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1. Introduction

In the year 1969, S.B.Nadler [1] gave a generalisation of
Banach contraction principle in case of set-valued maps in
metric space. In 1968 [2] Kannan established a fixed point
theorem for mapping satisfying: d(Tx,Ty) < o {d(x,Tx)+
d(y,Ty)}, where o € [0, 1). Kannan’s paper was extended by
many authors during the period of time, one of which came
in the year 1971, by S. Riech in his paper [3]. Where a map
satisfies the contraction condition: d(Tx,Ty) < {a1d(x,Tx)+
axd(y, Ty) +azd(x,y)}, where a; > 0,Vi=1,2,3and ¥'3_, a;
< 1. Then in 1972, Chatterjea [23] established a fixed point
theorem for mapping satisfying: d(Tx,Ty) < o {d(x,Ty) +
d(y,Tx)}, where o € [0, 3).

It is during the year 2007 when Huang and Zhang [4] in-
troduced the concept of cone metric space by replacing the
range set of non negative real numbers of the metric d by the
ordered Banach space. Since then many other authors in [12]-
[19] and the references therein, have obtained the fixed point
theorems on single valued maps.In [5], the existence of a fixed

point in cone metric space for set valued mappings has been
obtained by the concept of H-Cone metric. For more recent
fixed point theorems in cone metric spaces for multivalued
mappings we refer [[5]-[11]] and references therein.

2. Preliminaries

Let E be a real Banach space P C E. Then P is said to a
cone if it satisfies the following conditions:

1. Pis a nonempty closed subset and P 0.

2. x,y € Pand a,b € R where a > 0 and b > Othen ax+ by
€P.

3. IfxePand —x € P,thenx=10 .

Cone induces a Partial order relation We can define a partial
order relation < on E with respect to the cone P in the fol-
lowing way: x X yifandonlyify—x € P. Also x << yif
and only if y <x € IntP and x < y implies x < ybut x #y . If
IntP # 6 then the cone is a solid cone.

Definition 2.1. [4] Let X be a non empty setand d : X x X —
E satisfying

1. 0 =d(x,y) and d(x,y) = 6 if and only if x = y.
2. d(x,y) =d(y,x).

3. d(x,y) 2d(x,2)+d(z,y), Vx,y € X.
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Then d is called the cone metric and the pair (X,d) is
called the cone metric space.
Example 1 [5]: Let E = R? and P={(x,y) € R? : x > 0 and
y >0}, X =R?and d(x,y) = (|x —y|, &t|x —y|), Vx,y € X and
o > 0. Then (X,d) is a cone metric space and P is a normal
cone with normal constant 1.
There are two different kinds of cones: Normal (with a normal
constant ) and Non-Normal cones. Let E be a real Banach
space, P C E be a cone and =< be the partial ordering defined
by P . Then P is said to be normal if there exist positive
real number .#~ > 0 such that, for all x,y € E, 8 <x <y
= |lx|| < . |ly|| . Or, equivalently if x, <y, < z, and
lim;, 0 X, = im0 7, = X, then lim,_y, = n. The least
of all such constant ¥ is known as normal constant.

Definition 2.2. [4]: Let (X,d) be a cone metric space. Let
{x,} be a sequence in X and x € X . If for every € € E with
€ >> 0 there is N such that for all n > N, d(x,,x) << €.
Then {x,} is said to be convergent and x is the limit of {x,}.
We denote this by, lim, X, = X as n — oo.

Definition 2.3. : Let (X,d) be a metric space. Let {x,} be a
sequence in X If for any € € E with € >> 0 there is a positive
integer N such that for all n,m > N, d(xn,x,) << €. Then
{xn} is said to be a Cauchy sequence in X.

Definition 2.4. : If every Cauchy sequence {x,} C M is con-
vergent in x € M, then (M,d) is called a complete cone metric
space.

Lemma 2.5. [2]] Let E be a Banach space.

(i)Ifa,b,cc Eanda = b < c, thena < c.

(il) If 8 < a < c for each ¢ > 0, then a = 6.

(iii) If E is a real Banach space with cone P and if a < Aa
where a € Pand A € (0,1), then a = 6.

Remark 2.6. [21]: Ifc> 0, 6 < a, and a, — 0, then there
exists N, such that for all n > N, we have a,, < c.

A set A C M is closed if for any sequence {x,} C A con-
vergent to x, then x € A.
We denote N(M) as the collection fo all nonempty subsets of
M and C(M) as collection of all nonempty closed subsets of
M.

