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Edge vertex prime labeling of some graphs
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Abstract

Let G= (V(G),E(G)) be a graph with p vertices and g edges. A bijective function f: V(G)UE(G) — {1,2,3,....p+
q} is said to be an edge vertex prime labeling, if for any edge xy € E(G), it is satisfies that f(x), f(y) and f(xy) are
pairwise relatively prime. In this paper, we investigate several families of edge vertex prime labeling for triangular
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1. Introduction

We begin with finite, connected and undirected graph
G = (V(G),E(G)) without loops and multiple edges. Here
elements of V(G) and E(G) are known as vertex set and edge
set, respectively. For all other terminology and notations in
graph theory we follow Balakrishnan and Ranganathan [1].
The concept of an edge vertex prime labeling of a graph is a
variation of a prime labeling, which was developed by Roger
Entriger and first introduced in [7] by Tout, Dabboucy and
Howalla. For a simple graph G with n vertices in the vertex
set V(G), a prime labeling is an assignment of the integers 1
to n as labels of the vertices such that each pair of labels from
adjacent vertices is relatively prime. A graph that has such a
labeling is called prime. Gallian’s dynamic graph labeling sur-
vey [2] contains a detailed list of graphs that have been proven
to be prime. Recently, much focus has been on variations of
prime labeling, such as an edge vertex prime labeling, which
involves for any edge e = xy, they are pairwise relatively
prime. We will give brief summary of definitions which are
useful for the present investigations. Let G = (V(G),E(G))
be a graph with p vertices and g edges. A bijective function
F:V(GUE(G) = {1,2,3,...,p+¢q} is called an edge vertex

prime labeling if for each edge e = xy, ged(f(x), f(y)) = 1,
ged(f(x), f(xy)) =1, ged(f(y), f(xy)) = 1. A graph which
admits an edge vertex prime labeling is called an edge vertex
prime graph. Jagadesh and Baskar Babujee [3] was introduced
the concept of an edge vertex prime labeling and they proved
the existence of the same paths, cycles and star K ,,. In [4], if
Gi(p1,q1) and G2(p2,q2) are two connected graphs, then the
graph obtained by superimposing any selected vertex of G, on
any selected vertex of G is denoted by G OGz. The resultant
graph G = G| 0G) contains p; + p> — 1 vertices g1 + ¢ edges.
In general, there are p; p, possibilities of getting G; OG, from
G and G,. In [4], they also proved that an edge vertex prime
labeling, for some class of graphs such as generalized star,
generalized cycle star, p + g is odd for GOP,, GOC,,, GOK 10
Parmer [5] proved that wheel W,,, fan f,, friendship graph F,
are edge vertex prime labeling. In [6], they also proved that
K>, for all n and K3, for n = {2,3,...,29} are edge vertex
prime labeling. The triangular book with n pages is defined as
n copies of cycles C3 sharing a common edge. The common
edge is called the spine or base of the book. This graph is
denoted by B3 ,,. The rectangular book with n pages is defined
as n copies of cycles C4 sharing a common edge. The common
edge is called the spine or base of the book. This graph is
denoted by By ,. A shell S, is the graph obtained by taking
(n—3) concurrent chords in a cycle C,,. The vertex at which
all the chords are concurrent is called the apex. The shell is
also called fan f,,_;. Parmer [5] proved that the fan graph f,
is an edge vertex prime graph. In this case, we conclude that
the shell S, that is, f,,_; is an edge vertex prime graph. A bow



graph is a double shell in which each shell has any order. A
butterfly graph is a bow graph with exactly two pendant edges
at the apex. A multiple shell is a collection of edge disjoint
shells that have their apex in common. Hence a double shell
consists of two edge disjoint shells with a common apex.

The Drums graph D,, n > 3 can be constructed by two
cycles 2C,, , n > 3 joining two paths 2P,, n > 3 with sharing a
common vertex and it is denoted by D, = 2C,, + 2P,.

In this paper, we investigate triangular and rectangular
book, Butterfly graph, multiple shell, Drums graph D,,, Ja-
hangir graph J, 3, J, 4 and that some classes of graphs are
edge vertex prime labeling.

