MALAYA JOURNAL OF MATEMATIK
Malaya J. Mat. 09(03)(2021), 129-140.
http://doi.org/10.26637/mjm0903/007

An existence result of ;i-pseudo almost automorphic solutions of
Clifford-valued semi-linear delay differential equations

MouUMINI KERE*!, GASTON MANDATA N°’GUEREKATA?2 AND ENOCK R. OUEAMA3

L Département de Mathématiques, Institut Des Sciences, 01 BP 1757 Ouagadougou 01, Burkina Faso.Laboratoire d’Analyse Numérique,
d’Informatique et de Blomathématiques, UFR/SEA, Université Joseph KI-ZERBO, 03 BP 7021 Ouagadougou 03, Burkina Faso.

2 University Distinguished Professor, NEERLab, Department of Mathematics, Morgan State University, Baltimore, MD 21251, USA.

3 Dé partement de Mathématiques et Informatique, Faculté des Sciences, NEERLab, Université de Bangui. BP 908, Bangui, Central African
Republic.

Received 26 February 2021; Accepted 10 June 2021

Abstract. In this work we are concern with Clifford-valued semi-linear delay differential equations in a Banach space. By
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Clifford-valued semi-linear delay differential equations.

AMS Subject Classifications: 15A66, 43A60.

Keywords: p-pseudo almost automorphic functions; Clifford algebra, Semi-linear delay differential equations.

Contents

1 Introduction 129
2 Preliminaries 130
3 Main results 134

1. Introduction

The notion of almost automorphy was introduced in the early sixties by S. Bochner in [7-9] when studying a
problem in differential geometry. It turns out to be a generalization of almost periodicity in the sense of Bohr.
After the emergence of the concept of almost automorphy, many authors have produced extensive literature on the
theory of almost automorphy with usefull generalizations. Veech [34] and Zaki [36] studied almost automorphic
functions respectively on groups and the real number set. In his paper [28], N’Guérékata introduced the concept
of asymptotically almost automorphic functions. For more informations on the concept of almost automorphy and
its application to evolution equations, we refer the reader to [26, 29]. In [35], Xiao et al. introduced the notion of
pseudo almost automorphy as suggested by N’Guérékata in [29]. Later on, the notion of weighted pseudo almost
automorphy was introduced by J. Blot et al. in [6]. Recently, Blot et al. in [4] introduced the concept of yi—pseudo
almost automorphy which is more general than the class of weighted pseudo almost automorphic functions. Due
to a lot of applications, the existence of pseudo almost automorphic, weighted pseudo almost automorphic and
p—pseudo almost automorphic solutions of various differential equations has become an interesting field. Many
authors have made important contributions on these topics [1, 2, 4, 6, 12, 16, 17, 20, 24, 35, 36].
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In 1878 Clifford [15] introduced Clifford algebra which includes real numbers, complex numbers, quaternions
and Grassmann algebra. After the monographs of Chevalley [13] and Riesz [33] published in 1954 and 1958,
respectively, Clifford algebra received more and more attention. Nowadays, Clifford algebra is used in many
fields such as geometry, satellite navigation, neural network, theoretical physics, robotics, image processing and
quantium computing [18, 19, 21]. In Neural network, Pearson first proposed a Clifford-valued neural network
[32] described by Clifford-valued differential equations. In [11], Buchholz conclued tha Clifford-valued neural
network have more advantages than real-valued ones. Since these works, Clifford-valued neural networks has
become a very attractive field of research. In [22], by decomposing Clifford-valued system into real-valued
systems, Li et al. prove the existence of almost periodic solution and the global asymptotic synchronization for
a class of Clifford-valued neural networks. Recently in [23], by non-decomposing method, Li et al. studied the
existence and global exponential stability of y—pseudo almost periodic solutions of Clifford-valued semi-linear
delay equations.

Motivated by the above papers, we would like to study the existence and uniqueness of p—pseudo almost
automorphic mild solutions for the following Clifford-valued semi-linear delay equations:

Zt)=-D@t)x(t)+ F(t,z(t),x(t—71(t)); t R, (1.1)

where D () = diag{di (-), d2(-) , ..., dn ()} € R™", F € C(Rx A™ A"), 7 € C (R,R"), Ais areal
Clifford algebra.

