A'(/)n = '(/)nJrl - 2'(/)71 + 1pnfl (52)

is the discrete Laplacian operator.

5.1. Assumptions and Main results

(A1) Assume that the nonlinearity f(u) is gauge invariant, that is, f(e™u) = €™ f(u) for any w € R.

Thus we can consider the special solutions of the equation (5.1) of the form v,, = e~#“u,,. These solutions
are called standing waves or breather solutions. Inserting the ansatz of a standing wave solution into the equation
(5.1) we see that any standing wave solution satisfies the infinite nonlinear system of algebraic equations

—(Aw)y + vty — Wy — oY f(un) =0 (5.3)
(A2) Assume that there exist two constants 0 < v < % such that for any n € Z,
< WM< (5.4)
(A3) Assume that the discrete potential V' = {v,, },,cz is bounded from below and satisfies

lim v, = oo. 5.5)
|n|—o0
Without losing the generality we assume that V' > 1 and denote H = —A + V which is well-defined on [*(Z).
Let
E={uecl@): (~A+V)Puc @)}, luls = (-2 + V)" 2ullpg). (5.6)

We denote by \; the smallest eigenvalue of H. With the help of Proposition 2.6, under slightly strengthened
assumption (A2) with v = 0, using Nehari manifold approach we proved (see [29]) the existence of standing
wave solutions for the case w < A; and the power nonlinearity

flu) =|uPu, 2<p<oc. (5.7)

Theorem 5.1. Assume that the equation (5.3) satisfies (5.4), (5.5) and (5.7). Then we have
(1)if o = —1,w < Ay, there is no nontrivial solution for the equation (5.3);
(2)if o = 1,w < Ay, there is at least a pair of nontrivial solution 4 in 1?(Z) for the equation (5.3);
(3) The solutions obtained in case (2) exponentially decay at infinity, that means, there exist two positive constants
C and o such that
lun| < Ce=eInl, n € Z.

We rewrite the equation (5.3) as

Hu, — wuy — 0y, f(uy) = 0. (5.8)

3
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Now we list some basic assumptions on the nonlinearity f(u) here.
(f1) Assume that f(u) € C*(R). The assumption (A1) implies f(u) is an odd function.
(£2) There exist a positive constants C; and 2 < p < oo such that

|f(u)] < Cy(1+ |ulP™h). (5.9)

(£3) Assume that f is superlinear near 0, that is,

lim M =0. (5.10)
u—0 |u‘
(f4) There is a 2 < ¢ < oo such that
0 < gF(u) <uf(u), ,Yu#0, (5.11)
where "
F(u) = / f(s)ds. (5.12)
0

Combining (5.9) and (5.11) we can conclude that ¢ < p and there is C5 > 0 such that
F(u) > Colul?, VueR. (5.13)

From (5.9) and (5.10) it is easy to show that for any given € > 0, there exists A = A(e) > 0 such that for any
u € R

fluyu < elul? + Alul?, (5.14)
€ A
< Z|ul? 4+ =ulP. -
F(u) < 2|u\ + p\u| (5.15)

A typical example for f is the following power nonlinearity, for some 2 < p < 0o, ¢ = p

flw) = ufP~u, () = (p = DufP?, F(U)=%\U|”o

Now we can define the action functional
1
'](u) = 5((H - W)uvu) - UZnEZVnF(un)v (5.16)

The assumption (5.9) and Proposition 2.6 imply that J(u) € C'(E,R) and
(J'(u),v) = ((H — w)u,v) — 0Xpnez¥nf (un)vn. (5.17)
Now we summarize our main results as follows.

Theorem 5.2. Assume that the equation (5.3) satisfies the assumptions (Al)-(A3) and the nonlinearity f satisfies
the assumptions (fl)-(f4). Then
(1)ifo = 1,w € R, there is at least a pair of nontrivial solution +u in 1*(Z) for the equation (5.3);
(2) the solutions obtained in (1) exponentially decay at infinity, that means, there exist two positive constants C'
and « such that

lun| < Ceeml, n € Z;

(3)if o = 1,w € R, there exists an unbounded sequence of critical values of the functional J(u). Consequently,
there exist infinitely many pair of exponentially decaying standing wave solutions in 12(Z) for the equation (5.3).
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5.2. The Palais-Smale condition and Linking Geometry

The following lemma, proven in [30], establishes that the functional J satisfies the so-called Palais-Smale
(PS) condition.

Lemma 5.3. For c = +1 and w € R, J(u) satisfies the (PS) condition, that is, any sequence u®) € E such that
J(u®) is bounded and J'(u*)) — 0 contains a convergent subsequence.

By Theorem 2.1 and Remark 2.5 the spectrum of the Hamiltonian operator H is discrete and without losing
the generality we can assume that

1< A< A< <A < oor — 00.
Let ¢y, be the associated normalized eigenfunction with Ay for each k, that is,
Hop = Medr, oz = 1.