Definition 2.7. An element x € M is said to be a fixed point
of a set-valued mapping T: M — N(M) if x € Tx. Denote
Fix(T)={x e M :x € Tx}.

The following is the definition of H-cone metric as given
by Wardowski in [6] came in the year 2011.

Definition 2.8. Let (M,d) be a cone metric space and </
be the collection of all nonempty subsets of M. A map ¢
o x o — E is called an H-cone metric with respect to d if
for any A|,A; € o the following conditions hold:

1. 7 (Al,Ag) =0=A| =A,.
2. I (A1,A2)= (A2,A)).
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3. VeeE withd <¢g VxeAy, dat least one y € Ay,
such that d(x,y) = 7 (A1,A)+€ .

4. anyone of the following holds there exist

(a)V € € E with 0 < €, Jat least one x € Ay, such
that 7 (A1,A2) < d(x,y)+€. Vy € Aj.

(b)Y € € E and 6 < €, 3 at least one x € Ay, such
that 7€ (A1,A2) <d(x,y)+€. Vy € Aj.

For examples we refer [6] to the readers. The author in
[6] have proved that if (M, d) is a cone metric space and 7
. o/ x o/ — E is H-cone metric with respect to d then the
pair (&, .7) is a cone metric space.
In [6], the author have proved the following result.

Theorem 2.9. Ler (M,d) be a complete cone metric space
with a normal cone P with a normal constant 7€ . Let </ be a
nonempty collection of all nonempty closed subsets of M and
let 70 . o x o/ — E be an H-cone metric with respect to
d. IfforamapT: M — o/ 3 A € (0,1) such that Vx,y € M,
H(Tx, Ty) < Ad(x,y), then FixT # ¢.

In the year 2013, H-cone metric in the sense of Arshad
and Ahmad [11] was defined in the following way to make it
more comparable with a standard metric.

Definition 2.10. [11]: Let (M,d) be a cone metric space
and < be a collection of all nonempty subsets of M. A map
I . o x o — E is called an H-cone metric in the sense of
Arshad and Ahmad if the following conditions hold:

1. 6 < H(A,B) for all A,B o/ and 3 (A,B) = 0 if and
only if A = B;

2. J€(AB) = A (BA)VYABE .,
3. H(AB) =X H(AC)+ 3 (CB),YABCec ;

4. ifAB€ o, 0 < € € E with (A B) < €, then for each
a € A there exists b € B such that d(a,b) < €.

Using this H-cone metric the following result [[11], Th.3]
was proved

Theorem 2.11. [11] Let (M,d) be a complete cone metric
space. Let </ be a nonempty collection of all nonempty closed
subsets of M and let 7€ : of x o/ — E be an H-cone metric
induced by d. If foramap T: M — &/ 3 A € (0,1) such that
Vx,y € M 7€ (Tx,Ty) < Ad(x,y), then FixT # ¢.

The following example has been shown in [[14], Eg 1.10]
which indicates that Definition 2.10 is different from Defini-
tion 2.8.

Example 2.12. Let X = {a,b,c} andd: X x X — [0,+o0) be
defined by

d(a,b) =d(b,a) = 3, d(a,c) =d(c,a) =d(b,c) = d(c,b) =
1, d(a,a) =d(b,b) =d(c,c) =0. Let A= {{a},{b},{c}},
H: AXA —[0,400) as

H ({a},{b}) = ({b}.{a}) = 1,
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H ({a},{c}) = ({c}.{a}) =2 ({b},{c})
A ({a} {a}) =2 ({b}.{b}) = # ({c}. {c}) =

Then F¢ is an H-cone metric which satisfies Definition 2.10
but not Definition 2.8. In fact, (iv) of Definition 2.8 does not
hold.

Doric in the paper [[13], Th 2.3], have used the H-cone

metric due to Arshad and Ahmad to prove the following result.

Theorem 2.13. Let E be a Banach space, let P be a solid
not necessarily normal cone of E and let (X,d) be a cone
metric space over E. Let o be a family of nonempty closed,
and bounded subsets of X and let there exist H-cone metric
. o x o — E induced by d. Suppose that T,S: X — <f
be two cone multivalued mappings and suppose that there is
A € (0,1) such that Vx,y € X at least one of the following is
holds:

1. 2 (Tx,Sy) <d(x,y);

2. H (Tx,Sy) =X d(x,u) for each fixed u € Tx;

3. A (Tx,Sy) = d(y,v) for each fixed v € Sy;

4. H# (Tx,Sy) < A wfar each fixed v € Sy and
ucTx

Then T and S have a common fixed point.

The following example is given by Wardowski [[6], Ex.

3.3] which satisfies Defn. 2.8.