The rest of the paper is organized as follows. In Section 2, we recall some basic definitions and results about
Clifford algebras and the notion of yi—pseudo almost automorphic functions. Section 3 is devoted to our main
results.

2. Preliminaries
In this section, we recall some basic definitions and preliminary results on Clifford algebras and p—pseudo almost
automorphic functions.

Definition 2.1. Let m be a natural number. The real Clifford algebra over R™ is defined as

A= Z aseq, aq €R 3,

AC{1.2,....m}

where eq4 = ep, €p,...ep, with A = {h1,ha,....;h,}, 1 < hy < hy < ... < h, < m. Moreover, eg = eg = 1
and e;, i = 1,2,...,m are Clifford generators and satisfy e? = —1, i = 1,2,....m and eiej + eje; = 0,
Vi,j=1,2,...,m, 1 # j.

In the sequel, we will denote by e}, p,...n, the product of Clifford generators ey, , eyp,,..., ex,. Let B =
{1,2,...,m} and Il = P (E), then it is obvious that A = { > ases, a4 € R} and dim (A) = 2™.
A€Il

Definition 2.2. Forx = Y xe4 € A, the involution of x is defined as

Ae€ll
T = E TA€A
Aell
n(A)(n(A)+1)

whereey = (—1) 2 ea if A=10, thenn (A) =0and if A= {hy,ha,....,h,} € 1L, thenn (A) = v.

It’s clear that e4e4 = 1 and easy to verify that the involution has the property Ty = yz, Vz,y € A. For
x,y € A, we define the inner product of x and y by

(@,9)y = 2" [27], = 2" Z atyt,
Aell
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-Pseudo almost automorphic solutions of Clifford-calued semi-linear delay differential equations

where [27], is the coefficient of ey conpoment of z7. Then A with this inner product is a real Hilbert space and
with the norm defined by ||z|| , = \/(z, x), is a Banach algebra since for all 2,y € A

lzylla < 2l 4 1yl

dx (t dxa (t
The derivative of  (t) = Y x4 (t) ea is given by z(¢) = > za ()
Aclt dt Acn  dt
more informations about Clifford algebra.

Now, let us recall some definitions and results on almost automorphic functions.

Let B be the Lebesgue o-field of R and M the set of all positive mesures p on B satisfying u (R) = 400 and
p([a,b]) < +oo, forall a, b € R (a < b). Throughout the rest of this paper, (X, [|-||x) and (Y, ||-||;) will stand
for Banach spaces and

ea. We refer the reader to [10] for

2]l = sup [z (#)llz ,
teR

where Z = X, or Y. We also denote by B (R, Z), C (R, Z) and BC (R, Z) the collections of all bounded functions,
all continuous functions and all continuous and bounded functions from R to Z, respectively.

Definition 2.3. ([27]) A function [ € C (R, X) is said to be almost automorphic if for every sequence of real
numbers (7),),, there exists a subsequence (Ty,),, such that

g(t)= lUm f(t+7,) exists foreacht € R

n——+o0o

and
lim g(t—7,) = f(t) foreacht € R.

n—-+oo

We denote by AA (R, X) the space of the almost automorphic X-valued functions.

Remark 2.4. Note that in the above limit the function g is just mesurable. If the convergence in both limits is
uniformint € R, then f is almost periodic in the sense of Bohr. The concept of almost automorphy is then larger
than almost periodicity. If f is almost automorphic, then its range is relatively compact, thus bounded in norm.

Example 2.5. (/27]) Let f : R — R be such that

1
2 + cost + cos /2t

f(t):sin< )forteR.

Then f is almost automorphic, but it is not uniformly continuous on R. Therefore, it is not almost periodic.

Proposition 2.6. (/27]) (AA (R, X),||.||..) is a Banach space.