2. Main Results

Theorem 2.1. The triangular book B3, admits edge vertex
prime labeling for all n.

Proof. Let B3 ,, be a triangular book. Then V(B3 ,) = {x,y,z; :
1 <i<n} and E(Bs,) = {xy,xzi,yzi : 1 <i<n}. Also,
|V(B3n)| =n+2and |E(B3,)| =2n+ 1. Define a bijective
function f : V(B3,) UE(B3,) — {1,2,...,3n+3} by f(x) =
L, f(xy) =2, f(y) =3, foreach 1 <i<[3],

flzaiv1) = 6i—1, f(z2i) = 6i+ 1, f(xz2i-1) = 64, f(xz2:) =

6i+3, f(yzai—1) =6i—2, f(yz2;) = 6i+2, Clearly, (i) f(x), f(y)

and f(xy), (i) f(x),f(z) and f(xz), (i) f(y),f(z) and
f(yz;) are pairwise relatively prime. Therefore, for any edge
xy € E(B3 ), the numbers f(x), f(y) and f(xy) are pairwise
relatively prime. Hence the triangular book B3, is an edge
vertex prime labeling for all n. O

Theorem 2.2. The rectangular book By, admits edge vertex
prime labeling for all n.

Proof. Let By, be a rectangular book. Then V (Bs ,) = {x,x;,

y,yi: 1 <i<n}and E(By,) = {xx;, yyi, xiyi: 1 <i <n}U{xy}.

Also, |V(Bs4n)| =2n+2 and |E(Bs,)| = 3n+ 1. Define a
bijective function f: V(B4,) UE(Bsy) = {1,2,...,5n+3}
by f(x) = L f(y) =5, flxy) =4, flex1) =2, f(x) =3,
fOy1) =6, f(y1) =7, f(xiy1) =8. Foreach 1 <i<|7],
Sxi) =10i— 1, f(y2;) = 10i + 3, f(x2v2:) = 10i+ 1,

f(xx2;) = 10i, f(yy2i) = 10i+2. For each 1 <i < [%52],
f(x2it1) = 10i+5, f(y2it1) = 10i+7, f(x2i+1y2i4+1) = 10i +
6, f(xxzi11) = 10i+4, f(yy2i+1) = 10i+ 8. Clearly, (i) f(x),
f(y) and f(xy)9 (i) f(x)7f(xi) and f(xxi)? (iii) f(y)af(yl)
and f(yy;), (iv) f(xi),f(y;) and f(x;y;) are pairwise relatively
prime. Therefore, for any edge xy € E(Bs,), the numbers
f(x), f(y) and f(xy) are pairwise relatively prime. Hence the
rectangular book By ,, is an edge vertex prime labeling. [

Theorem 2.3. The butterfly graph with shell is an edge vertex
prime labeling.

Proof. Let G be a butterfly graph with shells of order m
and n excluding the apex. Without loss of generality, as-
sume that m < n. Then V(G) = {wo,wi,wp,u; : 1 <i <
m,vj:m+1<j<m+n} and E(G) = {wow1, wow2, wou; :
1 <i<muuip:1<i<m—1wevj:m+1<j<m+
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nvivipr:m+1<j<m+n—1} Also, |V(G) =m+
n+3 and |E(G)| = 2m + 2n. Define a bijective function
f:V(G)UE(G) —{1,2,....3m+3n+3} by f(wo) =1,

3i: iis odd

fu)=9,." . ..
3i—1: iiseven
Fluion) =3i+1,i=1,2,3,...m—1.

Consider the following cases.

Case 1a. m is even.

3i—1: i=13,...m—1
Flowui) = {31‘: i=2.4...m
Case 1b. m is odd.
3i—1: i=1,3,5,...m
WuU;) =
S (wui) {31': i=2.4.6,...m—1
Case 2a. Both m, n is even.
3j—2: j=m+1m+3,....m+n—1
fovp)=49. .
3j—1: j=m+2.m+4,...m+n

Case 2b. Both m,n is odd.

