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1. Introduction
After the introduction of fuzzy sets by L.A.Zadeh [18],

several researchers explored on the generalization of the con-
cept of fuzzy sets. The concept of intuitionistic fuzzy subset
was introduced by K.T.Atanassov [3, 4], as a generalization
of the notion of fuzzy set. The concepts of (λ ,µ)-fuzzy sub-
rings and (λ ,µ)-fuzzy ideals was introduced by Bingxue Yao
[17]. In this paper, we introduce the concept of intuition-
istic (λ ,µ)-fuzzy subrings of a ring and established some
results. Throughout this article, we will always assume that
0≤ λ < µ ≤ 1.

2. Preliminaries

Definition 2.1. Let X be a non–empty set. A fuzzy subset A
of X is a function A : X → [0,1].

Definition 2.2. The union of two fuzzy subsets A and B of
a set X , denoted by (A∪B)(x) = max{A(x),B(x)}, for all
x ∈ X .

Definition 2.3. The intersection of two fuzzy subsets A and B
of a set X , denoted by (A∩B)(x) = min{A(x),B(x)}, for all
x ∈ X .

Definition 2.4. Let R be a subring. A fuzzy subset A of R
is said to be a (λ ,µ)-fuzzy subring of R if it satisfies the
following conditions:

(i) A(x+ y)∨λ ≥min{A(x),A(y)}∧µ,

(ii) A(−x)∨λ ≥ A(x)∧µ,

(iii) A(xy)∨λ ≥min{A(x),A(y)}∧µ, for all x and y in R

Definition 2.5. Let R be a subring. A fuzzy subset A of R is
said to be an (λ ,µ) anti-fuzzy subring of R if it satisfies the
following conditions:

(i) A(x+ y)∧µ ≤max{A(x),A(y)}∨λ ,

(ii) A(−x)∧µ ≤ A(x)∨λ ,

(iii) A(xy)∧µ ≤max{A(x),A(y)}∨λ , for all x and y in R.

Definition 2.6. [3, 4] An intuitionistic fuzzy subset (IFS) A in
X is defined as an object of the form A= {〈x,µA(x),νA(x)〉/x∈
X}, where µA : X → [0,1] and νA : X → [0,1] define the de-
gree of membership and the degree of non-membership of
the element x ∈ X respectively and for every x ∈ X satisfying
0≤ µA(x)+νA(x)≤ 1.

Example 2.7. Let X = {a,b,c} be a set. Then
A = {〈a,0.62,0.24〉 , 〈b,0.34,0.61〉 ,〈c,0.28,0.44〉} is an in-
tuitionistic fuzzy subset of X .
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Definition 2.8. If Ai s a intuitionistic fuzzy subset of X , then
the complement of A, denoted Ac is the intuitionistic fuzzy set
of X , given by Ac(x) = {< x,νA(x),µA(x)> /x ∈ X}, for all
x ∈ X .

Example 2.9. Let A= {〈a,0.8,0.1〉 ,〈b,0.7,0.2〉 ,〈c,0.5,0.3〉}
is a fuzzy subset of X = {a,b,c}. The complement of A is
Ac = {〈a,0.1,0.8〉 ,〈b,0.2,0.7〉 ,〈c,0.3,0.5〉}.

Definition 2.10. Let A and B be any two intuitionistic (λ ,µ)-
fuzzy subsets of a set X . We define the following operations:

(i) A∩B

= {〈x,min{µA(x),µB(x)}∧µ,max{νA(x),νB(x)}∨λ 〉},

for all x ∈ X .

(ii) A∪B

= {〈x,max{µA(x),µB(x)}∨λ ,min{νA(x),νB(x)}∧µ〉},

for all x ∈ X .

(iii) �A = {〈x,µA(x)∨λ ,(1−µA(x))∧µ〉/x ∈ X}, for all
x in X .

(iv) �A = {〈x,(1−νA(x))∨λ ,νA(x)∧µ〉/x ∈ X} , for all
x in X .

