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Abstract

This paper addresses the issue of existence and uniqueness of solutions to the fractional delay integro-differential
equations with multi-point boundary conditions. The existence results are proved by applying Krasnoselskii’s fixed
point theorem and Leray-Schauder nonlinear alternative whereas uniqueness result is proved by the contraction
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1. Introduction

The increasing interest of fractional differential equations
is motivated by their applications in various fields of science
such as physics, fluid mechanics, chemistry, biology, control
theory, signal processing, heat conduction in materials with
memory [6],[15],[22] and the references therein. The main
advantage of using fractional differential equations is related
to the fact that we can describe the dynamics of complex
non-local systems with memory. Fixed-point theory has wide
applications in several areas such as economics, dynamic
systems, the theory of differential and integral equations and
so on. There have been some papers dealing with the existence
of solutions of nonlinear fractional differential equations by
using fixed point technique [13],[17],[19].

In [4], the authors discussed the existence of solution

for a Riemann-Liouville fractional differential equation with
multi-point boundary conditions whereas the existence of so-
lution for multi-point BVPs of Caputo fractional differential
equation is discussed in [23]. Area of fractional differential
equations with multi-point boundary conditions have attracted
many researchers [7],[8],[12],[20] and the references therein.
Shri Akiladevi and Balachandran [16] discussed the existence
and uniqueness of solution to the fractional delay integrodiffer-
ential equations with four-point multiterm fractional integral
boundary conditions. The fractional differential equations
with delay has drawn the attention of researchers in the recent
years, for detail we refer [1],[2],[3],[9],[18],[21].

Motivated by this consideration, in this paper, we shall
discuss the existence and uniqueness of solutions for the frac-
tional delay integrodifferential equations with multi-point
boundary conditions of the form by using appropriate fixed
point theorems:

it
DEu(e) = g(o,u(r), (1)), 1. 5.1(s).u(0(5))) ),
2<E<3,teJ=10,1],
u(0)=0, u(§)=0, u(1)=0, 0< <1,

(1.1)

where g: J x X® = X, h: QxX? — X,u,0:J — J are con-
tinuous functions with 0 < u(¢),0(¢) <t,t € J. Here Q =
{(t,5):0<s<t<1}.
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Here we use the notation Hu(t) =

°t

/O h(t,s5,u(s),u(6(s)))ds.
With this context in the mind, the outline of this paper is as
follows. In Section 2, we give some definitions and lemmas
which are required to our main results. In Section 3, we use
Krasnoselskii’s fixed point theorem and Leray-Schauder non-
linear alternative to prove the existence results whereas the
uniqueness result by using the contraction mapping princi-
ple. Finally, in section 4, we shall some numerical examples,
which shall explicate the applicability of our results.

2. Preliminaries

Let us recall some basic definitions and Lemmas which
will be used in our main results [5],[10],[11],[14].

Definition 2.1: The Riemann-Liouville fractional integral
of a function g € L' (R™) of order & > 0 is defined by
(t—s)51

Fel = [ O

provided the integral exists.

g(s)ds

Definition 2.2: The Riemann-Liouville fractional derivative
oforder § >0,n—1<& <n,n €N is defined as

Dh st = gy () [ et

where the function f(¢) has absolutely continuous derivative
up to order (n—1).

4
dt

Lemma 2.3 The equality D%5g(r)
g€ L(0,1).

= g(t),€ > 0 holds for

Lemma 2.4 Let £ > 0. Then the differential equation Du=0
has a unique solution u(z) = c115 = +¢215 2 4.+ cut> " ci €
R,i=12 ...nwheren—1<& <n.

Lemma 2.5 Let & > 0. Then the following equality holds
foru e L(0,1);

IEDSu(t) = u(t) 4+ c115 + ot 2 4 . 4 ¢t
i=1,2,...,ntheren—1<& <n.