)32
f("]){3]._]:

j=m+1m+3,...m+n—1
j=m+2m+4,...m+n

Case 2¢. m is even and » is odd.

1) = {3”1:

j=m+1m+3,...m+n—1

3j+2: j=m+2,m+4,...m+n—2
Case 3a. Both m, n is even and both m,n is odd.

3j—1:
f(wvj‘)={3j._2:

Case 3b. m is odd and n is even or m is even and n is odd.

f(wvj)_{3j+2:

j=m+1m+3,...m+n—1
j=m+2m+4,...m+n

j=m+1m+3,..m+n—1

3j+1: j=m+2,m+4,...m+n

Case 4a. 3m+3n— 1 is even.
Fwi) =3m+3n, f(ww)) =3m+3n+1,
f(wp) =3m~+3n+2, f(wwy) =3m+3n+3.

Case 4b. 3m+3n— 1 is odd.

fwi) =3m+3n+1, f(ww;) =3m+3n,

Fwa) =3m+3n+3, f(wwy) =3m+3n+2.

Clearly, (i) f(w),f(u) and f(wu;), (i) f(ui), f(ui+1) and
fuiuisr), (i) f(w), f(vi) and f(wv;), Gv) f(vi), f(vis1) and
fivigr), V) f(w), f(wi) and f(wwi), (vi) f(w), f(w2) and
f(ww,) are pairwise relatively prime. Therefore, for any edge
uv € E(G), the numbers f(u), f(v) and f(uv) are pairwise
relatively prime. Hence the butterfly graph with shell is an
edge vertex prime labeling. O



Corollary 2.4. A multiple shell is an edge vertex prime graph.

Theorem 2.5. The Drums graph D,,, n > 3 is an edge vertex
prime labeling.

Proof. Let D, be the Drums graph. Then V(D,,) = {u; : 1 <
i<4n—3}and E(D,) = {uuir1 : 1 <i<n—1}J{uiu,}
U{miung1 P U{uinirr :n+1<i<2n—-2}J

{wyugy P U{uiniv1 : 2n <i <3n—3}U{wiusn } U{uintiy1 : 3n—
1 <i<4n-2}. Also, |[V(D,)| =4n—3 and |[E(D,)| =
4n — 2. Define a bijective function f : V(D,)UE(D,) —
{1,2,....8n—5} by f(u;) =2i—1for 1 <i<4n—3,
Sluuipr) =2ifor 1 <i<n—1, f(uju,) =2n, f(uiui1) =2i
forn+1<i<2n-2, f(urup11) =4n—2, f(uiuiy1) = 2i
for 2n <i<3n-3, f(wuir1) =2ifor3n—1<i<4n—4.
Consider the following cases.

Case (i). When n=0,2 (mod 3) .

f(uluzn) =8n— 5, f(u1u4n,3) =8n—=6.

Case (ii). When n =1 (mod 3) .

furuzn) =8n—6, f(ujusn—3) =8n—>5.

For any edge wui1 1 € E(Dy). ged(f (), f(ui+1)) = ged (2i -
1,2i+1) =1, ged(f(ui), f(uiniz1)) = ged(2i — 1,2i) = 1,
ged(f(uiv1), f(uiuiv1)) = ged(2i+ 1,2i) = 1, Clearly, for
any edge uv € E(D,), the numbers f(u), f(v) and f(uv) are
pairwise relatively prime. Hence the Drums graph D,,, n > 3
admits edge vertex prime labeling. O

Theorem 2.6. The following graphs are edge vertex prime
labeling.

(a) Ky UKy for allmyn > 1, (b) Ky + Ki for allm > 1,
(c) K, UK, for allm,n > 1.

Proof. (a) Without loss of generality, we assume that m < n.
Now, let the vertex set of K ,, be L= {u} and M = {u; : 1 <
i <m} and edge set N = {uu; : 1 <i<m} and let the vertex
set of K, be O = {vj : 1 <i<n}. Then label the vertices and
edges of the sets L,M and N as f(u«) = 1 and f(u;) =2i+1 for
1 <i<m, f(uu;) = 2i for 1 <i<m, and label the vertex set
O by remaining labels are {2m+2,2m+3,...,2m+n,2m+
n+ 1}. Hence, we can easily verify that the considered graph
is an edge vertex prime labeling.

