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Abstract. We study a Pantograph-type equation with Katugampola fractional derivatives. Under nonlocal conditions, we
establish some existence and uniqueness results for the problem. Then, some other main results are proved by introducing
new definitions related to ULAM stability.
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1. Introduction

It’s seen now that technology is a very important matter basis for peoples life, governments systems, specially
with the COVID-19 global pandemic happening. As the technology grow faster the need of mathematical
modeling grow bigger.

Nowadays, the fractional calculus theory has proven it important use as a tool in modeling many real life
problems as energy-saving, national economics growth, Image processing, engineering, biology, physics and
fluid dynamics and many other researches area see [9, 12, 20, 26]. The fractional calculus theory is based on
the study of partial and ordinary differential equations, where the derivation or the integration operator is of non-
integer order « or complex with Re(a) > 0. The most three known approaches of operators of fractional calculus
theory were given by Griinwald-Letnikov in 1867; 1868, Riemann-Liouville in 1832; 1847 and Caputo 1967 [15].
The treatment of a fractional differential equation mostly involve the study of the exitance and uniqueness of the
solution or only the existence of the solutions also the stability of this solutions is implicated, many scholars has
given a widely amount of interesting results in such researches see [2, 4, 6, 8, 11, 16, 22, 28].
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The pantograph equation with nonlocal conditions via Katugampola fractional derivative

In 1971 Ockendon and Taylor [21] did the research on the way in which the electric current is collected by
the pantograph of an electric locomotive using a delay equation

w'(t) = aw(t) + bw(et) 0<t<T,0<e<l1,
w(0) = wo,

which is now called the Pantograph equation. Since that time many researchers studied and used it in different
mathematical and scientific areas as number theory, probability, electrodynamics, medicine, see [21, 25, 27] and
the bibliography therein.

A lot of researches have been done on the fractional pantograph equations due to their importance to many
areas of research, such as [24] in which K. Balachandran and S. Kiruthika treated the existence of solutions for
the following nonlinear fractional pantograph equation:

D%u(t) = f(t,u(t),u(At)), t€[0,T)
u(0) = up.
Also in [23] Y. Jalilian and M. Ghasemi considered the following fractional integro-differential equation of
Pantograph type connected with appropriate initial condition
qt

Dou(t) = f(t,u(t), u(pt)) + / a1 (t, 5, u(s))ds

0
+A gQ(tas’u(s))d87 te [O’T]
u(0) = ug.

where .D® is the derivative in the sense of Caputo of order « € (0, 1].
In this paper, we shall study the following nonlinear fractional pantograph problem

D*Py(t) = [t y(t), y(pt) + gt y(t), y((1 = p)t))

(1.1
y(0) = IPy(§) =0, 0<E<T, ae(0,1]te0,T)

where .D“? is the Katugampola-type fractional derivative in Caputo sense of order o, 0 < p < 1, p > 0, and
I7 is the integral of order 3 > 0, and f, g : [0, 7] x R? — R are two given functions.
To the best of our knowledge, this is the first time where such problem is studied.

2. Preliminaries

We recall some definitions and lemmas that will be used later. For more details we refer to [17 — —19].

Definition 2.1. Ler o > 0, and f : [a,b] — R be a continuous function. The Riemann-Liouville integral of
order o of f is defined by:

110 = g [ =0 pen

where T'(a) := e “udu.

0
In particular when a = 0 we denote simply

1°f(t) = Ig £(1)
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Definition 2.2. For a function f € C™([a,b],R) and n — 1 < a < n, the Caputo fractional derivative of f is
defined by:
D f(t) = 137 f™ (1)

1 t
_ t— n—a—1 g(n) d
o [ = s
Definition 2.3. Ler f : [a,b] — R be an integrable function, o € (0,1] and v > 0. The Katugampola integral
of order o of f is given by

-«

TISf(t) = ;(a) /t(tV - s”)_(l_o‘)s'y_lf(s)ds. (2.1)

When a = 0 we denote simply

TINf() =I5 f ()
Lemma 2.4. Let o > 0, 8 > 0 such that o + 8 < 1. Then,

TeVIE = poeth (2.2)
Proof. Let f : [a,b] — R be a continues function then for all @ > 0, 8 > 0 we have