7naci € R»

Lemma 2.6 For k(r) € C(J), the following BVP

Dou(t) =k(t), t€lJ, 2<E<3, 2.1)
u(0)=0,u()=0,u(1)=0,0< <1
has a unique solution given by
[ (t—s)S!
u(t) = /()7%) k(s)ds
5! e [M(1=s)5"!
g e

97

C (¢ —s)5!
—./0 71_(5) k(s)ds}
152 L1 —s)5!
T e 1{5 ) e
E(E—s)"!
—/0 71_(6) k(s)ds}

Proof:
For some vector constants c1,c,c3 € X the general solution
of (2.1) can be written as

u(t) = I5k(t) 4+ c105~ " +eat* 72 + 31573 (2.2)
Using the boundary condition u(0) = 0, we get ¢3 = 0.
By the boundary conditions u({) = 0 and u(1) = 0, we get
Fr) +eil et 2=0 (2.3)
and
[‘gk(l)-i-C]—I-Cz:O 24
Solving equations (2.3) and (2.4), we get
1
€1 = m(ﬁ_zﬁk(l)*ﬁk(g))
1
= m(géillék(l) —Iék(Q'))
Substituting the values of ¢1,cy & ¢3 in (2.2), we get
(= 5)5-!
un = | g ks
15! L [T (1—s)5!
E—2 [ LT
e O s O
(g5 }
— —~————k(s)d
) e
162 T (1 =s)5 !
et
e O A O
(g5
7/0 ) k(s)ds}

This completes the proof.

3. Main Results

Let Z = C(J,X) denote the Banach Space of all continu-
ous functions from J — R endowed with the norm defined by

||| = sup{[u(r)],2 € J}.
Define the operator F : Z — Z by

t(f— )51
F0) = [ EeE—slsu(o) ) Hus))as
A (e -9
e O s

g (s u(s), u(pe(s)), H(u(s)))ds
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$(n—s)51
_ /0()g(s,u(S)vu(ﬂ(S)),H(“(smds}

)
52 e [M(1=s)!
T oo 1{‘: ' e

xg(s,u(s),u(p(s)), H(u(s)))ds

[P sttt ) s
Jo T I
for t € J. Note that the problem (1.1) has solutions, if the
operator F has fixed points.

For the forthcoming analysis, we need the following as-
sumptions:

(A1) dpositive constants L, and Lj, >
(1) Hg<t’ulvvlvwl)_g(t’MZaV%WZ)” <
+{[vi =vall + (w1 —wa2l]),
teJ,up,uy,vi, vy, wi,wa € X.
(i) ||\h(z,s,u1,v1) — h(t,s,uz,v2) || < Lp(||ug — uz]|
+ |[vi =vall),t,s € J,u1,uz,vi,va € X.

Lg([|lur — ua|

(A2) [|g(t,u,v,w)|| <L) ([|ul]),
1 €L'(J,RT) and
¢ : [0,00) — (0,00) is a continuous nondecreasing func-
tion.

(t,u,v,w) €J x X3, where

(A3) Let

1 1
TE+1) {” R

[|c“|+|c“|+2cﬂ}

(A4) 3 a continuous nondecreasing function y : [0,00) —
(0,00) and the functions ¥, € L!(J,R") > for each
(t,u,v,w) € J x X3,

18, v, w)| < D () 2 ([lull) + D).

(A5) Jaconstant M > 0> MQ~! > 1,
where Q = (2 (M) D11 +[|B2] 1) A1

3.1 Existence Result via Krasnoselskii’s Fixed Point
Theorem

Theorem 3.1: Suppose that the assumptions (A1)-(A3) hold

with
2L £2 e-1
e U
S ¢
R+ g ICE 2 2 f <1,

Then the BVP (1.1) has at least one solution on J.

Proof:

We can fix » > ||I||;1¢(r)A; and consider B, = {u € Z:
|lu|| < r}. We define the operators P and Q on B, as

t _Séfl
Pue) = [ e ). o) s
. 1‘571 e 1 (1—S)§71
@00 = g7 Y

< g(5,1(s) u(11 (), Hu(s)ds
C — S 571
-/ (CF@))g(&u(S)M(#(S)LHu(S))dS}

52 1 (l—s)é’1

T {Cél/o E)

(s, ), a(5), Has)ds
C — S 571
- [ ettt Fus)yas

For u,v € B,, we find that

HPquQVH < l||L1¢(r)F(él+l){1+|€§—11C§—2|

x [|c5-1|+|c5—2+2c5”
16 (AA < r

Thus Pu+ Qv € B,. Now, we prove that Q is a contraction.