Example 2.14. Let M = [0,1], E = R? be a Banach space
with the standard norm, P = {(x,y) € R* : x > Oandy > 0}
be a normal cone and let d: M x M — E be of the form
d(x,y)=(|x—y|, 3|x—y|). Let o be a family of subsets of M
of the form o = {[0,x] :xe M} U {{x} :x € M}.

We define an H-cone metric 7€ . of X &/ — & with respect
to d by the formulae

— x—y|,31x=y[) or A={x}, B={y},
HAB) =0 (maxly e yi}, bmaxfy, [x—y[}),  ford = [0.4,B= {»},
(max{lx— [}, Imax{x, lk—y[}),  forA={x},B=[0.],

In [5], the author have given the following example that
satisfies defn 2.8.

Example 2.15. Let M = {(1,0),(0,1),(0,0)}, E = R*> be a
Banach space with the standard norm, P = {(x,y) € R* : x>0
andy > 0} be a normal cone and letd: M x M — E be defined

by

d((0,0),(0,1)) = d((0,1),(0,0)) = (1,3).

d((1,0),(0,0)) = d((0,0),(1,0)) = (3,1).

d((l,O),(O,l)) = d((071)7(170)) = (%’%)

d((1,0),(1,0)) = d((0,1),(0,1)) = (0,0) = d((0,0),(0,0)).
Then the pair (M,d) is a complete cone metric space.

Let o7 ={{(0,0)},{(0,1)},{(1,0)}} be a family of subsets

of M of the form

Define an H-cone metric ¢ : o/ X &/ — E with respect to
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= ({c},{b}) d by the formulae

A ({(0,0)},{(0,))=7 ({(0,1)},{(0,0)})=(1, 3).

2 ({(1,0)},{(0,0)=7 ({(0,0)},{(1,0)=(5.1).

A ({(1,0)1,{(0. D)= ({(0,)},{(1,0})=({. 3)-
9?”({5170)}7{( ;0= ({(0,)},{(0, )})= ({(0,0)},{(0,0)})
=(0,0).

Here we present the result by considering H-cone metric as
defined by Wardowski.

3. Main Results

Theorem 3.1. Let (M,d) be a complete cone metric space.
Let o7 be a nonempty collection of all nonempty closed subsets
of Mand Ty, T> : M — < be the set valued maps. Consider an
H-cone metric with respect to d, 7 : of x o — E satisfying
Defn. 2.8. Then if T\ and T, satisfies the contraction condition
A (Tix, Ty) < Ad(x,y), Vx,y e M, A € (0,1). Then T\ and
T» has a common fixed point.

Proof : Suppose that €, € Eand €, > 0, Vnand g, — 6.
as n — oo. Let xg € M be arbitrary and fixed.
Then T; (XO) co. Letx) €T (JC()) and x; € Tz(xl ), then by the
definition of 5 we have d(x1,x2) = 7 (Ti(x0), Ta(x1))+€1.
Now for x; € M. We have x; € T»(x;), there exist x3 € T} (x2)
such that d(x,x3) = S (Ta(x1),Ti (x2)) + &.
For x; € M and x3 € T1(x2), 3 x4 € Ta(x3) such that d(x3,x4)
<A (Ti(x2), T (x3))+€s.
So now for x3 € M and x4 € T>(x3), 3 x5 € T1(x4) such that
d(x4,x5) X (Ta(x3),T1 (x4))+€4.
So, for n > 1 we have, x2,_1 € T1(x2,—2) and x,, € T (x20—1)-
Now d(x2p—1,%24) = H (T1(x20—2), T2 (X20—1) ) +E2n—1.
= A d(xop—2,Xm—1)+Em—1.
= A d(xop—1,X%n—2)+En—1.
=2 A (I (T1 (x2n—2), To(X20—3) ) +E20—2)+E0p—1-
= A% d(xan—2,X20—3)+A E2p—2+Ex—1.
< A% d(xXon—3,%2n—2)+A Exp—2+€2n—1
= A2 (A (Ti(x20-4), To (X2n—3))+E2n—3)+A E2n2+En—1.
< A3(d(xon—a,%00-3))+A? €243+ E2p2+E2-1.
=AY d(x2n—5,Xon—a) A €2y a+A? €24 3+ A E2y_2+Ep1.
<AV d(xg,x1 ) AT g +A2 3 44 gyt
A3 82n74+212 En—3+AEy_2+E21.
That is
d(XQn,Xanl) = YR d(xO,x1)+leifllz"_l_i8i.
suppose m > n,
d(x2n,%0m) 2 X701 d(x2j,%2j+1)-
ST AV dwo, ) + £ 22 g
= d(XOaxl) ;n n+1 )‘21 +Z =n+1 22] 112] = 18

2j—1
d(x2n7x2m) = d(xoﬂxl) n+1 AR~ Z =n+1 Z LA le
Taking 11m1t n — o we get
d(xo,x1) G AFT s 6and Y, 221 Pp2i-1-ig
0.
Let ¢ € IntP. Then there exist a natural number N such that
we have,
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d(x0,x1) T AVl < Sand Y, YT AY g <
for all n > N.