Definition 2.7. A function f € C (R x X, Y) is said to be almost automorphic in t € R uniformly with respect to
x € X, if the following two conditions hold:

i) forallz € X, f(-,xz) € AA(R,Y),

ii) f is uniformly continuous on each compact set K in X with respect to the second variable x, namely, for
each compact set K in X, for all € > 0, there exists § > 0 such that for all x1,zo € K, one has

[21 = @2fl <6 == sup|[f (t,21) = f (£, z2)| <€
teR

We denote by AAU (R x X,Y) the set of all such functions.
Theorem 2.8. ([5]) Let f € AAU (R x X,Y) and x € AA(R,X). Then [t — f (t,z (t))] € AA(R,Y).
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Definition 2.9. ([4]) Let n € M. A bounded continuous function f : R — X is said to be p-ergodic if

)

1
lim ———= t)|dp(t) =0.
GG

We denote the space of all such functions by € (R, X, p).
Proposition 2.10. ([4]) Let 1 € M. Then (€ (R, X, 1), ||.|| ) is @ Banach space.

Definition 2.11. ([4]) Let . € M. A continuous function f : R — X is said to be u-pseudo almost automorphic
if f is written in the form:

f=o+9

where ¢ € AA(R,X) and v € £ (R, X, u). We denote the space of all such functions by PAA (R, X, p).
Then, we have
AA(R,X) c PAAR, X, ) C BC (R, X).

Remark 2.12. Without assumption on the measure u, the decomposition in the above definition of the
corresponding p-pseudo almost automorphic function is not unique.

Remark 2.13. A pseudo almost automorphic function is pu-pseudo almost automorphic function in the particular
case where the measure | is the Lebesgue measure. For more details on pseudo almost automorphic functions,
we refer to [24, 25].

Remark 2.14. The notion of p-pseudo almost automorphic functions is a generalization of the weighted pseudo
almost automorphic functions which is due to Blot et al. [6]. Following [6], a function f is so-called weighted
pseudo almost automorphic if f is a p-pseudo almost automorphic function in the particular case where the
measure jui is defined by ji (A) = [, p(t)dt for A € B with p(t) > 0 a.e on R for the Lebesgue measure and

[T p () dt = +o.
Proposition 2.15. ([4]) Let n € M. Then PAA (R, X, 1) is a vector space.

Definition 2.16. ([4]) Let p11 and ps € M. py is said to be equivalent to o (1 ~ o) if there exist constants
o, 8 > 0 and a bounded interval I (eventually I = () such that

apy (A) < psz (A) < Bui (A), for A € B satisfying AN T = .
Remark 2.17. The relation ~ is an equivalence relation on M.

Theorem 2.18. ([4]) Let p1, us € M. If py and ps are equivalent, then £ (R, X, u1) = € (R, X, pu2) and
PAA (R, X, 1) = PAA (R, X, p2).

For p € M, T € Rand A € B, we denote . the positive measure on (R, 5) defined by
pr (A)=p({a+71,a€ A}).
From p € M, we formulate the following hypothesis:

(HO) For all 7 € R, there exist 8 > 0 and a bounded interval I such that
pr (A) < Bu(A), when A € B satisfies AN T = 0.

Lemma 2.19. ([4]) Let u € M. Then p satisfies (HO) if and only if the measures p and .. are equivalent for all
TeR
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-Pseudo almost automorphic solutions of Clifford-calued semi-linear delay differential equations

Lemma 2.20. ([4]) Hypothesis (HO) implies

forall o > 0, lirnsup'u (=r—or+0))

T i

Theorem 2.21. ([4]) Let 1 € M satisfying (HO). Then £ (R,X,u) is translation invariant, therefore
PAA (R, X, p) is also translation invariant.

Theorem 2.22. ([4, Theorem 3.9]) Let ;i € M satisfy (HO). If f € PAA(R,X,u) and g € L* (R, £ (X)),
then the convolution product [ * g is also p-pseudo almost automorphic. In fact, if f € AA(R,X), then
frxge AARX)andif f € E(R,X, p), then fxg € £ (R, X, p).

Theorem 2.23. ([4]) Let i € M. Assume that PAA (R, X, u) is translation invariant. Then the decomposition
of a p-pseudo almost automorphic function in the form f = ¢ + 1 where $ € AA (R, X) and ¢y € € (R, X, p),
is unique.