Moreover, {¢ : k =1,2,---} is an orthonormal basis of [?(Z).
For any w > Ay, there exists a unique & such that w € [Ag, Ag41). Let

Y:Span{¢1a"' 7¢k}a dimY =k < o0,

for w < A1, we take Y = {0}, then the Hilbert space E can be decomposed into the direct sum

-l

E=Y®Z Z=Y"*=Span{o;lj >k+1}

Notice that the linking geometry will be reduced to the mountain geometry as Y = {0}. Therefore the Mountain
Pass theorem can be viewed as a special case of the Linking theorem.
Let z € Z, ||z||g = 1 and define

N={uveZl||ulp=r}, M={u=y+XlyeY,|ullp<p=0}
and the boundary of M

OM ={u=y+Azly €Y, |lullp =p,A=0o0r |ulp < p,A =0}
={u=y+rzly eV llulle =p,A>0}U{y €Yllylle < p}-

According to the linking theorem in the Appendix we need the following lemma (linking geometry) to prove our
main result Theorem 5.2.

Lemma 5.4. There exist two positive constants p > r > 0 such that

inf J(v) > sup J(v).
veEN () 1)681111 ()

Proof. Lety =37 ai¢; € Yandz =37, bip; € Z with ||2||p = 1, that i,
[H' 22l =1 Y Ab7 =1.
i=k+1
By a simple calculation we obtain

k k
lyle =D Niaf, Ny +Azllf =Y haf + 2%,

i=1 =1
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Letu = Z?ik+1 ﬁ,(bz e Z,
1
Ty = L((H = w)u,u) — 32 30 F ().
neZ
For any € > 0, there exists A = A(e) > 0, such that

0 < F(u) < elul® + AlulP.

Since
o0

ST =y =5 37 (- w)i

i=k+1
by virtue of (5.4) we have

J(u>2, Z (A —w)B? —Fle Z B + Allullf,]
i= k+1 i= k+1
2, Z i — (w/2 + 7¢) Z B2 —~FA( Z B2)P/2,
1=k+1 i=k+1 i=k+1

Let(5:)\k+1—w>0and0<5<%.IfueN,then

Z XiBE = llullf = r* > Ao Z Bz,

i=k-+1 1=k+1
which implies

Z B < 1%/ Aes1,

i=k+1
thus 5 S A
5
Iy = 0 = T = i)
ANkt1 )‘Z{H
Notice that f(r) reaches its maximum value at
r:(i)ﬁ/\lﬂ (5.18)
QPWA k+1> :
and (-25 6
p— 2
> P— . A
J(u) = 1p (2p7A) >0 (5.19)

Consider a special z = ¢k+1/)\ then z € Z and ||z||p = 1. Lety = Zle a;¢; and

k10
u=y+ Az €IM C Span{¢y,d2, -+ ,dr11} =Y @ {s¢p11: s € R}.

We distinguish two cases.
(M A=0,]|yllg < p, then

and
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2)A > 0and ||y + Az||g = p, that is
k
Zx\ia? =p* = \%,
i=1

then

) = Iy +A2) = ~(H —wu,u) — 3 AF(un)

2
neZ

1 w
= Slly+AzlE = Sy + Azllie = Y- AaF(un)

neE”Z
2 k
Sy % - ‘;;af —EZAHF(%)
= %2_ 2L;:j1 B w(p;\_ ) —1Colly + Az,
- %2( - /\%) + %(/\ik - /\:H)XZ —7Cally + Azl

Notice that all norms in a finite dimensional space are equivalent and y+ Az belongs to a finite dimensional space,
then there exists a positive constant K depending on k and ¢ such that

1y + Azllie = Klly + Az
Thus for0 < A <p

k
1 1
Tw) = Iy +22) £ (1= 55) + 550 = N = 2CK (Y af + 4 Ag) "
i=1

1 1 2 1 1

- N — Ny K1 - -
Ak /\k-i-l) g (/\k ()\k Akl

<C0-)+5( )72 = G,

Notice that for 0 < A < p
1 1 1 1 1 32)15

G\ =wA(— — + Oy K9\ — —(— - >0,
g ()\k )\k+1) -2 <>\k Aer1” A A Apr -
thus 5 O K
~ 702
< = 2= 1 = .
J(u) < Orgggpg(A) e N P! =g(p)

Therefore there exists p > r > 0 such that g(p) < 0. By the choice of r 5.18 we know that

inf J(u) > f(r) >0>g(p) > sup J(u).
ueN weAOM

|
5.3. Exponential Decay
The following theorem about exponential decay of standing waves was proved in [30].
Theorem 5.5. Let u € 12(Z) be a solution to the equation (5.3). If u satisfies furthermore
lim vy f (un) = 0, (5.20)
|n|—o0
then there exists two positive constants C and « such that
| < CemeInl, neZ. (5.21)
S
V=)