Definition 2.11. Let R be a subring. An intuitionistic fuzzy
subset A of R is said to be an intuitionistic (λ ,µ)-fuzzy subring
of R if it satisfies the following conditions:

(i) µA(x− y)∨λ ≥min{µA(x),µA(y)}∧µ,

(ii) µA(xy)∨λ ≥min{µA(x),µA(y)}∧µ,

(iii) νA(x− y)∧µ ≤max{νA(x),νA(y)}∨λ ,

(iv) νA(xy)∧µ ≤max{νA(x),νA(y)}∨λ , for all x and y in
R.

Definition 2.12. Let A and B be intuitionistic (λ ,µ)-fuzzy
subsets of sets G and H, respectively. The product of A and B,
denoted by A×B, is defined as A×B

= {〈(x,y),µA×B(x,y)∨λ ,νA×B(x,y)∧µ〉/

for all x in G and y in H}, where

µA×B(x,y)∨λ = min{µA(x),µB(y)}∧µ

and νA×B(x,y)∧µ = max{νA(x),νB(y)}∨λ .

Definition 2.13. Let A be an intuitionistic (λ ,µ)-fuzzy subset
in a set S, the strongest intuitionistic fuzzy relation on S, that is
a intuitionistic fuzzy relation on A is V given by µV (x,y)∨λ =
min{µA(x),µA(y)}∧µ and νV (x,y)∧µ =max{νA(x),νA(y)}∨
λ , for all x and y in S.

Definition 2.14. Let (R,+, ·)and (R′,+, ·) be any two sub-
rings. Let f : R → R′ be any function and A be an intu-
itionistic fuzzy subring in R, V be an intuitionistic fuzzy
subring in f (R) = R′, defined by µV (y) = sup

x∈ f−1(y)
µA(x) and

νV (y) = inf
x∈ f−1(y)

νA(x), for all x in R and y in R′. Then A is

called a preimage of V under f and is denoted by f−1(V ).

Definition 2.15. Let A be an intuitionistic (λ ,µ)-fuzzy sub-
ring of a ring (R,+, ·) and a in R. Then the pseudo intuitionis-
tic (λ ,µ)-fuzzy coset (aA)p is defined by ((aµA)

p)(x)∨λ =
p(a)µA(x)∨λ and ((aνA)

p)(x)∧µ = p(a)νA(x)∧µ, for ev-
ery x in R and for some p in P.

3. Properties of intuitionistic (λ ,µ)-fuzzy
subrings of a ring

Theorem 3.1. Intersection of any two intuitionistic (λ ,µ)-
fuzzy subring of a ring R is a intuitionistic (λ ,µ)-fuzzy sub-
ring of R.

Proof. Let A and B be any two intuitionistic (λ ,µ)-fuzzy sub-
rings of a ring R and x andy in R. Let A= {x,µA(x),νA(x))/x∈
R}and B= {(x,µB(x),νB(x))/x∈R} and also let C =A∩B=
{(x,µC(x),νC(x))/x ∈ R}, where min{µA(x),µB(x)} ∧ µ =
µC(x) and max{νA(x),νB(x)}∨λ = νC(x). Now,

µC(x− y)∨λ

= min{µA(x− y),µB(x− y)}∨λ

≥min{min{µA(x),µA(y)},min{µB(x),µB(y)}}∧µ

= min{min{µA(x),µB(x)}∧µ,min{µA(y),µB(y)}∧µ}
= min{µC(x),νC(y)}∧µ.

Therefore, µC(x− y)∨λ ≥min{µC(x),νC(y)}∧µ, for all x and y
in R. And,

µC(xy)∨λ

= min{µA(xy),µB(xy)}∨λ

≥min{min{µA(x),µA(y)},min{µB(x),µB(y)}∧µ

= min{min{µA(x),µB(x)}∧µ,min{µA(y),µB(y)}∧µ}
= min{µC(x),µC(y)}∧µ.

Therefore, µC(xy)∨λ ≥ min{µC(x),µC(y)}∧ µ, for all x and y in
R. Now,

νC(x− y)∧µ

= max{νA(x− y),νB(x− y)}∧µ

≤max{max{νA(x),νA(y)},max{νB(x),νB(y)}}∨λ

= max{max{νA(x),νB(x)}∨λ ,max{νA(y),νB(y)}∨λ}
= max{νC(x),νC(y)}∨λ .