1 t — ) BT £(s))ds
)/Q<t Je LI £ (s)]d

IZ[IZIf@)]] =

()
~ s [ €97 =
L ‘s (23)
:W/ (t—s)*" 1ds/ (s —x)ﬂ_lf(x)dx
/f dx/ —5)* (s —a)Ptds.
By changing the variables = x + (t — x)g and using Beta function we get
U0 = i [ @ [ o000
(x4 (t—x)o— )~ (t — 2)do.
S S tf(x)(f - I)“*Bldmfl(l — 0" 1) Mo
Fl(ga)l“(ﬁﬂ) a 0 04
o R
1+ﬁ / f 04+ﬁ 1dI
_ IaJrﬁ[f
|

Definition 2.5. Let f : [a,b] — R be an integrable function, « € (0,1) and v > 0. The Katugampola fractional
derivatives of order o of f(t) is defined by

d
DI f) =t = O L) ()

o d [t 2.5)
= 71“(177 a)tl_A*% / (t7 —s7) "7 f(s)ds
S
T
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In particular when a = 0 we denote simply
D*7f(t) = Dy f(t)
Definition 2.6. The Caputo-Katugampola fractional derivatives of order « is defined by

DEYf(t) = D7 [f(t) — f(a)]

= F(l’y—a)tlv:lit/a (t7 _ 57)70‘57’1“’(5) B f(a)}ds.

(2.6)

In particular when a = 0 we denote simply
DOTf(E) = DG f (1)
To study (1.1) we need the following lemma

Lemma 2.7. Let f € C'([a,b]). Then,

(0%

DEVf(t) = =

m/ﬂ (7 — ")~ f'(s)ds. .7)

Proof. If we set for a fixed t,
ug(s) = —ﬁ(ﬂ — s> and v(s) = f(s) — f(a), then we have u}(s) = s771(t7 — s7)"* and v'(s) =

/' (s)-

Thus, we can write:

v 1-~d K ’
DIVf(t) = =———t 77— ds,
20 = Ft T | e
and, by an integration by parts, we have

’ya 1—v d

DI =~ gt [ s

and since u;(t) = 0, we get

a,y _ '7a 1—v tﬁ /
D0 = gt [ s ()i

that corresponds exactly to (2.7). [ |
Remark 2.8. Note that we can rewrite (2.7) in the form
DETF) =TT (E T (1) 2.8)
Now we have

Lemma 2.9. Given f € C'([a,b]), then
VG DG f(E) = f(t) — fla),
Proof. Indeed, using the formula (2.8), we can write

YIS DI f(t) =TIS LT (A (). (2.9)

3
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But, thanks to Lemma 2.4, 7[¢7[1=% = 7]} Thus,
Mg DY f(t) =1 (7 f(1)
¢
= / 7 T (s)ds
= f(t) = f(a).

Let us introduce now the following Lemma:
Lemma 2.10. Let F' € C([0,1]). Then, the problem

D¥Py(t) = F(t) ae (0,1t € [0,T]
y(0) —IPy(§) =0, 0<&<T,

admits as a solution the function:

l—a

y(t) = ’;(a) /O (1 = 5)° " s T P (s)ds + =

TB+1)p'~
(@T(B)T(B+1) —¢P)

X 5(5 — )Pt u(up — sP) L7 E(s)ds | du,
0 0

provided that T? < T'(B + 1).

Proof. Using Lemma 9, we obtain

y(t) = PI"F(t) + y(0).

Using the boundary condition we get

y(0) = IP(PI*F (&) + y(0))
= IPy(0) + IP PI*F(¢)
B
- y(0)61§@ + IPPICF(€)
gﬂ

B «
NCESVREAMERACE

= y(0)

Thus,

I+
VO = T 1) - )

_ L(B+1)p' ¢ _ )t
- FErGTE D= ), €

* </0“(up - sp)”‘lsplF(s)ds) du.

Finally, inducting (2.15) in (2.13) we obtain (2.12).

IPPI*F(€)

(2.10)

@2.11)

(2.12)

(2.13)

(2.14)

(2.15)

In the following section we will study of the existence as well as the existence and uniqueness of the solution

([1, 5, 13, 14]), and examine the Ulam-Hyers stability ([3, 7, 10]) for the introduced problem (1)
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The pantograph equation with nonlocal conditions via Katugampola fractional derivative
3. Main Results

We consider the following hypotheses:
(P1): f,g:[0,T] x R? — R, are continuous.

