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Detour domination number of some path and cycle
related graphs

S. K. Vaidya'* and S. H. Karkar?

Abstract

The detour distance D(u,v) between two vertices of a connected graph G is the length of a longest path between
them. A set S of vertices of G is called a detour dominating set if every vertex of G is detour dominated by
some vertex in S. A detour dominating set of minimum cardinality is a minimum detour dominating set and its
cardinality is the detour domination number v, (G). We have investigated detour domination number of larger

Keywords

AMS Subject Classification
05C69, 05C76, 05C12.

graphs obtained from path and cycles by means of various graph operations.

Domination number, Detour distance, Detour domination number.

' Department of Mathematics, Saurashtra University, Rajkot-360005, Gujarat, India.

2 Department of Mathematics, Government Engineering College, Rajkot-360005, Gujarat, India.
*Corresponding author: samirkvaidya@yahoo.co.in; 2sdpansuria@gmail.com

Article History: Received 10 August 2018; Accepted 12 December 2018

©2019 MJM.

Contents
1 Introduction.........coviiiiiiiiiiiiiiiiiiiarnnenns 15
2 MainResults.......ccvviiiiiiii i e it iecirnaaeens 16
ReferenCes .....ooivvieiiiieciiiaairnnarnnnnrnnnnns 19

1. Introduction

We begin with simple, finite, connected and undirected
graph G with vertex set V(G) and edge set E(G). For all
standard terminology and notations we follow Harary [7] as
well as Buckley and Harary [1] while the terms related to
the theory of domination in graphs are used in the sense of
Haynes et al. [8]. We will give brief summary of definitions
which are useful for the present investigations.

Definition 1.1. A set S CV of vertices in a graph G = (V,E)
is called a dominating set if every vertex v € V is either an
element of S or is adjacent to an element of S. A dominating
set S is a minimal dominating set if no proper subset scs
is a dominating set. The domination number Y(G) of a graph
G is the minimum cardinality of a dominating set in graph G.

Definition 1.2. The distance d(u,v) between two vertices u
and v in a connected graph G is the length of the shortest
u—vpathinG.

Definition 1.3. The detour distance D(u,v) between two ver-
tices u and v in a connected graph G is the length of a longest
u—vpathinG.

The concept of detour distance was introduced by Char-
trand et al. in [4, 5] while several results concerning detour
distance and detour graphs are derived by Chartrand et al. [3].
Chartrand and Zhang [6] have also derived several results on
detour distance, including connection of detour distance to
domination, coloring and Hamiltonian properties of graphs.
Let G be a nontrivial connected graph and for a vertex v in G,
define

D(v) =min{D(u,v) :u € V(G) —{v}}

A vertex u(# v) is called a detour neighbor of v if D(u,v)
= D(v). The set of all detour neighbors of v is denoted by
Np(v). In graph G of Figure 1, Np(vi) = {v3}, Np(v2) =
{Vs}, ND(V3) = {V17V5}, ND(V4) = {Vl,VZ,V3,V5}, ND(V5) =
{ve} and Np(ve) = {vs}. If u is a detour neighbor of v, then v
is not necessarily a detour neighbor of u. For example in Fig-
ure 1, vs is a detour neighbor of v, but v; is not a detour neigh-
bor of vs and vy, v, v3 and vs are detour neighbors of v4 but
v4 is not detour neighbor of any vertex from {vy,va2,v3,vs}.
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Figure 1. Illustrating detour neighbors

Definition 1.4. A vertex v is said to detour dominate a vertex
u if u =v or u is detour neighbor of v.

A set S of vertices of G is called a detour dominating
set if every vertex of G is detour dominated by some vertex
in S. A detour dominating set of minimum cardinality is a
minimum detour dominating set and its cardinality is the
detour domination number 7, (G).

For the graph G in Figure 1, S = {v4} is a detour dom-
inating set of minimum cardinality. The concept of detour
dominating set have been introduced in recent past by Char-
trand et al. [2]. It is very interesting to investigate detour
domination number of a graph as the detour domination num-
bers of very few graphs are known. Vaidya and Mehta [11]
have derived detour domination number of degree splitting
graph and helm graph while detour domination number of
some cycle related graphs are discussed by Vaidya and Karkar
[10]. Connected graph of order p with detour domination
number p or p — 1 is characterized by John and Arianayagam
[9]. The problems to investigate detour domination number of
larger graph (super graph) obtained from the given graph are
challenging and interesting as well. We have explored such
problems in the context of corona of two graphs.

2. Main Results

Definition 2.1. The middle graph M(G) of a graph G is the
graph whose vertex set is V(G) U E(G) and in which two
vertices are adjacent whenever either they are adjacent edges
of G or one is a vertex of G and the other is an edge incident
with it.