Theorem 2.24. ([4]) Let uw € M. Assume that PAA(R,X,u) is translation invariant.  Then
(PAA(R,X, 1), ||-lo) is @ Banach space.

Definition 2.25. ([4]) Let n € M. A continuous function f : R x X —Y is said to be almost automorphic in
t € R uniformly with respect to x € X if the following two conditions are hold:

i) forallz €X, f(,,z) € AAR,Y)

ii) f is uniformly continuous on each compact set K in X with respect to the second variable x, namely, for
each compact set K in'X, for all € > 0, there exists § > 0 such that for all x1, x5 € K, one has

[y — o <6 = sup [|f (t,21) = f (£, 22)|| <&
teR

Denote by AAU (R x X, Y, ) the set of all such functions.

Definition 2.26. ([4]) Let 1 € M. A continuous function f : R x X —Y is said to be p-ergodic int € R
uniformly with respect to x € X if the following two conditions are true:

i) forallz €X, f(.,z) € E(R,Y, p)

ii) f is uniformly continuous on each compact set K in X with respect to the second variable x.
Denote by EU (R x X, Y, u) the set of all such functions.

Definition 2.27. ([4]) Let p € M. A continuous function f : R x X —Y is said to be p-pseudo almost
automorphic in t € R uniformly with respect to x € X if f is written in the form f = ¢ + 1 where ¢ €
AAU R x X, Y)and v € EU (R x X, Y, w).

PAAU (R x X, Y, ) denote the set of all such functions.

Remark 2.28. We have AAU (R x X,Y) C PAAU (R x X, Y, p).

Theorem 2.29. ([4, Theorem 5.7]) Let p € M, f € PAAU (R x X,Y, ) and x € PAA (R, X, ). Assume
that for all bounded subset B of X, f is bounded on R x B. Then [t — f (t,z (t))] € PAA(R,Y, p).

In the sequel we assume that
(HI) F = F, + Fy, € PAAU (]R x A%, A”, u) is bounded function on R x €2 for any bounded subset €2 of
A?", and there exist real numbers L1, L} > 0 and Ly, L} > 0 such that

| Fy (t 21, 01) — Fi (622, 92) || 4 < La [|z1 — w1 4+ LY |22 — y2l . VE € R, Vay, 22, y1, 92 € A",
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| Fo (t, 21, 01) — Fo (8,2, y2) || gn < Lo ||x1 — ya|| + L |2 — 2|, VE € R, Vay, 22,91, 92 € A™.

(H2)Fori = 1,2,...,n; d; € AA(R,R) with 11<nl£ {gnﬂgdi (t)} =d* > 0,and 7 € AA(R,R") with
<i<n S

7 = sup |7 (¢¥)|.
teR
(H3) There exists A € C' (R, RT) such that dy (v (t)) = A (¢) du (¢) for all ¢ € R and

M (r) p (=K (r), K (r)])

lim sup < 00,
r—+400 p([=r,r])
where 7y (¢) is the inverse function of t — t—7 (¢), K (r) = sup |t —7(¢)|and M (r) = sup [A(2)]-
te[—r,r] te[—K(r),K(r)]

(H4) %ﬁ% < 1, where Ly, Lo, LY, LY and d* are defined in (H1) and (H2).

3. Main results

From now on X =A4%" and Y =A".

Lemma 3.1. [23, Lemma 3.1] Function x solves the equation (1.1) if and only if x solves the following equation:

t
z(t) = / e~ e Pwdup (g 2 (s), z(s—7(s)))ds, Vt € R. (3.1)

We need the following lemma.

Lemma 3.2. Suppose that (H3) holds and let w = u; + us € PAA (R, A", p) with us € EAA (R, A™, 1) and
u; € AAR, A™). Thent — u(t — 7 (t)) € PAA (R, A", p).