(P2) : There are nonnegative constants L and L, such that forallt € J , z;, 2] € R, i =1,2

2
[f(tr,@0) = f(tar*,20)| < Lp Y |o — 277,

i=1

2
|g(t,$1,$2) _g(tax1*7$2*)| S LQZ|$’L _xi* .
=1

(P3) : There exist positive constants A, d, that satisfy for all ¢t € [0, 7], and for all z,z* € R
|f(t,z,2*)] <\, and |g(t,z,x*)] <.

Also, we consider the quantities:

20(8 + 1) (Ly + Ly)T7*
peT(a+ DB +1) - TP

Ay =

2(Ly + Ly) TPt
peT(a+1)0(B+1) =T8I

Ay =

3.1. Existence of a unique solution

The first main result deals with the existence of a unique solution for (1.1). We have:

Theorem 3.1. Assume that (P2) is satisfied. Then, the problem (1.1) has a unique solution, provided that
Ay <landT(B+1) > TP

Proof. Let us introduce the Banach space

E :=C([0,T],R), with the norm: ||z||g = sup |z(t)|.
t€[0,T]

Then, we define the nonlinear operator H : ' — E as follows:

3
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pe /Ot(tp — )T ls <f(syy(8)7y(p5))

l1—a
(61 (1= )9) Jas + s

X /05(5 B u)ﬂ—l (/Ou(up _ Sp)a—lsp—l

X (f(& y(s),y(ps)) + g(s,y(s),y((1 — p)s)))ds) du.

We shall prove that H is a contraction mapping in E.
For y,x € E and for each t € [0, T], we have

P [ p_ gPya—lgrml s,y(s S
b e =t (e

P [ i s,z(s),z((1 —p)s
Foale)alps) s + s [0 = 0yt (gto.a(e) a1 o)
ﬁpl a
L

x [ [y (f<s,y<s>,y<ps>> — f(s,2(5), 2(ps)

T (s, y(),u((1 = p)s)) — gls,(s), 2((1 >>>)ds]du.

|Hy(t) — Ha(t)| =

Then,

P e e s)—x(s
)~ Ho)] < (Ls + L) s [ 0= (|y< )~ a(s)
13

o) = o) Jas + AR [y

{/Ou(“p —s") s (|y(8) — z(s)| + |y(ps) — x(ps)|)ds] du.

Hence, a straightforward computation gives
2(Ly + Lg) TP 2(Ly + Ly)TPtF
Hy—-H <
[y = Hell; < [ pPT(a+1)  pT(a+ LB +1) -
9Ly + Ly) TP ( 78 )
AT+ ey o7l
2(Ly + Ly)T(B + TP ly— s
= pPT(a+ DITB+1) - 17

7o |l =l

Consequently,
1y - Hal < Afly = ][ -
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The pantograph equation with nonlocal conditions via Katugampola fractional derivative

3.2. Existence of at least one solution
The second main result deals with the existence of at least one solution.

Theorem 3.2. Assume that hypotheses (P1), (P2) and (P3) are satisfied with Ay < 1.
Then, the problem (1.1) has at least one solution provided that T'(3 + 1) > T5.

Proof. We put
A+ )8+ 1)Tre
= pT(a+ )T (B +1) - 17)
and consider the ball B, := {z € E, ||z||g < r}.
Then, we define the operators M and N on B, as:

11— t
o) = Fs [ =2 (50060 w09) ,
(s, (1 =)o) ) ds
and
T p— T / 6wy
L(a)(T(B+1) = &8) Jo
[t (e (36)
0
#5900, (1~ )9) ) s .
For y,xz € B,., we find that
(A + 8)TPe (A + 0)TPots
IMa+Nylle < 3D+ eTa+ DTG T 1) = T7) .
A+ 0T (B+1)TPe '
~ peT(a+ DT(B+1) - TP)
Then, we can write ||Mz + Ny||g < r. Thus, Mz + Ny € B,.
Furthermore, for x,y € B,., we obtain
[Nz — Ny||, < Asllz -y 3.8)

That is to say that N is contractive on B,..
Now we prove that M is a compact operator on B,..
We have

po

_m
peT(a+1)
o

— Fs v+ e

X [lg(s,yn (), yn(1 = p)(s)) — 9(s,y(s),y(1 = p)(s))|-

|(Myn) = (My)]|, < 1£ (5, Yn(5), yn(ps))

Thanks to (P1), and since s — y(s) is bounded on [0, T, and ||y, — y||z — 0, we reduce the continuity of
f and g to a compact set of [0, 7] x R2, so that we obtain || My, — My||z — 0.
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Also, for y € B,., we get
po
My, < St < 0. 3.9)
Consequently, M is uniformly bounded on B,..