Theorem 2.2. v, (M(P,)) = [g—‘ +Ln>3

Proof. Letvy,vo,v3,...v, be the vertices and e1,e3,€3,...€,—1
be the edges of path P,. Then, V(M (P,)) ={vi,v2,v3,... vy, €1,
€2,e3,...e,—1 }. The detour distance between any two vertices
of graph is given below.

D(ej,ei1)=2for2<i<n-—1

D(ej,eiy1)=2for1 <i<n-2

(ei,vi)=2for1 <i<n-—1

(ei,viy1)=2for1 <i<n-—2
(ei,ej)>2for1<i<n—1,1<j<n—1,j#i—1,i+1
(ei,vj)>2for1 <i<n—1,1<j<n,j#ii+1
(vi,vj)>2for1 <i,j<n

(virej) =

vi,ej)=2for2<i<n—-1,1<j<n-1,j=i-1,i

D(vi,ej) >2for2<i<n—1,1<j<n—1,j#i—1,i
D(vy,e1) =D(e1,vi) = D(vp,eq—1) = D(ey—1,vy) = 1

From the above pattern and definition of detour domi-
nation the vertices v; and e; detour dominate each other
only while the vertices v, and e,—; detour dominate each
other only. Therefore, either v; or e; must be in detour
dominating set D as well as either v, or e,_; must be in
detour dominating set D. Now the vertex v; detour domi-
nates only three vertices e;_1,e; and itself while e; detour
dominates five vertices e;_1,e;t1,vi,vi+1 and itself. Thus,
to obtain detour dominating set D of minimum cardinality,
as e; detour dominates its all neighbor, we should include
er,e4,...en_p in D. So, D = {ey,ez,e4,...€4_2,e,—1} and
D={vy,ez,e4,...€,_2,v, } are detour dominating sets of min-

. o n—21. .
imum cardinality. Therefore, total [2 internal vertices

of degree four from M(P,) and either two end vertices v; and
v, or two internal vertices of degree three e; and e,,_; must
be in D. Hence,

To(M(By)) = V;ﬂ +2=[2]|+1

O

Ilustration 2.3. For the graph M(Pg) in Figure 2, S ={e, e,
es,es} is a detour dominating set of minimum cardinality with

W (M(Fs)) = 4.

Figure 2

n nis odd

D=9 »n =n
507‘5"‘1

Theorem 2.4. v, (M(C,
nis even.

.v, be the vertices and ey, ez, e3,...¢,
(CH)) = {Vl 7V27V37 . ~Vn

Proof. Letvy,vy,v3,..
be the edges of cycle C,. Then, V(M
e1,e2,e3,...en}.

Case (i): n is odd.

The detour distance between any two vertices of graph is given
below.

1 -1
(v,,ej)—n+lf0rl<l< ; ,j:i—i—n
1 1
D(vie;) =n+1 for = <i§n,j:i—n;
D(vj,ej) > n+ 1 otherwise
D(vi,vj)>n+1for1 <i,j<n
—1 —1 1
D(es,e;) = —HforlgignT,j:i—i—nT,i—&—%
D(e% e1) = D(enTH,e,,):n—i—l
n—1
(

I
Dlesej)=n+1for "2 <i<n j=i—
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D(ej,e;) > n+ 1 otherwise

D(vi,ej) = D(ej,v;)

From the above pattern and definition of detour domination ev-
ery v; detour dominates only one vertex from {ej,ez,e3,...€,}
other than itself such that Np[v;] "\Np[v;] = ¢. Now each ¢;
detour dominates two vertices from {ej,es,e3,...e,} other
than itself and one vertex from {v,v2,v3,...v,} such that
ND[ei} ﬁND[EJ'] 7é ¢ but v; ¢ ND[e,-} ﬁND[Ej] for every v;, 1 <
i < n. Therefore, we need atleast n vertices to detour dom-
inate all the vertices of the graph. Thus, {e;,e2,e3,...¢,}
and {vy,va,v3,...v,} are detour dominating sets of minimum
cardinality. Hence, 7, (M(C,)) = n.

Case (ii): n is even.

D(e,-7ej):nf0rl<i<g,j:i+g
D(e;, )—nfor§<z<n]—l—g
D(e;,ej) > n otherwise
D(e;,vj) >nforl1<i,j<n
D(V,,V/)—}’l+2f0r1<l<2 j:i+g
D(v,7vj):n+2for§<z<n ]—z—g
D(vi,vj) > n+2 otherwise

n. n
D(v,,e,)—n+2f0rl<z<§ J—z—i-%,z—&—%—l
D(v,,e])—n+2forf<z<n 1—1—5,1—5—1

D(vi,ej) >n + 2 otherwise
Subcase (i): 5 is odd.