Therefore, d(xon,%2m) < ¢, foralln > N.

which gives that {x;,} is a cauchy sequence. Since (M,d)

is complete {xz,} is convergent in M. Let xp, — x9. Now

Xon € Th(x2p—1) 3 x* € Tq (x0) such that

d(xop,x*) 2 (Ta(x2n-1), Th (x0))+&n-

d(xon,x*) 2 A d(x2—1,%0)+En-

Taking limit n — oo we get, d(xg,x") < &,.

Therefore, xo = x*. But x* € T (xp). So, we have xp € T (xp).

That is xo is a fixed point of 7j. Similarly, xp,—1 € T1(x2,-2)
then 3 x** € T»(xp) such that,

d(x2p—1,x") 2 A (T1(x21-2), T2 (x0) ) +&p-

d(xon—1,x") <X A d(x2p—2,%0)+&s-

Taking limit n — oo we get,

d(x0,x**) = &,. Therefore, xg = x**. But x** € T5(x).

So we have xo € T>(xp). That is xo is a fixed point of 7>.

If we take 77 = 7>, in the above theorem we get the following
result due to Wardowski [[6], Th 3.1].

Corollary 3.2. Let (M,d) be a complete cone metric space
with a normal coen P with a normal constant . Let </ be
a nonempty collection of all nonempty closed subsets of M
and 7 : of x o/ — E an be H-cone metric with respect to d.
If foramap T: M — < there exists A € [0,1) such that
(Tx,Ty) X Ad(x,y),V x,y € M. then FixT # ¢.

Definition [5]: Suppose D(x, Tx)={d(x,z) : z € Tx} and
S(x, Tx)={u € D(x,Tx) : ||lu|| = inf{||v|] : v€ D(x,Tx)}.

Theorem 3.3. Let (M,d) be a complete cone metric space.
Let <7 be a nonempty collection of all nonempty closed subsets
of M and T: M — <f be the set valued map. Consider an
H-cone metric with respect to d I : of x o/ — E satisfying
Defn. 2.8

Then if T satisfies the contraction condition 5€ (Tx,Ty) =
A(S(x,Tx)+S(»Ty)), Vx,y M. A € [0,%) then T has a
fixed point.

Proof : Suppose that €, € E and g, > 0, such that g, — 6,

A n n—2 n—3
= (ﬂ) d(XOax]) = 81+(1 21 £2+(1 )2 &
2’2
T +(]*M3 8n72+(] A7 Sn,1+<1 p3) &y.
Therefore, we have
d(xn,an) = a” d(x07x1)+2f=1 W%W &r. Where o =
A
For m > n, we have,
d(xn, Xm) = Zm_ d(xj,xjt1).
1 AT
d(xn,xm) 2 X2, [/ d(xo7x1)+Z, 1 W &].
J—r
d(xn,xm) = Zm ! Otf d(xo,)Cl) Z Zi* % & .
Taking limit n — o we get,
-1 j —1 vJ AT
Zm o’ d(x(),xl) — 0 and Zm ZJ W & — 0

asn — oo, Let xo € M be arbitrary and fixed. Then T (xg) € <.

Let x; € T (xo), be such that ||d(xo,x1)|| = inf{||d(x0,2)| , V
z € Txp}. Then S(xp, Txo) = d(x0,x1).

Let x; € T(x1), such that ||d(x1,x;)||=inf {||d(x1,2)||,Vz €
Tx;} .Then we have S(x;, Tx;)=d(x1,x2).

Inductively we have for x,1 € Txy, , S(Xn, TXy)=d (Xn,Xn+1)-
Therefore, d(x;,Xn+1) = I (Txp—1,Txy)+E,.

<A {S(n—1,Txn—1) +S(xn, Txn) }+€5.

= A A{d(Xn—1,Xn) +d (X4, X 41) }+E.

d(xp,%p11) = (%)d(xn_l,xnﬁﬁ.