Therefore, νC(x− y)∧ µ ≤ max{νC(x),νC(y)}∨λ , for all x and y
in R. And,

νC(xy)∧µ

= max{νA(xy),νB(xy)}∧µ

≤max{max{νA(x),νA(y)},max{νB(x),νB(y)}}∨λ

= max{max{νA(x),νB(x)}∨λ ,max{νA(y),νB(y)}∨λ}
= max{νC(x),νC(y)}∨λ .
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Therefore, νC(xy)∧µ ≤max{νC(x),νC(y)}∨λ , for all x and y in R.
Therefore C is an intuitionistic (λ ,µ)-fuzzy subring of R. Hence the
intersection of any two intuitionistic (λ ,µ)-fuzzy subrings of a ring
R is an intuitionistic (λ ,µ)-fuzzy subring of R.

Theorem 3.2. The intersection of a family of intuitionistic
(λ ,µ)-fuzzy subrings of ring R is an intuitionistic (λ ,µ)-fuzzy
subring of R.

Proof. Let {Vi : i ∈ I} be a family of intuitionistic (λ ,µ)-
fuzzy subrings of a ring R and let A = ∩i∈IVi. Let x and y in
R. Then,

µ(x− y)∨λ

= inf
i∈I

µvi(x− y)∨λ

≥ inf
i∈I

min{µVi(x),µVi(y)}∧µ

= min{inf
i∈I

µVi(x), inf
i∈I

µVi(y)}∧µ

= min{µA(x),µA(y)}∧µ.

Therefore, µA(x− y)∨λ ≥ min{µA(x),µA(y)}∧µ, for all x
and y in R. And,

µA(xy)∨λ

= inf
i∈I

µVi(xy)∨λ

≥ inf
i∈I

min{µVi(x),µVi(y)}∧µ

= min{inf
i∈I

µVi(x), inf
i∈I

µVi(y)}∧µ

= min{µA(x),µA(y)}∧µ.

Therefore, µA(xy)∨λ ≥min{µA(x),µA(y)}∧µ, for all x and
y in R. Now,

νA(x− y)∧µ

= sup
i∈I

νVi(x− y)∧µ

≤ sup
i∈I

max{νVi(x),νVi(y)}∨λ

= max{sup
i∈I

νVi(x),sup
i∈I

νVi(y)}∨λ

= max{νA(x),νA(y)}∨λ .

Therefore, νA(x− y)∧ν ≤ max{νA(x),νA(y)}∨λ , for all x
and y in R. And,

νA(xy)∧µ

= sup
i∈I

νVi(xy)∧µ

≤ sup
i∈I

max{νVi(x),νVi(y)}∨λ

= max{sup
i∈I

νVi(x),sup
i∈I

νVi(y)}∨λ

= max{νA(x),νA(y)}∨λ .

Therefore, νA(xy∧µ ≤max{νA(x),νA(y)}∨λ , for all x and
y in R. That is, A is an intuitionistic (λ ,µ)-fuzzy subring of

a ring R. Hence, the intersection of a family of intuitionistic
(λ ,µ)-fuzzy subrings of R is an intuitionistic (λ ,µ)-fuzzy
subring of R.

Theorem 3.3. If A and B are any two intuitionistic (λ ,µ)-
fuzzy subrings of the rings R1 and R2 respectively, then A×B
is an intuitionistic (λ ,µ)-fuzzy subring of R1×R2.

Proof. Let A and B be two intuitionistic (λ ,µ)-fuzzy subrings
of the rings R1 and R2 respectively. Let x1 and x2 be in R1,y1
and y2 be in R2. Then (x1,y1) and (x2,y2) are in R1×R2.
Now,

µA×B[(x1,y1)− (x2,y2)]∨λ

= µA×B(x1− x2,y1− y2)∨λ

= min{µA(x1− x2),µB(y1− y2)}∨λ ,

≥min{min{µA(x1),µA(x2)}
∧µ,min{µB(y1),µB(y2)}∧µ}

= min{min{µA(x1),µB(y1)}
∧µ,min{µA(x2),µB(y2)}∧µ}

= min{µA×B(x1,y1),µA×B(x2,y2)}∧µ.

Therefore,

µA×B[(x1,y1)− (x2,y2)]∨λ

≥min{µA×B(x1,y1),µA×B(x2,y2)}∧µ.