From the above pattern and definition of detour domination
every e; detour dominates two vertices including itself while
every v; detour dominates four vertices including itself such
that Np[v;] N Np[v;] = ¢ where i and j both are even or odd
together. But UNp|[v;] =V (M(C,)) where i =1,3,5,...n—1
ori=2,4,6,...n. Therefore, {vi,v3,vs...v,_1} or {va,v4, Vs

..v,} are detour dominating set of minimum cardinality.

n
Hence, y,(M(C,)) = 5
n.
Subcase (ii): 5 is even.
From the above pattern and definition of detour domination ev-
ery e; detour dominates two vertices including itself while ev-
ery v; detour dominates four vertices including itself such that

Np[vi]NNp[v;] = ¢ where i and j both are odd for 1 <i, j < g

and Np [V,’] NNp [Vj}
i, j < n. Therefore, to obtain detour dominating set of mini-
mum cardinality we must include vy, vs, . va_g vertices from
{vl,vz,...v%}and\{%+2,v%+4,...vn from {V%+1,V'%+2,..
But to detour dominate the vertex e, we must include the
vertex vz or vaiy or the vertex itself in detour dominat-

= ¢ where i and j both are even for g <

ing set D. Thus, {vl,V3,...v»z,z,l,Vg,Vg+2,Vg+47...v,,} is
a detour dominating set of minimum cardinality. Hence,
n
’YD(M(CH)) = 2 + 1L
O

Nlustration 2.5. For the graph M(Cs) in Figure 3, S = {v,va,

SV}
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V3,V4,Vs } is a detour dominating set of minimum cardinality
with Yp(M(Cs)) = 5.

v1 vz

€

€s €z

V3

Vg e; e3

Va

Figure 3

Definition 2.6. Let G and H be two graphs on n and m ver-
tices, respectively. The corona of the graphs G and H denoted
by Go H and is defined as the graph obtained by taking one
copy of G and n copies of H, and then joining the i'"* vertex of
G to every vertex in the i'" copy of H.

Theorem 2.7. ¥, (P,oP,) =n

Proof. LetV(B,)={vi,va,...vy}and V(Py,) = {uy,uz,...up}.
In P, o P, let’s denote the vertices of i copy of the graph B,
by u},ub,...ul, for 1 <i<n. The detour distance between
any two vertices of graph is given below.

D(uj,uj) =mfor 1 <i<n, 1<kl<m
Duk7 vi)=mforl <i<nk=1,m
Dujc,v,)<mforlgign,ngSm—l

(
(
(h,u) >mfor 1 <i,j<n, 1 <kl<mi#j
(ub,vj)>mfor1 <i,j<n 1<k<mi#j
(v,,vj)>1for|z—]|>1 1<i,j<n

D(vi,ut) > 1for1 <i,l<n, 1<k<m
D(v,,v,H) =lforl1<i<n-1
From the above pattern and definition of detour domination
the vertices u; and u!, detour dominate all the vertices of i'"
copy of P, as well as the vertex v;. But any vertex of i copy
of P, can not detour dominate any vertex of ;' copy of P,,.
Every v; detour dominates its neighbors only. Therefore, it is
enough to consider every u’l or every uin, 1 <i <nin detour
dominating set D to obtain detour dominating set of minimum
cardinality. Hence, D = {ul,u?,...u"} and {u},,u%,...u"}
become detour dominating set of minimum cardinality. There-
fore, as there are n copies of P, in P, o P, it is enough to
consider n vertices in D. Hence,

Vo (P © Py

cvEv )

)=n.
O

Illustration 2.8. Forthe graph Pyo P in Figure4, S = {”1 , ul,
u1 JUj } is a detour dominating set of minimum cardinality with

Yo(ProP3) =4.

1 1 2 2 3 3 .3 4 4 .4
u u, u wow, o oul o ow ou ou; U u;, u;
A\ N/

Vi 1) Vs Vi
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Figure 4

observation 2.9. ¥, (P, 0K;) =

Theorem 2.10. ¥, (P,0Cy) =n
Proof. LetV(P,) ={vi,va,... vy} and V(Cy,) = {uy,uz,...up}.
In B, oGy, let’s denote the vertices of i’ copy of the graph P,

by u’i,ué, e ufn for 1 <i < n. The detour distance between
any two vertices of graph is given below.
D(u,;,ul')—mforl<i<n 1<k,Jd<m
D(uj, ) mfor1 <i<m1<k<m

(u,ul) >mfor1 <i,j<n 1<kJl<mi#j
(u}i,vj)>mfor1<l Jj<n 1<k<m,i#j
(v,,v,)> Lfor|i—j|>1,1<ij<n
(vi,uk) > 1for 1 <ik<n, 1<I<m
(v,,v,H) =1for1<i<n-—1
From the above pattern and definition of detour domination
the vertices 1}, 1 <i<n, 1 <k <m detour dominates all the
vertices of 1’5 copy of C,, as well as the vertex v;. But any
vertex of i copy of C,, can not detour dominate any vertex
of j'* copy of C,,. Every v; detour dominates its neighbors
only. Therefore, it is enough to consider any one vertex from
each copy of C,, in detour dominating set to obtain detour
dominating set of minimum cardinality.

