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Abstract. The concepts of 45 — d—semi closed and 7j — d—semi open sets in bitopological spaces are introduced and studied.

Also, the notions of § —s A, ; —sets and gd—s A, ; —setsare investigated. Furthermore , a new closure operator called C' ; Nis

on the bitopological space (X, 71, 72) is defined and associated topology 7'; Nis is given.
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1. Introduction

In 1963, Kelly [4], initiated the definition of a bitopological space as a triple (X, 7y, 72), where X is a nonempty set
and 7 and 7, are topologies on X. In 1981, Bose [2], introduced the concept of ij-semi open sets in bitopological
spaces. In 1987, Banerjee [1], gave the notion of 4j — d—open sets in such spaces.Also, investigations of ij —
d—open sets were found in [5, 6]. In this paper, we introduce and study 7j —J—semi closed and ij — §—semi open
sets in bitopological spaces. Also, we introduce and study the notions of § — s A, j-sets and gd — s /\; ; —sets
in bitopological spaces by generalizing the results obtained in [3]. Furthermore, we define a closure operator
Cl; Nis and associated topology 7'58 Nis on the bitopological space (X, 71, 2).

Throughout this paper (X, 71, 72) ( or briefly X ) always mean a bitopological space on which no separation
axioms are assumed unless explicitly stated. Let A be a subset of X, by i — CI(A) and i — Int(A) we denote the
closure and the interior of A in the topological space (X, 7;). By i-open (or 7;—open) and i-closed (or 7; —closed)
we mean open and closed in the topological space (X, 7;). X\ A = A€ will be denote the complement of A and
I denote for an index set. Also4,j = 1,2 and ¢ # j. Let A be a subset of a bitopological space (X, 71,72) . A
point € X is called an ij — d—cluster point [1] of A if ¢ — Int(j — CI(U)) N A # ¢ for every 7;-open set
U containing x. The set of all ij — d—cluster points of A is called the ij — d—closure of A and is denoted by
ij — Cls(A) . A subset A is said to be ij — d—closed if ij — Cl5(A) = A. The complement of an ij — d—closed
set is called ij — d—open. A subset A of X is called ij—semi open [2] if A C j — Cl(i — Int(A)).
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2. ij-0-semi open sets

Definition 2.1. A subset A of bitopological space (X, 11, T2) is called i j — 6—semi open if there exists ij — §-open
set U such thatU C A C j — CU(U). The complement of an ij — d—semi open set is called ij — §-semi closed.

A point x € X is called an 75 — d-semi cluster point of A if ANU # ¢ for every ij — §-semi open set U of X
containing x. The set of all ¢j — d—semi cluster points of A is called the ij — §—semi closure of A and is denoted
by ij — dsCI(A). The collection of all ij — J-semi open (resp. ij — d-semi closed) sets of X will be denoted by
ij — 0SO(X) (resp. ij — dSC(X)).

A subset U of X is called 7j — d-semi neighborhood (briefly, ij — J-semi nbd ) of a point x if there exists an
ij — d-semi open set V such thatz € V C U.

Lemma 2.2. The union of arbitrary collection of ij — §—semi open sets in (X, 1, T2) is ij — d-semi open.

Proof. Since arbitrary union of ¢j — d—open sets is ij — d-open [4, Lemma 2.2], the result follows. |

Lemma 2.3. The intersection of arbitrary collection of ij — 6-semi closed sets in (X, 1, 72) is ij — §-semi closed.

Proof. Follows from Lemma 2.1. |

Corollary 2.4. Let A C X, ij — 0sCl(A)=({F:ACF, Feij—05C(X)}.
Corollary 2.5. ij — 0sCI(A) is ij — §-semi closed, that is ij — 6sCl(ij — §sCI(A)) =ij — dsCl(A).

Lemma 2.6. Let (X, 71, 72) be a bitopological space. For subsets A, B and Ay (k € A) of X, we have
(1) A C ij — §sClU(A).
(2) AC B = ij — §sCI(A) C ij — dsCIU(B).
(3)ig — dsClU( Ax) € (N ij — IsCl(Ag) .

k k
(4)ij — 55CUU Ar) = U{ij — 0sClL(Ay)} .
- :
(5) Aisij — d-semi closed if and only if A = ij — §sCI(A)

3. 6 —s/\;; -sets and g6 — s /\;;-sets.