Also,

µA×B[(x1,y1)(x2,y2)]∨λ

= µA×B(x1x2,y1y2)∨λ

= min{µA(x1x2),µB(y1y2)}∨λ

≥min{min{µA(x1),µA(x2)}
∧µ,min{µB(y1),µB(y2)}∧µ}

= min{min{µA(x1),µB(y1)}
∧µ,min{µA(x2),µB(y2)}∧µ}

= min{µA×B(x1,y1),µA×B(x2,y2)}∧µ.

Therefore,

µA×B[(x1,y1)(x2,y2)]∨λ

≥min{µA×B(x1,y1),µA×B(x2,y2)}∧µ.

Now,

νA×B[(x1,y1)− (x2,y2)]∧µ

= νA×B(x1− x2,y1− y2)∧µ

= max{νA(x1− x2),νB(y1− y2)}∧µ

≤max{max{νA(x1),νA(x2)}∨λ ,

max{νB(y1),νB(y2)}∨λ

= max{max{νA(x1),νB(y1)}∨λ ,

max{νA(x2),νB(y2)}∨λ}
= max{νA×B(x1,y1),νA×B(x2,y2)}∨λ .
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Therefore,

νA×B[(x1,y1)− (x2,y2)]∧µ

≤max{νA×B(x1,y1),νA×B(x2,y2)}∨λ .

Also,

νA×B[(x1,y1)(x2,y2)]∧µ

= νA×B(x1x2,y1y2)∧µ

= max{νA(x1x2),νB(y1y2)}∧µ

≤max{max{νA(x1),νA(x2)}∨λ ,

max{νB(y1),νB(y2)}∨λ}
= max{max{µA(x1),νB(y1)}∨λ ,

max{νA(x2),νB(y2)}∨λ

= max{νA×B(x1,y1),νA×B(x2,y2)}∨λ .

Therefore,

νA×B[(x1,y1)(x2,y2)]∧µ

≤max{νA×B(x1,y1),νA×B(x2,y2)}∨λ .

Hence A×B is an intuitionistic (λ ,µ)-fuzzy subring of ring
of R1×R2.

Theorem 3.4. Let A be an intuitionistic (λ ,µ)-fuzzy subset of
a subring R and V be the strongest intuitionistic (λ ,µ)-fuzzy
relation of R. Then A is an intuitionistic (λ ,µ)-fuzzy subring
of R if and only if V is an intuitionistic (λ ,µ)-fuzzy subring
of R×R.

Proof. Suppose that A is an intuitionistic (λ ,µ)-fuzzy subring
of a ring R. Then for any x = (x1,x2) and y = (y1,y2) are in
R×R. We have,

µV (x− y)∨λ

= µV [(x1,x2)− (y1,y2)]∨λ

= µV (x1− y1,x2− y2)∨λ

= min{µA(x1− y1),µA(x2− y2)}∨λ

≥min{min{µA(x1),µA(y1)},
min{µA(x2),µA(y2)}}∧µ

= min{min{µA(x1),µA(x2)∧µ,

min{µA(y1),µA(y2)}∧µ}
= min{µV (x1,x2),µV (y1,y2)}∧µ

= min{µV (x),µV (y)}∧µ.

Therefore,

µV (x− y)∨λ

≥min{µV (x),µV (y)}∧µ,

for all x and y in R×R. And,

µV (xy)∨λ

= µV [(x1,x2)(y1,y2)]∨λ

= µV (x1y1,x2y2)∨λ

= min{µA(x1y1),µA(x2y2)}∨λ

≥min{min{µA(x1),µA(y1)},min{µA(x2),µA(y2)}}∧µ

= min{min{µA(x1),µA(x2)}∧µ,min{µA(y1),µA(y2)}∧µ}
= min{µV (x1,x2),µV (y1,y2)}∧µ

= min{µV (x),µV (y)}∧µ.

Therefore,

µV (xy)∨λ ≥min{µV (x),µV (y)}∧µ,

for all x and y in R×R. We have,

νV (x− y)∧µ

= νV [(x1,x2)− (y1,y2)]∧µ

= νV (x1− y1,x2− y2)∧µ

= max{νA(x1− y1),νA(x2− y2)}∧µ

≤max{max{νA(x1),νA(y1)},max{νA(x2),νA(y2)}}∨λ

= max{max{νA(x1),νA(x2)}∨λ ,max{νA(y1),νA(y2)}∨λ}
= max{νV (x1,x2),νV (y1,y2)}∨λ

= max{νV (x),νV (y)}∨λ .