Yo (P

D
D
D
D
D

Cn)=n
O

Mlustration 2.11. For the graph PyoCs in Figure 5, S =
{u% , u%, u?, u‘l*} is a detour dominating set of minimum cardi-

nality with Yp(Py o C3) = 4.
u u; u; u
u/ u uf u u; u u; uy
v, V;’ V:’ vy
Figure 5

Theorem 2.12. ¥, (C,0P,) =n
Proof. LetV(C,) = {vi,va,...vy} and V(Py,) = {uj,uz, ...
Uun}. In Cy 0 Py, let’s denote the vertices of i copy of the

graph P, by ul,uz,...um for 1 <i < n. The detour distance
between any two vertices of graph is given below.
D(u};,uf):mforl§i§n,1§k,l§m

(uk,v,) mforl <i<mk=1,m
(u}(,v,)<mfor1gign,ngSm—l

(uf ,u{)>mforlgi,jgn,lgk,lgm,i;éj
(u}(7vj)>mf0r1§i,j§n,1§k§m,i7€j
(vi
(
(

Do OO

ol
5

)= [g—‘forlgi,jgn
vi,ul)=mfor 1 <i<n, k=1,m
viub) <mfor1 <i<n,2<k<m-—1

R
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D(vi,ui) >mforl <ik<m, 1< j<n,i#j

From the above pattern and definition of detour domination the
vertices ”1 and u}, detour dominate all the vertlces of i'* copy
of P, as well as the vertex v;. But any vertex of i/ copy of P,
can not detour dominate any vertex of j copy of F,,. Every
v; can not detour dominate more than four vertices of C, o P,,.
Therefore, it is enough to consider every u’1 orevery u', for 1 <
i < nin detour dominating set D to obtain detour dominating
set of minimum cardinality. Hence, D = {u},u?,...u} and
{ul, u2,,...u"} become detour dominating set of minimum
cardinality. Therefore, as there are n copies of P, in C, 0 P, it
is enough to consider n vertices in D.

Yy (ChoPy) =n
O
Illustration 2.13. For the graph Cso P, in Figure 6, S =

{ul , ”1 , ui’, uy,u } is a detour dominating set of minimum car-
dinality with Yp (C5 oPy)=5.

Figure 6

Theorem 2.14. v, (C,0Cy) =n

Proof. LetV(C,)={vi,va,...vy}and V(C,,) =
In C, 0 C,,, let’s denote the vertices of i*" copy of the graph C,,
by u},ub,...ul, for 1 <i < n. The detour distance between
any two vertices of graph is given below.
D(u};,uﬁ):mforlgign, 1<kl<m

D(uk, vi)=mforl <i<n 1<k<m

(ufp,uf) >mfor 1 <i,j<n, 1<kl<m,i# ]
(uj(,vj)>mf0rl§1 Jj<n 1<k<m,i#j
(

(

{ul,u%...um}.

D
D

>

Vi,vj) = [g—‘ for1 <i,j<n

Vi, u ) mforl <i<m 1<k<m

D(v,,uk) >mforl <ik<m,1<j<mi#]

From the above pattern and definition of detour domination
the vertices ”2 detour dominates all the vertices of ' copy
of C,, as well as the vertex v;. But any vertex of i’ copy
of C,, can not detour dominate any vertex of j copy of C,,.
Every v; can not detour dominate more than four vertices
of C, 0C,,. Therefore, it is enough to consider any one ver-
tex from each copy of C,, in detour dominating set to obtain
detour dominating set of minimum cardinality.

>

Yo (Cn OCm) =
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Ilustration 2.15. For the graph C40Cs in Figure 7, S = *k ok k ok kKKK

{ul,u3,u3,ut} is a detour dominating set of minimum cardi- ISSN(P):2319 — 3786

nality with Yp(Cs 0 C3) = 4. Malaya Journal of Matematik
ISSN(0):2321 — 5666

Kk k ok ok ok ok ok ok

Figure 7

Conclusion

The concept of distance dominating set is well studied in
various contexts. The present work is also a contribution in
the same direction but the usual distance is replaced by detour
distance in graphs. We have investigated detour domination
number of some path and cycle related graphs.
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