(b) Let G =K ,, + K be a graph. Then V(G) = {u,v,v;: 1 <
i<m}and E(G) = {uu;,vu; : 1 <i<m}. Also, |V(G)| =m+
2 and |E(G)| = 2m. Define a bijective function f : V(G) UE(G)
—{1,2,..,3m+2} by f(u) =1, f(u;) =2i+1for 1 <i<m,
Sfluu;) =2i for 1 <i<m, f(v) = p, where p is choose the
greatest prime number in the set {2m+2,2m+3,...,3m+2}
and label the edge set {vv; : 1 <i < m} by remaining labels.
Hence, we can easily verify that the considered graph is an
edge vertex prime labeling.

(c) Let G = K, UK, for all m,n > 1. Without loss of general-
ity, assume that m < n. Now, we label the vertices of K,, as

1,2,3,...,mand label the vertices of K, asm + 1,m+2,...,m +n.

Hence, we can easily verify that the considered graph is an
edge vertex prime labeling. O

Theorem 2.7. The graph G obtained by joining the path P»
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of two copies of cycle C, is an edge vertex prime labeling,
wheren=0,2 (mod 2 ) .

Proof. Let {vi,va,....;vn}, and {vui1,Vni2,,...,v2, } are the
vertices of first and second cycle C,, respectively. Then
V(G)={vi:1<i<2n}and E(G) ={vvip1: 1 <i<n-—

L U{vive} U{vivigr :n+1 <i <2n—1}U{vnr1van FU{vivas1 1

Also, [V(G)| =2n and |[E(G)| = 2n+ 1. Define a bijective
function f: V(G)UE(G) — {1,2,....,4n+1} by f(v;) =2i—
1for1 <i<2n, f(viviy1)=2ifor1 <i<n—1, f(viv,) =
2n, f(vivigr) =2iforn+1<i<2n—1, f(vor1van) = 4n,
Fivus1) = 4n+ 1. Clearly, for any edge uv € E(G), the
numbers f(u), f(v) and f(uv) are pairwise relatively prime.
Hence joining the path P; of two copies of cycle C, admits
edge vertex prime labeling. O

Theorem 2.8. The graph G obtained by joining the path P;
of three copies of cycle C, is an edge vertex prime labeling,
where n = 0,2 (mod 3) .

Proof. Let {vi,va,...;Vu}, {Vnt1,Vnt2,, -y van} and {vapi1,
Vont2,...,V3, } are the vertices of first, second, and third cycle
Cy, respectively. Then V(G) = {v;: 1 <i<3n} and E(G) =
{ivip1 1 <i<n—1}U{viva} U{vivig1 :n+1<i<2n—
1P U{var1van P U{vivier s 2n+1 <i <3n— 1} U{vans1van}
U{V1V11+1}U{Vn+1V2n+l}- AISO, |V(G)| =3n and ‘E(G)| =
3n+2. Define a bijective function f: V(G) UE(G) — {1,2,...,
6n+2} by f(v;) =2i—1for 1 <i<3n, f(vjviy1) = 2i for
1<i<n—1, f(vivy) =2n, f(viviz1) =2iforn+1<i<
2n—1, f(vpr1van) = 4n, f(vivip1) =2i for 2n+1 <i <
3n—1, f(vapr1vat1) = 6n+ 1, f(var1vi) = 6n+2. Clearly,
for any edge uv € E(G), the numbers f(u), f(v) and f(uv) are
pairwise relatively prime. Hence joining the path P; of three
copies of cycle C, admits edge vertex prime labeling. O

Theorem 2.9. The graph G obtained by joining the path Py
of four copies of cycle C, is an edge vertex prime labeling,
where n =0,2 (mod 3) .