Therefore,

νV (x− y)∧µ ≤max{νV (x),νV (y)}∨λ ,

for all x and y in R×R. And,

νV (xy)∧µ

= νV [(x1,x2)(y1,y2)]∧µ

= νV (x1y1,x2y2)∧µ

= max{νA(x1y1),νA(x2y2)}
≤max{max{νA(x1),νA(y1)},max{νA(x2),νA(y2)}}∨λ

= max{max{νA(x1),νA(x2)}∨λ ,max{νA(y1),νA(y2)}∨λ}
= max{νV (x1,x2),νV (y1,y2)}∨λ

= max{νV (x),νV (y)}∨λ .

Therefore,

νV (xy)∧µ ≤max{νV (x),νV (y)}∨λ ,

for all x and y in R×R. This proves that V is an intuitionistic (λ ,µ)-
fuzzy subring of R×R.

Conversely assume that V is an intuitionistic (λ ,µ)-fuzzy sub-
ring of R×R, then for any x = (x1,x2) and y = (y1,y2) are in R×R,
we have

min{µA(x1− y1),µA(x2− y2)}∨λ

= µV (x1− y1,x2− y2)∨λ

= µV [(x1,x2)− (y1,y2)]∨λ

= µV (x− y)∨λ

≥min{µV (x),µV (y)}∧µ

= min{µV (x1,x2),µV (y1,y2)}∧µ

= min{min{µA(x1),µA(x2)}∧µ,

min{µA(y1),µA(y2)}∧µ}.
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If

µA(x1− y1)∨λ

≤ µA(x2− y2)∨λ ,µA(x1)∨λ

≤ µA(x2)∨λ ,µA(y1)∨λ

≤ µA(y2)∨λ ,

we get,

µA(x1− y1)∨λ ≥min{µA(x1),µA(y1)}∧µ,

for all x1 and y1 in R. And,

min{µA(x1y1),µA(x2y2)}∨λ

= µV (x1y1,x2y2)∨λ

= µV [(x1,x2)(y1,y2)]∨λ

= µV (xy)∨λ

≥min{µV (x),µV (y)}∧µ

= min{µV (x1,x2),µV (y1,y2)}∧µ

= min{min{µA(x1),µA(x2)}∧µ,

min{µA(y1),µA(y2)}∧µ}.

If

µA(x1y1)∧µ

≤ µA(x2y2)∧µ,µA(x1)∧µ

≤ µA(x2)∧µ,µA(y1)∧µ

≤ µA(y2)∧µ,

we get

µA(x1y1)∨λ ≥min{µA(x1),µA(y1)}∧µ,

for all x1 and y1in R. We have

max{νA(x1− y1),νA(x2− y2)}∧µ

= νV (x1− y1,x2− y2)∧µ

= νV [(x1,x2)− (y1,y2)]∧µ

= νV (x− y)∧µ

≤max{νV (x),νV (y)}∨λ

= max{νV (x1,x2),νV (y1,y2)}∨λ

= max{max{νA(x1),νA(x2)}∨λ ,

max{νA(y1),νA(y2)}∨λ}.

If

νA(x1− y1)∧µ

≥ νA(x2− y2)∧µ,νA(x1)∧µ

≥ νA(x2)∧µ,νA(y1)∧µ

≥ νA(y2)∧µ,

we get,

νA(x1− y1)∧µ ≤max{νA(x1),νA(y1)}∨λ ,

for all x1 and y1 in R. And,

max{νA(x1y1),νA(x2y2)}∧µ

= νV (x1y1,x2y2)∧µ

= νV [(x1,x2)(y1,y2)]∧µ

= νV (xy)∧µ

≤max{νV (x),νV (y)}∨λ

= max{νV (x1,x2),νV (y1,y2)}∨λ

= max{max{νA(x1),νA(x2)}∨λ ,

max{νA(y1),νA(y2)}∨λ}.