1(Qu)(r) — (QV)( )l

L é 1—8‘ -1
< g7 CRe
(s, (s), e s)), Ha(s)

A ) e
#1657 [ ) ). )
st (u( >> v(5)ds

42 [ ) o). )

—g(sm(s)m(u(s)),Hv(s))||ds}

T { (1)

e
< Lol

—|—H/Sh (s, T,u(7),u(t))dt

IN

/hsrv (7))dz|))ds
+;/ (6= 2) (2l —v|
+H/0 h(s,T,u(t),u(t))dt

o
L0,
Ssa2ez
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/ h(s, 7,v(7),v(7))dt||)d }

< 2Lg§§114‘52||: (€+1){|C 72|+|C§ 1|+2|€6|}

1282+ 1g5 1|+2cé“|}} v

* <¢+2>
= Alu—v]

Since A < 1, we say that Q is a contraction mapping. Conti-
nuity of g and 4 implies that the operator P is continuous.
Also

t 7s§71
@ < [ Eeh leuls) (o). Hus) s

_ o0
= TE+D)
Therefore P is uniformly bounded on B,.
Next to prove that the compactness of the operator P, it

is enough to show that P is equicontinuous. Now, for any
t,t, € Jwitht; <t and u € B,, we have

|(Pu)(12) = (Pu) (1))

1) —s -1
/0 (tzr(é))g(&u(s)’u(u(s)),Hu(s))dS

n(f — )61
_/0 ug(s,u(s),u(u(s))7HM(S))ds

r'()
0 B B R
< /0 [(t2 —s) r‘(é()tl ) }Z(S)(])(Hxn)ds
go) — )61
+./ll (Qr(g)l(s)cb(xH)ds
QCED (e
- )[/0 (&) I(s)ds
1) —sé 1
+ , (lzr(g)) l(S)ds}

which is independent of u and tends to zero as #, — ¢;. Thus,
P is relatively compact on B,. Hence, by Arzela-Ascoli Theo-
rem, we have P is compact on B,.. Therefore by the Krasnosel-
skii’s Fixed Point Theorem, the problem (1.1) has at least one
solution on J.

3.2 Existence Result via Leray-Schauder Nonlinear
Alternative

Theorem 3.2:
Assume that the hypotheses (A3)-(AS) holds. Then the
BVP (1.1) has at least one solution on J.

Proof:
The operator F : Z — Z is continuous. Now, we show that

99

F maps bounded sets into bounded sets in Z. Fix B, = {u €
Z:||ul| <r}inZ.
For u € B,, we have

[(Fu)(@)]

’(t—s)‘g’l
< /0 W||8(Sau(s)7M(H(S))’HM(S))HdS

1 goy (101 —5)~!
+|c51—c52|{'c T
(5. (s) (1)), Hu(s)) s

4&1
)

x||g<s,u(s)m(u(s))ﬂu(s))||ds}

1 e [ (1=s)57!
+|c51(:52|{'§ ]

18(s,u(s),u(u(s)), Hu(s))|lds

_Sél
e

XIIg(s,u(s)7u(u(s)),Hu(s))IIcls}
1
[E+1)

{1+ g (520 )
= (D1 2()+ [ B2l

IN

(Il (r) + [182l]20)

Next we show that F' maps bounded sets into equicontinu-
ous sets in B,. Let t1,t, € J witht; <1, and u € B,. Then

|(Fu)(t2) — (Fu) (1)
0 [ty — )5 — (11 — )]
< I
g5, u(s), (i1 (s)), Hu(s)) | ds

153 —s)5!
+/t (tzr(éj))Ig(s,u(S)vu(u(s)),HW))|ds

(tzé 1 t§ 1

(=) [ e l—s)‘5
e e, e
lg(s,u(s) (). Huls)) | ds
_Sé i
[T sttt s
(‘5 -2 _ l—s)g 1

g w{cg 1 e
<ot u(u( )).Hu(s)) ds
T et ). o) s

LT gy g)E
"(’)Uo I Py o

+

IN
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o (=)
+/tl r(E)
( 5 Iy 5 1