So we have,

= (%)[(1 l) (xn—27xn—1)+(;:n_77;1)]+<18_7n}’)-

)2 (xn72axn71>+(1}l)2 8n71+<1,])’) &

34 A2 A 1
) (xn—37xn—2)+(1,l)3 gn—2+<1,,1)2 8"—1+(1—A) €n
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Let c € IntP, then there exist a natural number N such that,
m-l ol d(xo,x1) < § and - “ﬁﬁ & <&,

foralln > N.

Therefore, d(xn,x,) < ¢ Thatis, {x,} is a Cauchy sequence.

Since, (M,d) is complete, {x,} is convergent. Let us suppose

that x,, — x* in M. We claim that x* is the fixed point of T

ie., x* € Tx*.

suppose that, x; € Tx*, such that, ||d(x*,x)||=inf {||d (x*,2)|| :

z€Tx*}.

Now, for x,, € Tx,,_1, 3 x; € Tx*

d(xp,x1) I (Txp—1,Tx")+€,.

S AS(o—1,Txp—1) +S(x*, Tx*)]+€,.

A [d(xp—1,%,) +d(x*,x1)]+E&p.

Taking n — oo, we get,

d(x*,x1) < A d(x*,x1). Since, A < 1 d(x*,x1) =

x* =x; € Tx*. Hence, x* € Tx".

j =n

, such that,

0.

Example 3.4. Consider the H-cone metric defined in Ex. 2.14.
Let us define a mapping T : M — <7 as follows:

[ {0, forxe0,4]
! _{ [0,5(x—3)%], forxe(%,zl]

Then T satisfies the contraction condition:
A (Tx,Ty) 2 A(S(x,Tx)+S»,Ty)),Vx,ye M A €0,

3la

1
)

3)-

Soln: Case 1: Let x € [0,4] and y € [0,1], then Tx = {0}

and Ty = {0} so D(x,Tx) =d(x,0) = (x,3).

f(xV,)TX) = (x,3) and D(y,Ty) =d(y,0) = (,3). S, Ty) =
jyi’”z(' B) = ({0},{0}) = (0,0), hence we have,

3 1806 Tx) + S T)]- 7 (Tx, Ty) = (ax+y), §(x+¥)) €
P, that is

H

1(Tx,Ty) = % [SCx,Tx)+S(y,Ty)], Vx€0 ,2] and y €
[Oaf]'

1], then Tx = {0} and
(%, 3)-

Case 2: Let x € [0,4] and y € (3,
Ty=1[0,1(y— 1) so D(x,Tx) = d(x,0) =

S(x,Tx) = (x,5) and D(y,Ty) ={d(y,2) :z€ Ty} ={d(y,2) :
z€[0,5(y—3)%} Now,y € (3, 1] and z€ [0, 3 (y— 3)*]. Now
y € (4,1] implies z € (0, £].

Then it is clear that inf{||d(y,2)|| : 2 € Ty} =d(},3).
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S0, S(»Ty) =d(3,5) = (3. 15)-
Also %ﬂ (Tx, Ty) = (max{0,|0
30— =GOo-3)% 103

Hence we have,

—3(r=3)*1}, 3max{0,/0—
%)

o [S(x, Tx)+S(y7Ty)] - A (Tx, Ty) = (a(x+3), $(x+3))
- (30— 3% 3(y—3)?) , thatis
o [S(x,TX)JrS(y,Ty)] - A (Tx,Ty) = (a(x+3) — 3(y —

1R, %04 3) — Lo - 1),

We now find what could be the minimum value of ot(x+ %) -

Ty—1%)?forxe[0,4]andy € (1,1].

Observe that ot(x+ 3) — 3 (y— 1)? is minimum. If §(y — $)2

is maximum and o (x + %) is minimum.

But, J(y— $)? is maximum if y is maximum i.e., y = 1, so

Loy, 1y2

> (y 2)

and a(x+ is minimum if x is minimum i.e., x = 0, so
ofx+ §) 8‘

So, we have,

1
k)
)

(1.1].

Hzence, A (Tx,Ty) 2o [S(x,Tx)+S(y,Ty)], Vx,y € M where
a=1.

Theorem 3.5. Let (M,d) be a complete cone metric space.
Let o7 be a nonempty collection of all nonempty closed subsets
of M and T: M — <f be the set valued map. Consider an
H-cone metric with respect to d 7€ : o/ X of — E satisfying
Defn. 2.8.

Then if T satisfies the contraction condition

A (Tx,Ty) 2 A(S(x,Ty) +5(y,Tx)),Vx,y e M. L €[0,1).
then T has a fixed point.