If

νA(x1y1)∧µ

≥ νA(x2y2)∧µ,νA(x1)∧µ

≥ νA(x2)∧µ,νA(y1)∧µ

≥ νA(y2)∧µ,

we get
νA(x1y1)∧µ ≤max{νA(x1),νA(y1)}∨λ ,

for all x1 and y1 in R. Therefore A is an intuitionistic (λ ,µ)-fuzzy
subring of R.

Theorem 3.5. If A is an intuitionistic (λ ,µ)- fuzzy subring
of a ring (R,+, ·), then �A is an intuitionistic (λ ,µ)- fuzzy
subring of R.

Proof. Let A be an intuitionistic (λ ,µ)- fuzzy subring of a
ring R. Consider A = {〈x,µA(x),νA(x)〉}, for all x in R, we
take �A = B = {〈x,µB(x),νB(x)〉}, where

µB(x) = µA(x),νB(x) = 1−µA(x).

Clearly, µB(x−y)∨λ ≥min{µB(x),µB(y)}∧µ , for all x and
y in R and µB(xy)∨λ ≥min{µB(x),µB(y)}∧µ, for all x and
y in R. Since A is an intuitionistic (λ ,µ)- fuzzy subring of
R, we have µA(x− y)∨λ ≥min{µA(x),µA(y)}∧µ, for all x
and y in R, which implies that

(1–νB(x− y))∨λ ≥min{(1–νB(x)),(1–νB(y))}∧µ,

which implies that

νB(x− y)∧µ

≤ {1–min{(1–νB(x)),(1–νB(y))}}∨λ

= max{νB(x),νB(y)}∨λ .

Therefore,

νB(x− y)∧µ ≤max{νB(x),νB(y)}∨λ ,

for all x and y in R. And

µA(xy)∨λ ≥min{µA(x),µA(y)}∧µ,

for all x and y in R, which implies that

(1–νB(xy))∨λ ≥min{(1–νB(x)),(1–νB(y))}∧µ
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which implies that

νB(xy)∧µ

≤ {1–min{(1–νB(x)),(1–νB(y))}}∨λ

= max{νB(x),νB(y)}∨λ .

Therefore,

νB(xy)∧µ ≤max{νB(x),νB(y)}∨λ ,

for all x and y in R. Hence B =�A is an intuitionistic (λ ,µ)-
fuzzy subring of a ring R.

Remark 3.6. The converse of the above theorem is not true.
It is shown by the following example:

Consider the subring Z5 = {0,1,2,3,4} with addition
modulo 5 and multiplication modulo 5 operations. Then
A = {〈0,0.8,0.2〉 ,〈1,0.6,0.1〉 ,〈2,0.6,0.3〉 ,〈3,0.5,0.3〉 ,
〈4,0.5,0.4〉} is not an intuitionistic (0.3,0.7 )-fuzzy subring of
Z5, but �A= {〈0,0.8,0.2〉 ,〈1,0.6,0.4〉 ,〈2,0.6,0.4〉 ,〈3,0.5,0.5〉 ,
〈4,0.5,0.5〉} is an intuitionistic ( 0.3 , 0.7 )-fuzzy subring of
Z5.

Theorem 3.7. If A is an intuitionistic (λ ,µ)- fuzzy subring
of a ring (R,+, ·), then �A is an intuitionistic (λ ,µ)- fuzzy
subring of R.

Proof. Let A be an intuitionistic (λ ,µ)- fuzzy subring of a
ring R. That is A= {〈x,µA(x),νA(x)〉}, for all x in R. Let �A=
B = {〈x,µB(x),νB(x)〉}, where µB(x) = 1− νA(x),νB(x) =
νA(x). Clearly, νB(x− y)∧ µ ≤ max{νB(x),νB(y)}∨ λ , for
all x and y in R and νB(xy)∧ µ ≤ max{νB(x),νB(y)} ∨ λ ,
for all x and y in R. Since A is an intuitionistic (λ ,µ)− fuzzy
subring of R, we have νA(x−y)∧µ ≤max{νA(x),νA(y)}∨λ ,
for all x and y in R, which implies that

{1–µB(x− y)}∧µ ≤max{(1–µB(x)),(1–µB(y))}∨λ ,

which implies that

µB(x− y)∨λ

≥ {1–max{(1−µB(x)),(1−µB(y))}∧µ}
= min{µB(x),µB(y)}∧µ.