Now, we prove that M is equicontinuous. Let ¢1,t5 € [0,T],
t1 < ty. Then for y € B,., we have

py(en) = byl < | s [0 = 920 (5006 w09
l—a pt2
+9(s,y(s), y((1 — p)s))) ds — ﬁ(a) /0 (tof — sP)o 1Pt (3.10)

. (f<s, u(s), 4(ps)) + g(s,y(s). y((1 p)s»)ds .

Hence,

e’

P " p_ gPya—lgrml s,y(s S
<|far [ = (s o) vte9)

pl=a [t , ot e
+ (s, 9(s), 5((1 — p)s) dsfﬁ/o (1o — 5721501
]__

a)

e’

p
()

*

)
‘ (f<s7y<s>7y<ps>> T g5 9(s),w(( p>s>>)ds
X /t2 (taf — s’”)o‘*ls'”*1

t1
11—«
P9
INC))
p

(3.11)

f(s,y(s),y(ps)) + g(s,y(s),y((1 — p)s))|ds.

t1
/ ((tgp L R (P sp)‘)‘_l)sp_1 ds
0

-«

ta
n )‘"'5)/ (t2p_sp)oz—1 P 1ds

pPtA+9)
I'(a) t
Then, we get
A+ 6) <t2pa — tlpa)
prT(a+1)
The right hand side of (3.12) tends to zero independently of y as t; — t5.
This implies that M is relatively compact, and by the Arzela-Ascoli theorem, we conclude that M is compact on
B,.
Hence, the existence of the solution of the (1.1) holds by Krasnoselskii fixed point theorem. |

(3.12)

Miy(ts) — My(t)] < <

3.3. UH-Stability

Definition 3.3. The equation (1.1) has the U H stability if there exists a real number k > 0, such that for each
e > 0, foranyt € [0, T), and for each x € E that verify

D*Px(t) = f(t,2(t), 2(pt)) — g(t, (1), (1 = p)t))| < e (3.13)

there exists a solution y € E of (1.1); that is

D¥Py(t) = [t y(t),y(pt) + g(t, y(t),y((1 = p)t)) (3.14)
such that,
[z —ylle < ke.
Sk
Ty
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Definition 3.4. The problem (1.1) has the U H stability in the generalized sense if there exists ¢ € C(RT,RT),
such that $(0) = 0 : for each € > 0, and for any x € E satisfying (3.13), there exists a solution y € E of
equation (1.1), such that

[z —ylle < ¢(e).
Theorem 3.5. Let the assumptions of Theorem (3.1) hold and L’f + L; < 1. If the inequality
[2(L; + Liy)r + X+ 8] T

p*T(a+1)

(2F(ﬂ + (L +Ly)r + X+ 5)

pPT(a+1)(T(B+1)+T)

I'(pa + 1)Tpa+6
I'lpa+B8+1)

is valid, then problem (1.1) has the UH stability.

Proof. Lete > 0 and let x € F be a function which satisfies (3.13) and let y € E be the unique solution of the
equation (1.1). We have:

le D2 ()| 5 =

(3.15)

[2(L + Liy)r +y + 6] TP
p°T(a+1)
V(B4 1) (L + Ly))r+~+0
< peT(a+H)IT(B+1)+T) )
['(pa + 1)TPetB

2]z <

3.16
I'(pa+B+1) (3.16)
Combining (3.15) and (3.16), we obtain
lzlle < D" *2(t)]e (3.17)
Therefore, we get
[z—yl| < [|.D**(z —y)||
< sup ‘CDP7(1$(7§) - chyay(t) - f(t> x(t)’ .Z‘(pt))
teJ
+g(t, z(t), (1 — p)t)) — f(t,y(t), y(pt)) (3.18)
+9(t,y(), y((1 = p)t)) + f(¢, 2(t), z(pt))
—g(t,z(t),z((1 —p)t)) + f(t,y(t), y(pt))
—g(t,y(t),y((1 = p)t))|
Thanks to (3.13) and (3.14), we get
o —yll < e+ (L + Ly) l= — | (3.19)
But since,
P+ L, <1
then, we can write .
|z —ylp < —F—FF~ =¢k- (3.20)
1-— (L’f + 1)
Consequently, (1.1) has the UH stability.
Taking ¢(e) = ek, we can state that the equation (1.1) has the generalized UH stability. [ |
S
)
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