Proof. Let {vi,va,...;Vn}, {Vas 1, V42, s Von b {Vans 1, vant2,
ey V3n b, and {vVap41, V3442, ..., van } are the vertices of first, sec-
ond, third and fourth cycle C,,, respectively. Then V(G) = {v; :
1<i<4n}and E(G) ={viviy1: 1 <i<n—1}J{viv,} U
{viviz1 :n+1<i<2n—1}U{vnr1von f U{vivig1 1 2n+1 <
i <3n—1} U{vans1van fU{vivie1 :3n+1<i<4n—1} U
e van J U v 1} Uves 1vane JU{v2ng1v3ng1 1. Also,
|V(G)| = 4n and |E(G)| = 4n+ 3. Define a bijective func-
tion f: V(G)UE(G) — {1,2,...,8n+3} by f(v;)) =2i—1
for 1 <i<dn, flviviy1) =2ifor 1 <i<n—1, f(viv,) =
2n, fvivig1) =2iforn+1<i<2n—1, f(vyr1van) = 4n,
Fovier) =20 for 2n+1 < < 3n—1, f(vans1v30) = 0.
Sfwir) =2ifor 3n+ 1 <i<4n—1, f(v3p+1van) = 8n,
F3np1vant1) =8n+ 1, f(vani1vas1) =8n+3, f(vivar1) =
8n+2, Clearly, for any edge uv € E(G), the numbers f(u), f(v)
and f(uv) are pairwise relatively prime. Hence joining the
path Py of four copies of cycle C, admits edge vertex prime
labeling. O



Theorem 2.10. The graph J, 3, n > 1 is an edge vertex prime
labeling.

Proof. Let GbealJ, 3 graph. Then V(G) = {u,v;: 1 <i<3n}
and E(G) = {viviy1,viva, - 1 <i<3n—1}U{uvi,uvpt1,
uvni1 - Also, |V(G)| =3n+1 and |E(G)| = 3n+ 3. Define
a bijective function f : V(G)UE(G) — {1,2,...,6n+4} by
Ffvi)=2i—1for1<i<3n, f(viviy1)=2ifor1 <i<3n—1,
Sf(vivs,) =6n, f(u) =6n+ 1.

Consider the following cases.

Case (i). Whenn=0,1 (mod 3) .

fluvy) =6n+4, f(uvpi1) = 6n+2, f(uvani1) = 6n+3.
Case (ii). When n =2 (mod 3) .
fuvy) =6n+3, f(uvyy1) =6n+2, f(uvayi1) =6n+4.

Next, we prove that the property of an edge vertex prime la-
beling. Foreach 1 <i<3n—1,

ged(f(vi), f(vip1)) = ged(2i—1,2i+1) =1,
ged(f(vi), fvivip1)) = ged(2i—1,2i) =1,
ged(f(vit1), f(vivigr)) = ged(2i+1,2i) =1,
ged(f(v1), f(van)) =ged(1,6n—1) =1,
ng(f(V ) (Vlv?an)) = ng(176n) =1,

ged(f(van), f(vivay)) = ged(6n—1,6n) = 1.
Verification of Case (i).

ged(f(u), f(v1)) = ged(6n+1,1) = 1,

ged(f(u), f(uvy)) = ged(6n+1,6n+4) =1,
ged(f(vi), f(uvy)) = ged(1,6n+4) =1,
ged(f(u), f(var1)) = ged(6n+1,2n+1) =1,
ged(f(u), f(uvps1)) = ged(6n+1,6n+2) =1,
gcd(f(vpi1), fuvni1)) = ged(2n+1,6n42) =1,
ged(f(u), f(vani1)) = ged(6n+1,4n+1) =1,
ged(f(u), f(uvany1)) = ged(6n+1,6n+3) =1,

ged(f(vans1), f(uvans1)) = ged(4n+1,6n+3) = 1.

Similarly the other case (ii) are verified. Therefore, for any
edge uv € E(G), the numbers f(u), f(v) and f(uv) are pair-
wise relatively prime. Hence J, 3, n > 1 has an edge vertex
prime labeling. O

Theorem 2.11. The graph G is obtained by subdividing the
edges which are all incident with the centre vertex of J, 3 is an
edge vertex prime labeling, where n is congruent to 0 modulo

3.