Definition 3.1. For a subset B of a bitopological space (X, 11, T2), we define
BN = {0 € ij — 650(X), B C O}
B.V5 = J{F € ij - 65C(X),F C B} .

Definition 3.2. A subset B of a bitopological space (X,T1,72) is called § — s \;;-set (resp. § — s\/,;-set) if
B=8B"Ni(resp. B=B]"").

Definition 3.3. A subset B of a bitopological space (X, 11, 72) is called

(1) generalized § — s \,;-set (briefly, g0 — s \;;-set) ifB; Nij C F whenever BC Fand F € ji—6SC(X).

(2) generalized § — s\/,;-set (briefly, g6 — s \/;-set ) if B¢ is g6 — s \;;.

By G /\"’j( resp. G v”) we will denote the family of all gd — s A\, ;-sets (resp. gd — s\/,;-sets).
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Theorem 3.4. Let A, B and By, k € I be subsets of a bitopological space (X, 11, 72). The following properties
hold:
(1) BC B,

(2) If A C B, then A3 C B

s N\ij s Nij _ N\

) ((B; )5)A =By, )

(4) (Uke[ BA)a Y= Ukel(Bk)é 7

(5)IfA € ij — §SO(X), then A = A3,
ey Nij sVi;\©

(6) (B = (B3V7) .

v

/\ij
/\i,j

(7) By ' C B.

(8)If B € ij — §SC(X), then B = B,

5/\1']’ S/\ij
9) (mkel Bk)5 - ﬂkez (Bk)5 :
sV
s .

\/ij

(10) (Uke] Bk)(ssVij 2 Uke[ (Bk)

Proof. (1) Clear.

(2) Suppose x ¢ B; /\“. Then there exists an ij — §-semi open set U such that B C U and x ¢ U. Since
AC B, thenz ¢ A(Ss Nij and therefore A;Aij - B; A“.

(3) Follows from (2).

@ Letz ¢ (Upes Bk)z/\“. Then there exists an ij — d—semi open set U such that | J,.; Bx € U and
x ¢ U. Thus for each k € I we have x ¢ (By,) i So, x & Uper (Bk.)z/\”.

5
Conversely, suppose that 2 ¢ | J, ., (Bk)(sS Nis Then there exists an i j — d-semi open set Uy, (foreach k € I)
such that 2 ¢ Uy, By € Ug. Let U = {Jc; Ur- Then, 2 ¢ U = J,c; U, Upe; Be € U and U is ij — 6-semi

open. S0, z & (Uye; Bk)z/\"j. This completes the proof of (4).
(5) Since A is an ij — §—semi open set, then AZ Nij C A. By (1), we have AZ Nij _ A.

(6) (B;vw)c — ﬂFC :F¢D B¢ F¢¢e ij — 5SO(X) _ (B(-);/\” .
(7) Clear.
B=8"".

O) Letx & (er (Bk)g/\”. Then there exists k& € I such that x ¢ (Bk)z/\’”

ij —0SO(X) such that B, C U and x ¢ U. Therefore z ¢ (., Bk)‘;/\”’_
sV e\sVy, ¢ _ s Vi c sV, e\ € B
(10)(Uk61 Bi)s = (((Ukel Bk) )5 ) - ((mkel Bk)av ) 2 (ﬂkel ((Bk)é ) ) -
Uke] (Bk)(;v” : [}

. Hence there exists U €

Theorem 3.5. Let B be a subset of a bitopological space (X, 11, 72). Then
(1) g and X are § — s |\;;-sets and § — s \/,-sets.
(2) Every union of § — s /\ij-sets (resp. 6 — s \/ij-sets) isd—s /\ij-sets (resp. 6 — s \/ij-sets).
(3) Every intersection of § — s /\ij-sets (resp. 6 — s \/ij-sets) isd—s /\ij-sets (resp. 6 — s \/ij-sets).