Proof : Suppose that ¢, € E and g, > 0, such that g, —
0 as n — . Let xg € M be arbitrary and fixed.
Then T (xg) € 7. Let x; € T(xp), then S(x1,Txo) = 6.
Let x € T(x1), such that ||d(xo,x2)||=inf {||d(x0,2)||,Vz €
Tx;}. Then we have S(xo, Tx1)=d(x0,x2).
Hence, we have, d(x,x3)=5 (Txo,Tx)+€).
=< A(S(x0,Tx1) +S(x1,Tx0))+€1-
= ﬁ,d()Co,)CQ)+81.
= l(d(xo,xl) +d(X1,XQ))+81.
d(xl,)Q) = ﬁ(d(xo,xlﬂﬁe].
Again, since xp € T(x;), which implies that S(x,, Tx;) = 6.
Let x3 € T(x2), such that ||d(x1,x3)||=inf {||d(x1,2)||,¥z €
T)Cz}.
Then we have S(x;, Tx2)=d(x1,x3).
Hence, we have, d(xp,x3)=7 (Tx1,Tx;)+€).
< A(S(x1,Tx2) +8(x2,Tx1))+€.
=< ld(xl,x3)+£2.
< A(d(x1,x2) +d(x2,x3))+€.
d()C2,X3) = %(d(xl,x2)+ﬁ£2.
Inductively we have for x,,1 € Tx, ,
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d(xmxn—&-l) = (%)d(xn—laxn)"'(]ill)'

So we have,

=( fl)[(l l) (xn—Z;xn—l)'*(Tn_;ll)]"'(liinl)-
= (1§x )2 d(xn—27xn—1)+(1}“2 8n—1+(1_ll) &

A A2 A 1
= (q)s d(xn73ax1172)+(171)3 81172'4'(17/1)2 8/%1"'(],1) &n

A lnfl ln72 ln73
= (m)n d(x()axl)-'-(l_l)n 81"'(17}()7171 82"'(]71)%2 &

+ D R S PR By
................... (171)3 n—2 (171)2 n—1 (172’) ne
Therefore, we have,
n—r
d(x,,,x,,+1) j o d(xO,x1)+):;l:1 “_ﬁ)ﬁ &Er. Where o =

A
m < l.
For m > n, we have,
d(xp, Xm) = ):T;nl d(xj,xj11).
-1 i i j=r
d(xnvxm) = Zr]n:n [/ d(X(),)C1)+Zi:1 W;ﬁ)ﬁ &l
d(x,xm) 2 LI o d(xo,xn) + X5 Xy e 6
Taking limit n — oo, we get, Y1 Vo d(xg,x1) — 6 and Y, !
A/
Z{«, )L)j+l & — 0.
Letc 6 IntP, then there exist a natural number N such that,
J
Z'Jn:rzl (X] d(x()axl) << 2 and Zm ! Z] % & << bR
for all n > N.
Therefore, we have d(x,,x,) < c foralln > N.
Hence, {x,} is a Cauchy sequence.
Since, (M,d) is complete, {x,} is convergent. Let us suppose
that x, — x* in M. We claim that x* is the fixed point of T
ie., x* € Tx*.
Now since x,, — x* as n — oo, we get,

|ld (xn,x*)|| = 0 asn — oo, again since x, € Tx,_, therefore
S(x*, Tx,—1) = 6.

Suppose that, x; € Tx*, such that, ||d(x,_1,x1)||=inf {||d (x,—1,2)]| :

z€Tx*}.

So, S(xp—1,Tx")=d(xy—1,x1).
€ Tx*, such that,

d(xp,x1) XA (Txy—1,Tx*)+€,.

<A S(o—1,Tx*) +S(x*, Txp—1)]+€s-

= A d(xn,l,x1)+8n.

Taking n — oo, we get,

d(x*,x1) <A d(x*,x1). Since, A < 1.

d(x*,x1) = 0. x* =x; € Tx*. Hence, x* € Tx*.

Now, for x,, € Tx,,_1, 3 x1

Example 3.6. Consider the Example 2.15. There we take the

following mapping T((1,0)) = {(0,0)}, T((0,0)) = {(0,1)},
7((0,1)) = {(0,1)}.

Case 1: If x € {(0,0)} and y € {(0,0)}, then x = (0,0)
y=1(0,0).

)

0,0) = {(0,1)} and Ty = T(0,0) = {(0,1)}.
A ({(0,1)},{(0,1)}) = (0,0).
7(0,0)) = d((0,0),(0,1)) = (1, 3).
1
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A(2,%).

A (Tx,Ty) = A(2,

A(S(x,Ty)+S(y,Tx)) =
A(S(x, Ty)+S(y,Tx)) -
refo ).