\c’él = 2|{C5 i l;gl
+/ _S\glﬂl(s)ds}

i D
\cw = l|{C . TE)

% ;éf 11’“”‘“”
e —s)ﬁ'r(—ém 95Ty

)
53 _ )¢t
—|—/t1 (tzr(g)) Do (s)ds
G

g

+/ _Sél s)ds}

(éz_téz . l—s)é 1
\:52 cl% 1|{C s TTE)

165 )

Asty — 11, the rlght hand side of the above equation tends
to zero which is independent of u € B,.. Thus F' maps bounded
sets into equicontinuous sets in B,. By Arzela-Ascoli’s theo-
rem, F' is completely continuous.

Let u = AgFu, where Ay € (0,1). Then for ¢t € J, we have

01 (s)ds
+ (s)ds

+ O (s)ds

+ D (s)ds

it (f_ g)E-1
) = 2 [ ) (). Hus))ds

Ao e (101 —s5)°!
" <c€1—c¢2>{c J )
xg(s,(s), u(L(s)), Hu(s))ds

£ (¢ —s)5!
) /O<C>g<s,u<s>,u<u<s>>,Hu<s>>ds}

r'(&)
1 l—s
G|
xg(s,u(s),u(u(s)),Hu(s))ds
§(¢—s)!
. /O@F(g)g(s,u<s>,u<u<s>>,Hu<s>>ds}

Then [|lu(z)[| < (x(
be written as

[l D111 + [|92]]1)A1 and which can

[l
DBl + 102l ) A
By the assumption of (A5), I M > ||u|| # M. Set

<1

U={ueZ:|ul| <M}

The operator F : U — Z is completely continuous. From
the above choice of U, there is no u € U > u = AgFu, for
Ao € (0,1). By the Leray-Schauder nonlinear alternative, we
conclude that F has a fixed point # € U which is a solution to
the problem (1.1).

3.3 Uniqueness Result via Banach’s Fixed Point Theorem

Theorem 3.3:
Assume that (A1)-(A3) hold with

A = 2Lg(1 +Lh)

1 1
1+
rE+1) { |ge—1 g2
66 +16621 24 <
Then the multipoint BVP (1.1) has a unique solution on J.

Proof:
Let M) = sup||g(¢,0,0,0)|| and M, = sup||h(t7s,0,0)||.
ted

Consider B, ={uc Z: ||u|| <r},

Ay {1152+ 165 71 +2185])

1
2L rE+1)

m{@d@’v‘—ﬂ+|c5—1|+2|c¢+1|>}

and
LM,
r+2)
M,
TTETD

To show that FB, C B,, where F : Z — Z.
For u € B,, we have

(1S53 1+1857 1 +2165)

(1857241657 +21¢5)

|(Fu)(@)|l
1 (t—s)5!
< /0WIIg(S»M(S)M(M(S))»HM(S))IIdS
1 o (1—5)51
NG 2|{'C s TTE

l&(s,u(s) (1 (5), Hu(s) | ds
,Sé I
T ot i), o) s

E-1 F(1—s)57!
+|c€1—c€2|{'4 T
(s u(s).u(p2(s))  Hu(s)) | ds

,Sg 1
+/ =y 18(suls), “(H(S)),Hu(s))ﬂds}

A m[|| (5(5) 31 (5), ()
0 F(é) g ) ) )
—g(s,O,(),())H—&—Hg(s,(),(),())”]ds

IN

o
L0,
Ssa2ez

100
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L(1—s)5"!

x[l[g(s,uls), u(u(s)), Hu(s))
+llg(s,0,0 O)H]ds

[
—0(,0,0,0) + |g<s,o,0,0)||]ds}

1 E-1 F(1—s)°"!
+c51—c52|{c g

[llg(s, u(s),uu(s)), Hu(s)) — &(s,0,0,0)||
+llg(s,0,0 O)H]ds

)

_g(S707070)|| + |g(S707070)||]dS}

—g(s,0,0,())H

u(pi(s)), Hu(s))