(4) Bisaé — s \;; —setifand only if B®isa d — s \/;;-set.

e
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Proof. (1) and (4) are obvious.
(2)Let{By, : k € I} beafamily of 6—s /\;;-sets in (X, 71, 72). Then by Theorem 3.1(4) we have ..y Br =

s /\i]’ s /\1 i
Urer (Br)s 7 = (Urer Bk)5 B
(3) Let {By : k € I} be a family of 6 — s A,; —sets in (X, 71,72). Then, by Theorem 3.1(9), we have

ij s Nij AV
(ﬂkel Bk);/\ - ﬂke[ (Br)s = nke] By.. Hence, by Theorem 3.1, nke] B, = (ﬂkel Bk)z/\ . [ |

Remark 3.6. By Theorem 3.2, the family of all § — s /\,L.j -sets (resp. § — s \/ij —sets), denoted by )\2 Nis (resp.
)\;Vij) in (X, 71,79) is a topology on X containing all ij — §-semi open (resp. ij — J-semi closed) sets. Clearly
(X, )\; Nii ) and (X, )\Z Vi ) are Alexandroff spaces.
Theorem 3.7. Let (X, 11, T2) be a bitopological space. Then
(1) Everyd — s \\;;-setis a g6 — s \;-set.
(2) Every§ —s\/,-setisa gé — s \/,;-set.
(3) If Byisa g6 — s \;; —set for all k € I thenJyc; By is a g6 — s \,-set.
(4) If By isa g6 — s\/,-set for all k € I then (o By is a g6 — s \/ ;-set.
Proof. (1) Obvious.
(2)Let Bbe a § — s\/,;-subset of X. Then B = B,
Therefore, by (1), Bisa gd — s \/ij—set.
(3)Let By is a g6 — s/\ij-subset of X for all K € I. Then by Theorem 3.1 (4), (Ukel Bk)z/\i-f =

Uker (Bk)g/\"j. Hence, by hypothesis, <, Bk is a gd — s \,;-set.
(4)Follows from (3). |

\/ij
P

v”.ByThanmn3J@L(BﬂzA”::(B;v”) _ pe.

Theorem 3.8. A subset B of a bitopological space (X, T1,72)is a g0 — s\/,;-set if and only if U C B;
whenever U C B and U is an ij — 0-semi open subset of X.

Proof. Let U be an ij — §-semi open subset of X such that U C B. Then, since U°€ is ij — §-semi closed and
B¢ C U*¢, we have (Bc)z/\“ C U*. Hence, by Theorem 3.1(6), (B; V”)C C U° Thus U C B; v“. On the
other hand, let F be an ij — d-semi closed subset of X such that B¢ C F'. Since F¢ is ij — §-semi open and
F¢ C B, by assumption we have F'¢ C B; v"’j. Then F D (B; V”)C = (Bc)zv"’j. Thus B¢isa gd — s /\ij—set,
ie,Bisagd—s \/ij—set. [ ]

4. Cl; Mg closure operator and associated 7'; Nij

In this section, we define a closure operator C' l; Nis and the associated topology 7'; Nis on the bitopological space
(X, 71, 72) using the family of g6 — s A, -sets.

Definition 4.1. For any subset B of a bitopological space (X, 11, T2), define Cl; Nis (B)={U:BCU,UE€
G Ny and Int) N (B) = U{F : B2 F,Fe e G2\,

Theorem 4.2. Let A, B and By, : kel be subsets of a bitopological space (X, 11,72). Then the following
statements are true:

(1) B ol (B).
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2) ci.Ni(Be) = (IntjA” (B)) .

(3) i (9) = 6.
s Aij _ s Nij
(4) Uke] Olé (Bk) = Cl5 (Uke] Bk) .
(5) c1sNo (Cf/\”( )) =i (B).
S/\ij SAij
(6) If A C B, then CL.™\7 (4) € €12\ (B).
(7) IfBis g0 — s \,; —set, then Clg/\” (B) = B.

(8) If B is gd — s \/;-set, then Intz/\” (B) = B.
Proof. (1), (2) and (3) are clear.

4) Let z ¢ Clj A (Uker Br)- Then, there exists U € G;A” such that | J,.; B € U and z ¢ U. Thus
for each k € I we have z ¢ Cl; A (Bk). This implies that = ¢ (J,c, Cl; /\”(Bk). Conversely, suppose
2 ¢ Upe; CL™V (By). Then there exist subsets Uy, € G/ for all k € I such that = ¢ Uy, and By, C Uy. Let
U =Upe; Ur- Then w ¢ U, Uye; Br C U and U € G/ Thus, o ¢ CLN (Uye, Br).

(5) Suppose that = ¢ C’l; Nis (B). Then there exists a subset U € GS Nis such that x ¢ U and B C
U. Since U e G, Nii we have Cl; M (B) C U Thus we have x ¢ Cly /\”(C’ls /\”( B)). Therefore
oMo (czs/\”( )) c oM (B). Butby (6) 1. (B) € ¢l (055 (B )). Then the result follows.