I[Y-Ierlzje, S (Tx,Ty) = A(S(x,Ty) +S(y,Tx)), for any A €
0,1).

Case 2: If x € {(0,0)} and y € {(0,1)}, then x = (0,0)

%) € P, for any

=(0,1).
Tx* 70, ):{(0> )} and Ty =T(0,1) = {(0,1)}.
So, A (Tx,Ty) = 2 ({(0,1)},{(0,1)}) = (0,0).
D(x,Ty) = D((0,0),T(0, )) d((0,0),(0,1)) = (1,3).
Hence, S(x,Ty) = ((1,%))
D(y,Tx) = D((0,1),7(0,0)) = d((0,1),(0,1)) = (0,0).
Hence, S(y,Tx) = ((0,0)).
A(S(x,Ty) +S8(y,Tx)) = A (1,%)-
A(S(x,Ty)+S(y,Tx)) - # (Tx, Ty) = A(1,3)., 2 €[0,3).

Case 3: If x € {(0,0)} and y € {(1,0)}, then x = (0,0)

= (1,0).
}}x =T7(0,0) ={(0,1)} and Ty =T(1,0) = {(0,0)}.
So, # (Tx,Ty) = 2 ({(0, D}, {(0,0)}) = (1,2).
D(x,Ty) = D((0,0),7(1,0)) = d((0,0),(0,0)) = (0,0)
Hence, S(x,Ty) = (0,0).
D(y,Tx) = D((1,0)

Hence, S(y,Tx) =
A(S(e TY) + S0, 7)) = A(L5).
l(S(x,Ty)+S(y,Tx)) A (Tx, Ty) (AI-1,A3-
IfAI—1>0ifA% >1thatis A > 3 and also if
lf—f>01f15 3thatzs?L>2

So if we take A = 1, we get,

A(S(x,Ty) +S(y,Tx)) - H# (Tx,Ty) € P, forany A = 1.
H (Tx,Ty) R A(S(x, Ty)+S(y,Tx)),Vx,y e M, withA =

3)eP.

Case 4: If x € {(1,0)} and y € {(0,1)}, then x = (1,0)

y=1(0,1).

Tx:(T(i,O) ={(0,0)} and Ty=T(0,1) = {(0,1)}.

So, A (Tx,Ty) = 2 ({(0,0)},{(0,1)}) = (1, %)-

D(x,Ty) = D((1,0),7(0,1)) = d((1,0),(0,1)) = (.3).
Hence, S(x,Ty) = (1,3).

D(y,Tx) = D((0,1),7(1,0)) = d((0,1),(0,0)) = (1,3).
Hence, S(y,Tx) = (1, %)

A(S(x, Ty) + 83, Tx) = A(5, §)-

A(S(x,Ty) +S(y, Tx)) - A (Tx,Ty) = (AR —1,1] - %) €
P.

Ifl —1 >Oifl10 > 1thatis A > 3 o and also if
lf—f>01fl7 5 2 that is A > %
So if we take A = 4 we get,
A(S(x,Ty) +S(y,Tx)) - # (Tx,Ty) € P, forany A = }.
A (Tx,Ty) S A(S(x,Ty)+S(y,Tx)),Vx,y €M, withA = 3
Case 5: If x € {(0,1)} and y € {(0,1)}, then x = (0,1)

=(0,1).

{(0, )}

Tx— 7(0,0)={(0,1)} and Ty=T(0,1) =

So, A (Tx, Ty) = A ({(0,1)},{(0,1)}) = (0,0)

D(x,Ty) = D((0,1),7(0,1)) = d((0,1),(0,1)) = (0,0)
Hence, S(x,Ty) = (0,0).

D(y,Tx) = D((0,1),7(0,1)) =d((0,1),(0,1)) = (0,0)
Hence, S(y,Tx) = ((0,0)).

A(S(x, Ty)+S(y,Tx)) = (0,0).

A(S(x,Ty) +S(y,Tx)) - 22 (Tx,Ty) = (0,0) € P, for any
A €10,%).

H (Tx,Ty) 2 A(S(x,Ty) +S(»,Tx)), ¥V x,y € M, with A €
[0,3).