144



Spectrum theory of the discrete Schrédinger operator

5.4. Proof of Theorem 5.2

Now we prove our main result Theorem 5.2 as follows (also see [30]). Actually, by Lemma 5.3 and Lemma
5.4 we know that the functional J(u) satisfies the Palais-Smale condition and the linking geometry. Thus (1)
becomes a natural consequence of the linking theorem 5.7. (2) is just a corollary of Theorem 5.5. Therefore we
only need to prove (3). To this end we need one more lemma.

By Remark 2.5 we can define the nested sequence of finite dimensional space { E,,,} in Theorem 5.8 as follows.
Forw < Ay, E,, = Span{¢1, -+ ,dm}, and for \y < w < Apg1, & > 1, B,y = Span{é1, -+, drtm |}, for
m=1,2,---.

Lemma 5.6. There exist two positive constants ¢, and co depending on k and m such that for any u € E,,,
J(u) < ealfullf — e2llullh- (5.22)

We can see that the assumption (B2) in Theorem 5.8 is an immediate consequence of Lemma 5.6 since
q > 2. Since the assumption (B1) has been verified in the proof of Lemma 5.4, (3) of Theorem 5.2 becomes a
consequence of Theorem 5.8. Therefore we can complete the proof of Theorem 5.2 now by showing Lemma 5.6.

Proof of Lemma 5.6 For the case m = 1, it has been done essentially in the proof of Lemma 5.4 if we notice
that for any u € F/p, there exist unique y € Y and A € R such that u = y 4+ Az, where Y and z are defined in the
proof of Lemma 5.4. Therefor by a similar calculation in the proof of Lemma 5.4 we obtain for v €

A —w yCo K1
J(u) < )} - = |ullg (5.23)
2N+ Z/+1

For the case m > 1, let wy, = (Ag+m—1 + Ak+m)/2. We define a functional
1
Im(u) = 5((H — W)U, ) — %’YﬂF(un)a

which is just the function J(u) with a different frequency w = w,,. Notice that Agim—1 < Wi < Agtm, DY
(5.23) with k£ + 1 replaced by k + m we obtain for any u € E,,,

)\k+m — Wm 2 XCQKQ q
1) < SRl — Sl (524

k
Thus let u = 7" a;¢;, from
k+m k+m

lullz = > Xiaf > X Y al,
=1 i=1

we obtain for any u € E,,,

k+m
1
() = Jn(w) + 5 (@ —w) Y a?
i=1
Akgm — W , C2K1 W — W
< [ktm  m _ q zm = 2
< SRl - Syl +
)\ker—w 9 lCQKq q
<o [[ull i l[ullg

which implies (5.22). Therefore Lemma 5.6 holds.
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5.5. Appendix: Linking theorem and Multiple Critical Points

Here we recall the so-called linking theorem (see [19, 21, 25]). Let E = Y @ Z be a Banach space decomposed
into the direct sum of two closed subspaces Y and Z, with dimY < co. Let p > r > 0 and let z € Z be a fixed
vector, ||z|| = 1. Define

M=Au=y+Xz: yeY,|ul|<p,A>0} N={ueZ: ||u|=r}
The boundary of M is denoted by OM
OM={u=y+Xz: yeY,|ul|=pand A >0, or |Jul]| < pand A = 0}.

Theorem 5.7. Let J(u) € C(E,R) and assume that J satisfies the Palais-Smale (PS) condition, i.e. any
sequence u*) € E such that J(u'®) is bounded and J'(u'®)) — 0 contains a convergent subsequence. Assume
also that J possesses the following so-called linking geometry

8= inf J(u) > sup J(u) = . (5.25)
ueN u€dM

LetT ={y e C(M,E): v='1idon OM}. Then

c = inf sup J(v(u
inf sup (v(w))

is a critical value of J and

B <c< sup J(u). (5.26)
ueM

Multiple Critical Points Here we recall a Zy version of the Mountain Pass Theorem (see Theorem 9.12 in
[1] or [21]).

Theorem 5.8. Let E be an infinite dimensional Banach space and let J € C*(E,R) be even, satisfy the Palais-
Smale condition, and J(0) = 0. If E =Y @® Z, where Y is finite dimensional and J satisfies

(BI) there are constants r, o > 0 such that J|sp,.nz > «, and

(B2) for a nested sequence E1 C E5 C --- of increasing finite dimension, there exist p; = p(FE;) > 0 such that
J<0onBj ={z € E;||z| > pi} fori=1,2,---,

then J possesses an unbounded sequence of critical values.
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