Proof. Let (a;,),, be a sequence of real numbers. For a fixed t € R we set 3, = aj, — 7 (t + «},) foralln € N.
Since (f},),, is a sequence of real numbers and u; € AA (R, A"), there exists a subsequence (/3,,),, of (5},),,
such that
nin}rooul (t+ Bn) =y (t) exists forall t € R,
and
lim @ (t— B,) = up (t) exists forall ¢ € R.

n——+oo

That is there exists a subsequence (c,,),, of (c,),, such that 5, = o, — 7 (t + ) forall n € N, and

lm wy (t4+ o, —7(t+ap)) =7 () exists forall £ € R,

n—-4oo

lim @ (t4 a, — 7 (t+ o)) = ug (¢) exists forall t € R.

n——+4oo

So, t — uy (t — 7 (t)) € AA(R,.A™). On the other hand, from assumption (H3) we have

e [ = @) 0

([77"7 T]) —r
_ p([=K (), K () 1 K(r)
 u(=n)) u([K(r),K(r)])/_K(T) [luz ()] 4n A (t) dpa (t)
M(r).u([—K (r), K (r)]) 1 K(r)
= p([=r,7]) w([—K (r), K (r)]) /K(r) llug ()| 4n dpe (2)
-
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Since ug € EAA (R, A™, 1), we obtain from Assumption (H3) and the above inequality that

tim e [ = 7 0o () =0

r—toop([=rr]) ),
thus ¢ — ug (t — 7 (t)) € EAA (R, A", 11). The proof is complet. [ |

Lemma 3.3. Assume that assumptions (HI), (H3) hold and uw € PAAR, A", p). Then
t— F (t,u(t),u(t—r71(t))) € PAAR, A", n).

Proof. Apply Lemma 3.2 and Theorem 2.29 with X =A?", Y =A", f = Fand z (t) = (u(t),u(t — 7 (1))).
[ ]

Lemma 3.4. Let u,v € PAA(R, A", 11). Thenuwv € PAA(R, A™, p).

Proof. Since u,v € PAA(R, A", 1) then there exist uj,v; € AA(R, A™) and us,v2 € EAA(R, A™, 1) such
that u = u; + ug and v = v1 + v. SO, UV = UV + U1vV2 + U2vy + uve. It obvious that uyv; € AA(R, A™).
We have

[[ur () va (£) + uz () v1 (t) + g () va ()| 4n
< lur @)L oz (O] an + 1wz O 4o [[o1 @) an + Tz @] 4n 02 @] 4n
< luallg llvz (Ol gn + lvallo luz )l an + lluzllg vz (£)]

A'IL
and
. 1 "
tim s [ (02 0) 1 ()00 () () 1) ()
1 s
< 1 D n n
< dim e [ (Gl oz OlLas + ol oz (Ol
+ [luzllg llvz2 ()] 4n) dpe (t)
: l[ullo /r . [villo /T
< 1 ree——— n 1 T T n
S Ny Y l[vz (E)]] gn dpe (£) R Ny e 3 l[wz ()| 4n dpe (2)
- luzlly /T
1 _— )| 4n dpe (t
+T*1>IEOO/J,([—T,T]) 77‘“@2( )HA lu’( )
=0.
Hence,
. 1 "
im e [ (00 (0 w2 (01 ()4 2 ()22 ()L i (8) = 0
Therefore, (u1v2 + ugvy + ugvg) € EAA(R, A", ). This complet the proof. [ |

Theorem 3.5. Assume that the assumptions (HO)-(H4) hold. Then system (1.1) has a unique p—pseudo almost
automorphic solution.

e
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Proof. We define an operator A : PAA(R, A", u) — PAA(R, A", 1) as follows
Az (t) = /t e Ji Dwdup (s,x(s),z(s—7(s)))ds, Vo € PAAR, A", ).
—o0
Since F € PAA(R x A?", A", u) and x € PAA(R, A", i), by Lemma 3.3,

s— f(s)=F(s,z(s),z(s—7(s))) € PAA(R, A", p).

So, there exist f; € AA(R, A") and fo € E(R, A", 1) such that f = f; + f2 and for any sequence of real
numbers (cv, ),,, there exists a subsequence («,),, sucht that

nin}roofl (t+an) = fy (t) exists forall t € R, (3.2)
lim D (t+ )= D (t) exists forall t € R. (3.3)
n—-4oo

Fisrt step: We will prove that Az (t) exists
We have

t 0
Az (t) = / e e Dlwdu ¢ (§) ds = / e )Y Dlt+wdu r (4 4 5)ds.

