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Neighborhood-Prime labeling for some graphs
N.P. Shrimali!, A.K. Rathod?* and P.L. Vihol®

Abstract

We consider here a graph with n vertices and m edges denoted by G having vertex set as V(G) and edge set as
E(G). If there is a bijective function f from V(G) to the set of positive integer upto |V (G)| such that for every vertex
u with degree at least two the gcd of the labels of adjacent vertices of u is 1 then f is called neighborhood-prime
labeling and G is called neighborhood-prime graph. In the present work we constructed some particular graphs

and we proved these are neighborhood-prime graphs.
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1. Introduction and Definitions

In our investigation we consider simple, finite, connected,
undirected graphs with V(G) and E(G) as vertex set and edge
set respectively. For various notation and terminology we
follow Gross Yellen [4] and for some results of number theory
we follow Burton [2]. Now We give brief note of definition
which are useful in present investigation.

Definition 1.1 : Consider a graph G = [V(G),E(G)] with n
vertices and a bijective function f: V (G) — {1,2,3...n} . We
say that f is prime labeling if for every e € E(G) with e = uv,
(f(u),f(v)) = 1. A graph having prime labeling is called
prime graph [1].

Definition 1.2 : For vertex v in G, neighborhood of v is the set
of all vertices which are at distance one to v and it is denoted
by N(v).

Definition 1.3 : Consider a graph G = [V(G),E(G)] with n
vertices and a bijective function f : V (G) — {1,2,3...n} . We
say that f is a neighborhood-prime labeling if for every vertex
u in G with deg(u) > 1,gcd{f(p)|p € N(u)} = 1 and graph
G is called neighborhood-prime graph [5].

Definition 1.4 : A Helm H, is the graph obtained from the
wheel graph W,, = C, + K by attaching a pendent edge to
each vertex of cycle in G, .

A concept of prime labeling was given by Entringer. Tout-
et-all introduced prime labeling in [1]. Now a days it is an
interesting field of research. S.K.Patel and N.P.Shrimali intro-
duced the the notion neighborhood-prime labeling and they
shown that Helm, Cycle, Path admit neighborhood-prime
labeling [5]. In [6] they proved union of some graphs are
neighborhood-prime. For further list of results regarding
prime graph and neighborhood-prime graph reader may refer

[3].

2. Main Results

Theorem 2.1:H,(W,) is neighborhood-prime graph where the
graph H,(W,) is obtained by identifying each pendent vertex
of H, by rim vertex of Wheel graph W,,.

Proof : In a graph G = H,,(W,,) central vertex of H, is denoted
by u and rim vertices of H, are denoted by u1,us,u3...u,. In
a i'" copy of W, in a graph G the rim vertex of W, which
is identified with pendent vertex of H, is denoted by u; 1 ,
remaining rim vertices of W, are denoted by u; 2, u;3 ... u;,
and central vertex of W, is denoted by u; ,,+1 for each i.
Case:(i) n is even.

We define f: V(G) — {1,2,3,...|V(G)|} as follows.

fu) =2, fur) =1, flur,1) =3

flu)=2+({-1)(n+2); 2<i<n



flui)=3+(-1)(n+2); 2<i<n
fluij)=j+2+@(—-1)(n+2); 1<i<n:2<j<n+l1
we consider w as a vertex at each position in a graph G. We
will show that ged {f(p)|p € N(w)} = 1.

Ifw=u,u € Nw)and f(u;)=1.

If w = u; for any i, {u,u; 1 } CN(w). f(u) =2 and f(u;) is
odd for each i.

If w=u;, for any i, {uin,uin+1} CNw) . f(ui,) and
f(ui ny1) are consecutive numbers.

If w = u; ; for any i and j = 2k where k = 1,2,3....%,

{uij—1,uij1} SN(W). f(uij—1) and f(u; 1) are consecu-
tive odd numbers. 5
If w = u; ; for any i and j = 2k + 1 where k = 1,2,3....”%,
{uijtuijiruinsr} S Nw). fluij—1) and f(u;j1) are
consecutive even numbers and f(u; ,41) is odd number.

If w=uj,q forany i, N(w) = {uj1,ui2,u;3...0; n}
fuir), f(ui), f(ui3),....f (ui,) are consecutive numbers.
Case:(ii) n is odd.