Therefore,

µB(x− y)∨λ ≥min{µB(x),µB(y)}∧µ,

for all x and y in R. And

νA(xy)∧µ ≤max{νA(x),νA(y)}∨λ ,

for all x and y in R, which implies that

{1–µB(xy)}∧µ

≤max{(1−µB(x)),(1–µB(y))}∨λ ,

which implies that

µB(xy)∨λ

≥ {1–max{(1–µB(x)),(1–µB(y))}∧µ

= min{µB(x),µB(y)}∧µ.

Therefore,

µB(xy)∨λ ≥min{µB(x),µB(y)}∧µ,

for all x and y in R. Hence B = �A is an intuitionistic (λ ,µ)-
fuzzy subring of a ring R.

Remark 3.8. The converse of the above theorem is not true.
It is shown by the following example:

Consider the subring Z5 = {0,1,2,3,4} with addition
modulo 5 and multiplication modulo 5 operations. Then A =
{〈0,0.4,0.2〉 ,〈1,0.5,0.3〉 ,〈2,0.6,0.4〉 ,〈3,0.5,0.3〉 ,〈4,0.6,0.4〉}
is not an intuitionistic (0.3,0.8 )-fuzzy subring of Z5, but �A =
{〈0,0.8,0.2〉 ,〈1,0.7,0.3〉 ,〈2,0.6,0.4〉 ,〈3,0.7,0.3〉 ,〈4,0.6,0.4〉}
is an intuitionistic ( 0.3 , 0.8 )-fuzzy subring of Z5.

In the following Theorem ◦ is the composition
operation of functions:

Theorem 3.9. Let A be an intuitionistic (λ ,µ)- fuzzy subring
of a ring H and f is an isomorphism from a subring R onto
H. Then A◦ f is an intuitionistic (λ ,µ)- fuzzy subring of R.

Proof. Let x and y in R and A be an intuitionistic (λ ,µ)-fuzzy
subring of a ring H. Then we have,

(µA ◦ f )(x− y)∨λ

= µA( f (x− y))∨λ

= µA( f (x)− f (y))∨λ

≥min{µA( f (x)),µA( f (y))}∧µ

≥min{(µA ◦ f )(x)∧µ,(µA ◦ f )(y)∧µ},

which implies that

(µA ◦ f )(x− y)∨λ

≥min{(µA ◦ f )(x),(µA ◦ f )(y)∧µ}.

And

(µA ◦ f )(xy)∨λ

= µA( f (xy))∨λ

= µA( f (x) f (y))∨λ

≥min{µA( f (x)),µA( f (y))}∧µ

≥min{(µA ◦ f )(x),(µA ◦ f )(y)}∧µ,

which implies that

(µA ◦ f )(xy)∨λ

≥min{(µA ◦ f )(x),(µA ◦ f )(y)}∧µ.
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Then we have,

(νA ◦ f )(x− y)∧µ

= νA( f (x− y))∧µ

= νA( f (x)− f (y))∧µ

≤max{νA( f (x)),νA( f (y))}∨λ

≤max{(νA ◦ f )(x),(νA ◦ f )(y)}∨λ ,

which implies that

(νA ◦ f )(x− y)∧µ

≤max{(νA ◦ f )(x),(νA ◦ f )(y)}∨λ .

And

(νA ◦ f )(xy)∧µ

= νA( f (xy))∧µ

= νA( f (x) f (y))∧µ

≤max{νA( f (x)),νA( f (y))}∨λ

≤max{(νA ◦ f )(x),(νA ◦ f )(y)}∨λ ,

which implies that

(νA ◦ f )(xy)∧µ

≤max{(νA ◦ f )(x),(νA ◦ f )(y)}∨λ .

Therefore (A◦ f ) is an intuitionistic (λ ,µ)- fuzzy subring of
a ring R.

Theorem 3.10. Let A be an intuitionistic (λ ,µ)- fuzzy sub-
ring of a ring H and f is an anti-isomorphism from a subring
R onto H. Then A◦ f is an intuitionistic (λ ,µ)- fuzzy subring
of R.