(6) It is clear.
(7) Follows from (1).
(8) Follows from (7) and (2). |

Theorem 4.3. Cl;;q Nis'is a Kuratowski closure operator on X.

Definition 4.4. Let T§ N be the topology on X generated by Cl; N in the usual manner, i.e., T; Nij {B C

x, N (Be) = Be).

We define a family pg/\” by ps/\‘ {B C X, Clé/\”( B) = B}, equivalently pz/\” ={B C X, B°¢
S/\ij

T L

Theorem 4.5. Let (X, 71, 72) be a bitopological space. Then

(1) =N = (B C X, It} (B) = B}
(2) ij — 6SO(X) C G;‘;/\” C pz/\”

(3) ij — 68C(X) € G\ < Mo

(4) Ifij — 6SC(X) = 7'; A”, then every g6 — s \,;-set of X is ij — d-semi open.
s\

(5) If every g6 — s \,;-set of X is ij — G-semi open (i.e., ifGZ/\” Cij —6SO(X)), then 75" = {B C
X, =B},
(6) Ifevery go—s \,;-set of X is ij—0d-semi closed (i.e., isz/\“ Cij—0SC(X)), thenij—0S0O(X) = 7—5S Nis,
S
(V=)
MJM
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Proof. (1) By Theorem 4.1 (2), we have: If A C X, then A € T: Nis if and only if Cl; Nis (A€) = A®if and only

if (Imsj\/“ (A))c — A®if and only if Int] V7 (A) = A. Thus, = = {B C X, Int} " (B) = B}.

(2) Let B € ij — 6SO(X). By Theorem 3.1(5) Bisa § — s /\;;-set. By Theorem 3.3, Bis a g0 — s /\,; —set,
ie, B € G;A”. Suppose B any element of Gz/\”. By Theorem 3.1, B = Cl; Nis (B), ie., B € pz/\”.
Therefore ij — 650(X) C G;A” - pz /\i-".

(3) Let B € ij — 6SC(X). By Theorem 3.3, B = B;
agd—s\/;; —set. Hence B € G;v"’j. Now, if B € G Vi then by (1) and Theorem 3.4(8), B € 7,

(4) Let B be any g§ — s /\ij-set, ie., B € G; /\"j. By (2), B € pf; A”. Thus, B¢ € T; /\"'". From assumption,
we have B¢ € ij — §SC(X). Hence B € ij — §SO(X).
G)Let AC Xand A € 7.9, Then, A° = LN (49 ={U - U D AU e Gy =n{U - U

V“. Thus Bisad — s \/ij —set. By Theorem 3.1, B is

Nij

AU € ij —6SO(X)} = (AC)ZA“. Using Theorem 3.1, we have A = A;v”, ie, Ac{BCX:B=
Bs Vm’}
s . »
Conversely,if Ac {BC X :B= B; Vig }, then by Theorem 3.3, Aisa gd — s \/ij —set. Thus A € G;v”.

By using (3), A € T; i,
c

s N\ij — sNij( gey)© — . Ac 5 Nij c .
©Let AC XandAer.. Then A = (Ci.MN(A9)) = (N{U: AU U ey = U{Ue
Uc¢eij—465S0(X)}eij —dSO(X).

Conversely, if A € ij — §SO(X), then by Theorems 3.1 and 3.3, A € G;A”. By assumption A € ij —
8SC(X). Using (3), A € T; s, [ |
Lemma 4.6. Let (X, 71, 72) be a bitopological space.

(1)For each x € X, {x} is anij — 6—semi open set or {x}“is a g6 — s \;; —set of X.

(2)For each x € X, {x} is anij — d—semi open set or {x} is a g6 — s \/,; —set of X.

Proof. (1) Suppose that {«} is not ij — d—semi open. Then the only ij — J-semi closed set F containing {z }¢
is X. Thus ({x}c)z/\“ CF=Xand{z}isagd— s/, —setof X.
(2) Follows from (1). |

Theorem 4.7. Ifij — 6SO(X) = 7, /\”, then every singleton {x} is T, M -open.

Proof. Suppose that {z} is not ij — -semi open. Then by Lemma 4.1, {z}“is a g6 — s /\;-set. Thus {z} €

Ty P Suppose that {z} is ij — 6-semi open. Then {z} € ij — 6SO(X) = 7, P Therefore, every singleton
. s /\m

{x}is 75" -open. [ |
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