We define f: V(G) — {1,2,3,...|V(G)|} as follows.

fu)=1

flu)=2+({—-1)(n+2); 1<i<n
fluij)=j+2+(-1)n+2); 1<i<n:1<j<n-1
n+3+({—1)(n+2); i=2k—1 where k=1
1
2301
fluin) = n+2+(i—1)(n+2); i=2k where k=1,2
n—1
3.0
forl1 <i<n
n+2+(i—1)(n+2); i=2k—1wherek=1
1
2301
f(tinsr) = n+3+(i—1)(n+2); i=2k where k=1,2
3 n—1
3o

forl1 <i<n
We consider w as a vertex at each position in a graph G. We
will show that ged {f(p)|p € N(w)} = 1.
Ifw=u, {u,up} CNw) . f(u;) =2 and f(up) is odd
number .
If w=u;forany i,u e N(w). f(u)=1.
If w=u;, for any i, {uin,uint1} C Nw) . f(u;,) and
f(uiny1) are consecutive numbers.

1
If w=u; j for i = 2k — 1, j = 2m where k = 1,2,3....%

n—3
and m = 1,2,3.... 3 N {ui’jfl,u,"]url} EN(W) f(l/tw;l)

and f(u; j11) are consecutive odd numbers.

n+1

Ifw=u; jfori=2k—1, j=2m+1wherek=1,2,3....

n—3
andm=1,2,3....—— ; {ui7j,1,ui7j+1ui7n+1} C N(w).
f(uij—1) and f(u; ;1) are consecutive even numbers and
f(tipg1) is odd number.
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—1
" and

If w=u; ; for i =2k, j =2m where k = 1,2,3....

n—3
m=1,23...—; {ui,jq,ui_,jﬂui,nﬂ} CNW). f(uij-1)
and f(u; j+1) are consecutive even numbers and f(u; 1) is
odd number.

-1
If w =1 for i = 2k, j = 2m+ 1 where k = 1,2,3...."T

and m = 1,2,3....% ; {u,',j,l,u,-,jﬁ} - N(W) f(u,'7j7])
and f(u; j41) are consecutive odd numbers.

If w=u;,— for any i {u;j,,ttins1} CN(W) .
f(#iny1) are consecutive numbers.

If w=u;, for any i ,{uj,—1,uint1} SNW) . f(uip—1) and
f(uint1) are either consecutive numbers or consecutive odd
numbers .

Ifw= Uin+1 for i , {um ,u,',z} g N(W) f(u“) and f(u,;yl) are
consecutive numbers.

So f is neighborhood-prime labeling.

f(ui,) and

Mlustration 2.1 Consider the graph Hg(Ws). The labeling is
as shown in Figure 1.

Figure 1: Neighborhood-prime labeling for He(Ws) .

Theorem 2.2: H,(F,) is neighborhood-prime graph where the
graph H, (F,) is obtained by identifying each pendent vertex
of H, by vertex of maximum degree in F;,.

Proof : In a graph G = H, (F,) central vertex of H, is denoted
by u and rim vertices of H, are denoted by uy,u,us,....u,
. In a i"" copy of F, in a graph G the vertex of F, which is
identified with pendent vertex of H, is denoted by u,-/ and
remaining vertices of F,, are denoted by u; 1, u;2, u;3 ... Ui
for each i .

Case:(i) n is odd.
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. n+5 . .
Here we consider two sub cases. fluin—1) = 2 +(i-1)(n+2); 1<i<n
b (n=3 7
sub case:(l) 7 s U, Uy, l’ler + (Zi—z)(n+2); n= l(mOd 4)
@ G © flnzicin) =9$ %9
5 +(2i—2)(n+2); n=3(mod 4)
1 1
S for1 <i< %
n+9

+2i—1)(n+2); n=1(mod 4)
f(u2i,n) = n<%7

2
n—1

forl <i< ——

orl <i< 5

+(2i—1)(n+2); n=3(mod 4)

We consider w as a vertex at each position in a graph G. We
will show that ged {f(p)|p € N(w)} = 1.

If w=u,u; € N(w) for each i. Also f(u1) =2, f(uz) is odd
number for each k. .