So, by assumption (H2)

0
Az ()| 4o = H/ effsop(wu)duf(wrs) ds

0
</ (HeffD(tJru)du

An

(49l ) s

N

0
— (9 d*du
<fllg [ eI
Wl
< 1,

Hence, Az (t) exists.
Step 2: We will prove that Az € PAA(R, A", p).
For a fixed t € R, we have Ax (t) = Af1 (t) + Afa (t) = g1 (t) + g2 (t) where

t 0
g (1) = / e I DO g (5) ds — / e I Dlrdn g (1 4 5) ds

and

— 00

t 0
go (t) = / e Dludu g, (s)ds = / e~ o Pltwdur (1 4 5)ds.
We have

t+any t4an
g1 (t+an) = / effs D(u)dufl (8) ds

— 00

0
= / e JI Dttantwdug (4 4 g4 ) ds.

Using (3.2) and (3.3) it is easy to check that

: — [0 an+u)du _707uu7
niniooe [ D(t+an+u)d filt+s+an)=ce J2 D(t+u)d Fi(t+s).

e
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On the over hand, we have

He— fso D(t+an,+u)duf1 (t +s+ an) < He_ fSU D(t+an+u)du ||f1 (t +s+ an)| o
An M, (R)
< lfillge”
and [ EOO [ fillg e *ds = % < 400, it follows from Lebesgue dominated convergence theorem that

0 =S —
lim ¢ (t+a,) =g, () = / e ! Dlt+wduy (¢ 4 5)ds exists.

n—-4oo

Using the same argument one can prove that lin& g1(t—an) = g1 (t). So, t — g1 (t) = Af1(t) €
n—-—+0oo

AA(R, A™).
By assumption (H2) we have

" <[—1r, ) / {/m

/OOC {ed*sm / Ifo (t+ 5| gw dps (t)} ds.

dp (1)
An

t
/ e It D(u)duf2 (S) ds

dp (t)

0
/ e ! Dlt+u)du g (1 4 5)ds
— 00 A’n

o
e~ J; D(t+u)du

IN

M (®) [ fo (t + 8)|| 4n ds} du (t)

IN

We also have

1 r
M/—r | f2 (t 4 8)|| 4n dpe ()

r4+s
— e [ @ di (0

14 ([77‘7 T.D —r+s

—r—s,r+s T+s
< M([,LL([T,T‘];— ]),U,([T 715 7’+5})[ B HfQ (t)H_A" d:u*s (t)

By Lemma 2.20, Lemma 2.19 and Theorem 2.18 we deduce that

i s [ a4 5) L dn(6) =0,

e () J-

therefore, the dominated convergence theorem allows us to say that

e g2 O] s (9)

A )
1 " ¢ t
- lim —— = [ D(u)du
ri>+oo/¢ ([—7’7 TD [r /,OO ¢ F (8) ds

Hence, t — g2 (t) = Afa (t) € E(R, A", 1) and so Az € PAA(R, A™, ).
Third step: We will prove that A is a contraction:

A‘n,
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By assumption (H1) we have

IN

IN

<

1Az (t) = Ay ()]l

H/ e S PWME (53 (s) 2 (s — 7 (s )))ds—/ e S PWME (5, (5),y (s — 7 (5))) ds

— 00

0

sup{/Oo —d* (t—s) | F1(s,z(s),z(s—7(s)))ds—F1(s,y(s),y (s —7(5)))|| gn ds

teR

+/ e T By (s, (s) (s =7 () ds — Fa (5, (), y (s = 7(5))) | an dS}

— 00

sup {/t [efwtis) (Ly+ L) |z (s) =y (s)|| g + (L) + LE) |l (s =7 (s)) —y (s — T (5))||An} ds}

teR —00

t
(ot Lot 2h+ Lo = ylgsup { [ e as)
teR

—0o0

(L1 + Lo+ LY + LY)
d*

12 = yllo -

From assumption (H4) and the above inequality we can conclude that A is a contraction operator. Thus, by
Banach fixed point theorem, system (1.1) has a unique p-pseudo almost automorphic solution. The proof is

complete. |
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