[llg(s;uls),

[llg(s, u(s),uu(s)), Hu(s))

t _sé—l
S/O v r(g)) L () [ () ||| Hu(s) || M1 )ds
1 B B 1 1_S571
=t (SIS

[Lg(Ju (S)||+|| ( ())||+||HM(S)||)+M1MS

w2 [Tl )+ ()|
+||[Hu(s )||)+M1]ds
(1852 185 +21¢8))

IN

#rke [ TE+1)

+Ln{ (S5 21+ 1571 +21857 "))

1
[(&+2)

LM (1062410871 1 21g8))

YD)

+

M E-2) it £
(€+1)(1+|C | +8>7 [ +2[8%)
Ar+A <r

Thus FB, C B,. Now for u,v € Z and t € J, we have

|(Fu) () — (F) ()]
t(r—s)5!

< IE)
)

1

l18(s,
v(u(s), H

u(s),u(p(s)), Hu(s))
v(s))llds
(S +1572)

—g(s,v(s

MR
[ ) o). )
o T() T
S AU O

Hg s,u(s), u(pu(s)), Hu(s))

¢
+2 (
0

101

g(sav(s)av(ﬂ(s)),Hv(s))ds}

(1 —s)5"!
< /W[ e(lu=v]|+lu=v]
+||/ h(s, T,u( ))dt
/h 5, 7,0(T )))dz|)]ds
1 £-1 £-2
+Cg_1_cg_2|{<|c +1252)
L(1—g)E!
J s
+||u—v||+|\/‘ (s, T,u(r),u(u(x)))dT
/h 5,7, )))dz|)]ds
Lo(llu— v+ [lu—v]
+||/ h(s, T,u(T),u( ))dt
/hs Tt )))dz|)ld }
1 1
. ZLg(”L”r(é+1>{”|Cé—lCH
[|c5-1|+|ci-2|+2c51}|uv||
= Agflu—v]

Here A, depends only on the parameters involved in the prob-
lem. Since A, < 1, we say that F is a contraction. Hence,
by the Contraction mapping principle, the BVP (1.1) has a
unique solution on J.

4. Example
Example 4.1
Consider the following BVP:
-2t 2t
phuy = L WOL e Juld)
(E+15) T+[u(@)|  144€ 1+ [u(F)|
Lorte Ju(s)]
— | = 4.1
15J0 5 T+u(s)] 1)
with the boundary conditions:
1
u(0) = 0,u(§) =0,u(l)=0.
Here & = %, = % From (4.1), we have
! Iu(t)l
t,ul(t t)),Hu(t =
e |u<%>|
14+e 14 |u(%)|
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1ore u(s?)
150 5 1+ |u(s?)]

re' u(s?)|

0 5 1+ |u(s3)]
The assumption (Al) is satisfied with Lg = % and L, = %
Also

2
where Hu(t) = dSaIJ(t):évG(t):ﬁ'

2L, 1

YT T TE

{[c§—2|+|cé—l|+z|:5u

Lh (pe-2), |pEi £+l }
+ + +2
g IS IS T2
= 0.0984 < 1.

Thus all the assumptions of the Theorem 3.2 are satisfied.
Hence the problem (4.1) has at least one solution on J.

Example 4.2
Consider the BVP:
—t 3
D%u(t) _ 1 u(t) e u(21”)
62+2r 1+u(t) 61+e 1+u(23)
1 [fe® u(coss) 42)

+§. o 7 1+u(coss) g
with the boundary conditions:

u(0) = O,M(%) =0,u(1) =0.

Here & = %, ;= % From (4.2), we have

1 u(t)
62+2r 14u(t)
et u(2r?)
61+e 1+u(283)
1 ["e™ u(coss)
62Jo 7 1+u(coss)

g(t,u(t),u(u(t)),Hu(t)) =

Te™  u(coss)

o 7 1+u(coss)
The assumption (Al) is satisfied with Lg = é and L, = %
Also

where Hu(t) = ds, (1) =21>,0(1) = cost.

A = (14D (¢

1 1
(éJrl){lJr (S
_~_|C§*2| +2§5]} =0.0556 < 1.

Thus all the assumptions of the Theorem 3.5 are satisfied.
Hence the problem (4.2) has a unique solution on J.
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