If w=u; for any i, u € N(w )andf( )=

If w = u, for any i, {uijlj=1,2,..n} C flui;)'s are
consecutive numbers .
Figure 2: Neighborhood-prime labeling for H3(F3). If w=u;, forany i, {”iﬂv“i} =N(w). f(ui2)and f(u ) are
consecutive numbers or consecutive odd numbers.
sub case:(ii) n > 5 If w=u; ; foranyi,and jfor 1 < j<n—3: {u;j1,uij1} C
We define function f as follows. N(w). f(ui j—1) and f(u; j4+1) are consecutive numbers.
flu)=1. _ _ If w=u;;foranyiand j=nn—2, {u;,uw,]} C N(w).
flu)=2+({-1)(n+2) ;1<i<n ;

! . .
f(u;) and f(u;,—1) are consecutive numbers or consecutive
odd numbers .

(nzﬁ) * {%J (n+1)+ LTJ (n+3) If w=u;,_ forany i, {u;,uiyn} C N(w). f(u;) and f(u;n)

flui)= i i i1 n = L(mod 4) are cor}§ecqtive numbers .
(5)+ bJ (n+3)+ {TJ (n41) Case:(ii) n is even.
cn=3(mod 4)  f(u)=2.
for1 <i<n fn) =1, f)=2+(i-1)(n+2): 2<i<n
8 . _
Flui)=3+(i—1)(n+2); 1<i<n N[ )+ (= )(n+2)in=2(mod4) . _
’ flui) (8) 4 (i— 1) (n+2); n=0(mod4) ~ ='="
2i—1 2i—2
() + [ = D+ [T | 03) fl) =34 G- D)nt2); 1<i<n
P n+10 .
fluzi12) 01 5N mt ) pg) = T - 1) (n2) 1<
(5 | T 0D+ [T 00 ) =34 4+ (- Dn4+2): 1<i<nand
2 i2j+1 jti-1)n+2); Si>nan
;n=3(mod 4) 1<j< 2
n+1 10
for1<1<T f(ui,2j+2):n—z +j+(i—-1)(n+2); 1<i<nand
21 1<y
nel3y
(%5 )+z(n+1)+[ 2 J(n+3) i) = (£0) + (i— 1) (n+2);n = 2(mod 4) Q<icn
Fluzin) = ) n=1(mod 4) e (U8 + (i—1)(n+2);n=0(mod4) * = =
’ (%) +i(n+3)+ {21 _ 1J (,H_ 1) We consider w as a vertex at each position in a graph G. We
2 n=3(mod 4) will show that ged {f(p)|p e N(w)} = 1.
1 Ifw=u,u € Nw). Also f(u;) = 1.
forl<i< ) w:u,-foranyi,{u,u;} CN(w). f(u) =2and f(u )1sodd
1<j< % Ifw:u;foranyi, {Mi,j|j: 1,2,...11} CNWw). f(uin), f(uiz),
fluinjo) = fluin)+j; 1<i<nand1< ;< % f(ui3),....f(uin) are consecutive numbers .
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If w=u; foranyi, {ui’27u;} =N(w). f(u;i2)and f(u;) are
either consecutive numbers or consecutive odd numbers.
Ifw=u; jforanyiand jfor1 <j<n-2, {Ml"jfl,ul”]ur]} -
N(w). f(uij—1) and f(u; j4+1) are consecutive numbers.

If w=u;,_ forany i, {u;,u,n} C N(w). f(u;) and f(u;n)
are consecutive numbers .

If w=u;, foranyi, {u;, u,-,n_l} CN(w). f(u;) and f(uipn—1)
are either consecutive numbers or consecutive odd numbers.
So f is neighborhood-prime labeling.

Mlustration 2.2 Consider the graph Hg(Fgs). The labeling is
as shown in Figure 3.

e Wi Uiy Uiy Uy L3H]

@ —6—e—)

Uy Uyp Uyy Ugy

Figure 3: Neighborhood-prime labeling for He(Fj).

Theorem 2.3: H,(H,) is neighborhood prime graph where
the graph H,(H,) is obtained by identifying each pendent
vertex of H, by vertex of outer cycle of closed Helm graph
H,.

Proof : Ina graph G=H, (Hn) central vertex of H, is denoted
by u and rim vertices of H, are denoted by uy,us,u3,....u,. In
i"* copy of H, in a graph G the vertex of outer cycle of H,
which is identified with pendent vertex of H,, is denoted by
u; » , vertices of outer cycle and vertices of inner cycle are

! ! . .
denoted by u;1,u;>....u;,, and Uj s U respectively in

in
same direction for each i. More over u; ; and u; ; are adjacent
vertices for j = 1,2,3...n for each i. Central vertex of i"" copy
of H, in a graph G is denoted by v; for each i.