Proof. Let x and y in R and A be an intuitionistic (λ ,µ)-fuzzy
subring of a ring H. Then we have,

(µA ◦ f )(x− y)∨λ

= µA( f (x− y))∨λ

= µA( f (y)− f (x))∨λ

≥min{µA( f (x)),µA( f (y))}∧µ

≥min{(µA ◦ f )(x),(µA ◦ f )(y)}∧µ,

which implies that

(µA ◦ f )(x− y)∨λ

≥min{(µA ◦ f )(x),(µA ◦ f )(y)}∧µ.

And

(µA ◦ f )(xy)∨λ

= µA( f (xy))∨λ

= µA( f (y) f (x))∨λ

≥min{µA( f (x)),µA( f (y))}∧µ

≥min{(µA ◦ f )(x),(µA ◦ f )(y)}∧µ,

which implies that

(µA ◦ f )(xy)∨λ

≥min{(µA ◦ f )(x),(µA ◦ f )(y)}∧µ.

Then we have,

(νA ◦ f )(x− y)∧µ

= νA( f (x− y))∧µ

= νA( f (y)− f (x))∧µ

≤max{νA( f (x)),νA( f (y))}∨λ

≤max{(νA ◦ f )(x),(νA ◦ f )(y)}∨λ ,

which implies that

(νA ◦ f )(x− y)∧µ

≤max{(νA ◦ f )(x),(νA ◦ f )(y)}∨λ .

And

(νA ◦ f )(xy)∧µ

= νA( f (xy))∧µ

= νA( f (y) f (x))∧µ

≤max{νA( f (x)),νA( f (y))}∨λ

≤max{(νA ◦ f )(x),(νA ◦ f )(y)}∨λ ,

which implies that

(νA ◦ f )(xy)∧µ

≤max{(νA ◦ f )(x),(νA ◦ f )(y)}∨λ .

Therefore A◦ f is an intuitionistic (λ ,µ)-fuzzy subring of a
ring R.

Theorem 3.11. Let A be an intuitionistic (λ ,µ)- fuzzy sub-
ring of a ring (R,+, ·), then the pseudo intuitionistic (λ ,µ)-
fuzzy coset (aA)p is an intuitionistic (λ ,µ)- fuzzy subring of
a ring R, for every a in R.

Proof. Let A be an intuitionistic (λ ,µ)- fuzzy subring of a
ring R. For every x and y in R, we have,

((aµA)
p)(x− y)∨λ

= p(a)µA(x− y)∨λ

≥ p(a)min{(µA(x),µA(y)}∧µ

= min{p(a)µA(x), p(a)µA(y)}∧µ

= min{((aµA)
p)(x),((aµA)

p)(y)}∧µ.

Therefore,

((aµA)
p)(x− y)∨λ

≥min{((aµA)
p)(x),((aµA)

p)(y)}∧µ.
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Now,

((aµA)
p)(xy)∨λ

= p(a)µA(xy)∨λ

≥ p(a)min{µA(x),µA(y)}∧µ

= min{p(a)µA(x), p(a)µA(y)}∧µ

= min{((aµA)
p)(x),((aµA)

p)(y)}∧µ.

Therefore,

((aµA)
p)(xy)∨λ

≥min{((aµA)
p)(x),((aµA)

p)(y)}∧µ.

For every x and y in R, we have,

((aνA)
p)(x− y)∧µ

= p(a)µA(x− y)∧µ

≤ p(a)max{(νA(x),νA(y)}∨λ

= max{p(a)νA(x), p(a)νA(y)}∨λ

= max{((aνA)
p)(x),((aνA)

p)(y)}∨λ .

Therefore,

((aνA)
p)(x− y)∧µ

≤max{((aνA)
p)(x),((aνA)

p)(y)}∨λ .

Now,

((aνA)p)(xy)∧µ

= p(a)νA(xy)∧µ

≤ p(a)max{νA(x),νA(y)}∨λ

= max{p(a)νA(x), p(a)νA(y)}∨λ

= max{((aνA)
p)(x),((aνA)

p)(y)}∨λ .

Therefore,

((aνA)
p)(xy)∧µ

≤max{((aνA)
p)(x),((aνA)

p)(y)}∨λ .

Hence (aA)p is an intuitionistic (λ ,µ)-fuzzy subring of a ring
R.
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