Proof. Let G be a graph which is obtained by subdividing
the edges which are all adjacent with the centre vertex of
Ju3, where n = 0(mod 3). Then V(G) = {u,v;,w; : 1 <
i<3n,1 <j<3}and E(G) = {vivis1,vivan: 1 <i<3n—
TU{uw; 1 1< j <3 U{wivi, waveg1, w3vangr ).

Here |V(G)| =3n+4 and |[E(G)| = 3n+ 6. Define a bijective
function f : V(G)JUE(G) — {1,2,...,6n+ 10} by f(v;) =
2i—1for 1 <i<3n, flvip1) =2ifor 1 <i<3n-1,
fivsy) = 6n, f(u) =6n+1, f(uw)) = 6n+2, f(wi) =
6n+3, flwivi) =6n+4, f(uwy) =6n+5, f(wy) =6n+
6, f(wovni1) = 6n+7, f(uws) = 6n+8, f(ws) =6n+9,
f(w3vany1) = 6n+ 10. Clearly, for any edge uv € E(G), the
numbers f(u), f(v) and f(uv) are pairwise relatively prime.
Hence the graph G is an edge vertex prime labeling. O
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Theorem 2.12. The graph J,, 4, n > 1 is an edge vertex prime
labeling.

Proof. LetGbeaJ, 4 graph. ThenV(G) = {u,v;: 1 <i<4n}
and E(G) = {vivip1,vivan : 1 <i<4n—-1}U
{uvi,uvyi1,uvani1,uv3,t1 }. Here |[V(G)| = 4n+ 1 and
|E(G)| = 4n+4. Define a bijective function f: V(G)UE(G)
—{1,2,...,8n+5} by f(v;) =2i—1for 1 <i<dn,
Fwip)=2ifor1 <i<4n—1, f(vivay) = 8n.

Consider the following cases.

Case (i). Whenn=0,1 (mod 3) .

fu)=8n+5, f(uv)) =8n+1, f(uvys1) =8n+2,
f(uvony1) =8n+3, f(uvspi1) = 8n+4.

Case(ii). When n =2 (mod 3) .

Fw)=8n+1, f(uv)) =8n+2, f(uvyy1) =8n+3,
f(uVZVH-l) =8n+4, f(uv3n+1) =8n+35.

Next, we prove the property of an edge vertex prime labeling.
Foreach1 <i<4n-—1,

ged(f(vi), f(vit1)) = ged(2i—1,2i+1) =1,
ged(f(vi), f(vivier)) = ged(2i = 1,2i) = 1,
ged(f(vigr), f(vivig1)) = ged(2i+1,2) = 1,
ged(f(v1),f(van)) = ged(1,8n—1) = 1,
ged(f(v1), f(vivan)) = ged(1,8n) =1,
gcd(f(m,,) f(vl\)4n)) ged(8n—1,8n) = 1.

ged(f(u), f(v1)) = gcd(8n+5’1)=1,
ged(f(u), f(uvy)) = ged(8n+5,8n+1) =1,
ged(f(v1), f(uvy)) = ged(1,8n+1) =1,
ng(f(u)vf(Vn+l)) ng(8n+5 2n+ 1) 1,
ged(f(u), f(uvny1)) = ged(8n+5,8n+2) = 1,
ged(f(vat1), f(uvngr )) ged(2n+1,8n+2),
ged(f(u), f(vany1)) = ged(8n+5,4n+1) =1,
ged(f(u), f(uvans1)) = gcd(8n+5,8n+3) =1,
ged(f(vanst), f(uvans1)) = ged(4n+1,8n+3) = 1,
ged(f(u), f(vans1)) = ged(8n+5,6n+1) =1,
ged(f(u), f(uvspyr)) = ged(8n+5,8n+4),

ged(f(vant1), f(uvans1)) = ged(6n+1,8n+4) = 1.
Similarly the case (ii) are verified. Therefore, for any edge
uv € E(G), the numbers f(u), f(v) and f(uv) are pairwise
relatively prime. Hence J, 4, n > 1 has an edge vertex prime
labeling.
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