We define f: V(G) — {1,2,3,...|V(G)|} as follows.

Su)=1.

f(ul):2n+3.

flu)=2+2(i—1)(n+1); 2<i<n
flui)=2j+2+42(i—-1)(n+1);1<i<nand 1<j<n
fl ;) =2j+3+2(i—1)(n+1); 1 <i<nand 1< j<n—1
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fl,) =3+2(i—1)(n+1);1<i<n
fn) =2

F)=02n+3)+2(i—1)(n+1); 2<i<n

We consider w as a vertex at each position in a graph G. We
will show that ged {f(p)|p € N(w)} = 1.

Ifw=u,{u,us} CN(w). f(ur) and f(uy) are consecutive
numbers.

If w=u; foranyi: u € N(w) and f(u) = 1.

If w=u; j for any i and j # n, {l/l;’j,ui_’j+1} C N(w). f(”i,j)
and f(u; j,1) are consecutive numbers.

If w=u,, foranyi, {M;'7n,l/ti71} C N(w). f(”;,n) and f(u;1)
are consecutive numbers.

Ifw=u, ;foranyiand j# 1, {ui‘jil,u,;j} CNW). fu; ;1)
and f(u; ;) are consecutive numbers.

Ifw= "‘;1 for any i, {u;n,um} C N(w). f(u;n) and f(u;1)
are consecutive numbers.

If w=v; for any i, N(w) = {ui’j|j = 1,2,..n} also f(u; ;) are
consecutive odd numbers.

So f is neighborhood-prime labeling.

Ilustration 2.3 Consider the graph Hs(Hs). The labeling is
as shown in Figure 4.

Figure 4: Neighborhood-prime labeling for Hs(Hs) .

Theorem 2.4: H,(GP(5,2)) is neighborhood-prime graph
where the graph H,(GP(5,2)) is obtained by identifying each
pendent vertex of H, by vertex of outer cycle of petersen
graph GP(5,2).

Proof :In a graph G = H,(GP(5,2)) central vertex of H, is de-
noted by u and rim vertices of H,, are denoted by uy,us,u3, ....u,.
In i copy of petersen graph GP(5,2) in a graph G the vertex

N %,
= 7

(N
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of GP(5,2) which is identified with pendent vertex of H,, is
denoted by u; 5 ,vertices of outer cycle and vertices of inner

cycle are denoted by u; 1,u;....u; 5 and ”;,1 , “;2”;5 respec-
tively in same direction for each i. More over u, ;j and u; jare
adjacent vertices for j = 1,2...5 for each i.

We define f: V(G) — {1,2,3,...|V(G)|} as follows.
Su)=1.

flu)=2+4@G-D111<i<n

2
1<j<5s
Fluzif) =2j+1+@2i—D11; 1<i< gJ and
1<j<5
: 1
Uy, 1.)=2]+3+ (2 — ; <i< nt and
) =243+ 2i-2)11 5 1 :

1<j<4

flugs) =4+ Qi—1)11; 1<i< gJ

Figure 5: Neighborhood prime labeling for Hs(GP(5,2))

3. Concluding Remarks

Here we investigated four results corresponding to neigh-
borhood prime labeling for some particular graphs. Analogous
result can be obtained for the generalization of these graphs
using various graph operations in the context of neighborhood

prime labeling.

We consider w as a vertex at each position in a graph G. We
will show that ged {f(p)|p € N(w)} = 1.

Ifw=u, {u,up} CN(w).f(u;) =2 and f(u;) is odd num-
ber.

If w=u; for any i, u € N(w) and f(u) = 1.
(11

!

If w=u; jforany iand j # 5, {u;7j,u,'7j+1} CNw). f(u; ;)

. 2]
and f(u; j1) are consecutive numbers.

/ / [31
If w=u;s forany i, {uiS,u,;,l} CN(w). f(u; 5) and f(u;1)

are consecutive numbers. [4]

Ifw:u;-_’j forany i and j #2, {u;-_’jﬂ,u;’j%} CNWw). f(uijo) 1B

and f(u; j43) are consecutive odd numbers where values of

j+2 and j+ 3 modulo 5. -

Ifw= u;z forany i, {ui4,uis} CN(w). f(ui4) and f(u;s)
are odd numbers of difference eight.

f is neighborhood-prime labeling.
Ilustration 2.4 Consider the graph Hs(GP(5,2)). The label-

ing is as shown in Figure 5.
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