Case 6: If x € {(1,0)} and y € {(1,0)}, then x = (1,0)

=(1,0).
Tx* T(1,0) ={(0,0)} and Ty =T(1,0) = {(0,0) }.
So, # (Tx,Ty) = 2 ({(0,0)},{(0,0)}) = (0,0).
D(x,Ty) = D((1,0),7(1,0)) = d((1,0),(0,0)) = (3, 1).
Hence, S(x,Ty) = (%, 1).
D(y,Tx) = D((1,0),T(1,0)) = d((1,0),(0,0)) = (5,1)
Hence, S(y,Tx) = (% 1).
A(S(x, Ty)+58(y, Tx)) = (%1)
A(S(x,Ty)+8S(y,Tx)) - 2 (Tx,Ty) = A (%,1) € P, for any
A €10,%).

A (Tx,Ty) 2 A(S(x,Ty) +S(y,Tx)), V x,y € M, with A €
[0.3)-

Theorem 3.7. Let (M,d) be a complete cone metric space.
Let of be a nonempty collection of all nonempty closed subsets
of M and T: M — of be the set valued map. Consider an
H-cone metric with respect to d 7 : o/ x o/ — E satisfying
Defn. 2.8. Then if T satisfies the contraction condition 7€
(Tx,Ty) 2 {a1S(x,Tx) +aS(y,Ty) +azd(x,y)}, V x,y € M.
a;>0V,i=1,23anda;+ay+az < 1. Then T has a fixed
point.

Proof : Suppose that €, € E and ¢, > 6, such that g, —
0 as n — oo,
Let xo € M be arbitrary and fixed.
Then T'(xg) € «7. Letx; € T(xp), be such that ||d(xo,x1)|| =
inf{||d(x0,2)|| .V z € Txo}.
Then S(xq, Txo) = d(xo,x1).
Let xp € T(x1), such that ||d(x1,x2)||=inf {||d(x1,2)||,Vz €
TX]} .
Then we have S(x, Tx;)=d(x1,x2).
Inductively we have for x,,+1 € Txy, , S(xy, TXy)=d (Xn,Xn+1)-
Therefore, d(x;,xp+1) = I (Txn—1,Txn)+Ep.
< {a1S(xu—1,Txn—1) + a28(x, Txp) + azd (Xy—1,%n) }+&n.
= {ald(xn l,xn) +a2d(xnaxn+l) +a3d(xn71 7xn)}+€n-
(1 —ay) d(xn,xn+1) = (a1 +a3)d(xp—1,%n)+€-
d(Xp,xnt1) = (a1tas) d(xnfl,x,,)+(lf7’;2).

(I-a2)
ay+az) r(a1+a3) d

So we have, < ((170) [((1 )

(xn727xn71)+<f17a12) ]+(1fr212) :

aj+az \2 aj+as 1
= (11,7@3) d(xn 2, Xn— 1)+( 1 )2 En— 1+(1 ) &p.
aj+az\3 (aj+a aj+asz)
= (11,7@3) d(xn 3, Xn— 2)+ (1 3))3 En—2 Ell a ;2 En— 1+(1 dz)

.

o
L0,
Ssa2ez
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ay+as\n (ll1+a3)n7] (a1+a3)”72 (‘H""‘B)rk3
= (525" d(xox) + =gy BT Bt e
&

(a)+a3)? a+az 1
S T + (1_a2)3 8n72+(1_a2)2 8”*]+(17a2) Sn.
Therefore, we have,
a +a n—r

d(xmanrl) =at d(xO,.X[)'i'Z;l:] % € Where o =

aj+as
T < 1.
For m > n, we have,

d(xn,xm) 2 L7, d(xjxj)-

d(xmxm) = Z?:nl [o/ d(xo,xl)+f.f:1 % &l

d(Xn, %) = ;}1:—’11 o/ d(xp,x1) + ;f:nl i:l % .
Taking limit n — oo, we have,

7o) o d(xo.x1) = B and T B (ESES g 6.
Let ¢ € IntP, then there exist a natural number N such that,
T o dixon) < § and Tyl B i 6 < g,
for all n > N.

Therefore, we have,

d(xn,%n) < c. Hence, {x,} is a Cauchy sequence.

Since, (M,d) is complete, {x,} is convergent. Let us suppose
that x,, — x* in M. We claim that x* is the fixed point of T
ie., x* € Tx*.

suppose that, x; € Tx*, such that, ||d(x*,x;)||=inf {||d(x*,z)]| :
z€Tx*}.

Now, for x,, € Tx,_1, dx1 € Tx*, such that,

d(xy,x1) 2 I (Txp—1,Tx")+€,.

2 [a1S(xn—1,Txp—1) +arS(x*, Tx*) + asd (x,—1,x*)]+&,.

= ard(xn—1,%0) + aod (x*,x1) + azd (xy—1,x* )| +&,.

Taking n — oo, we get,

d(x*,x1) <X axd(x*,x;). Since, ay < 1. d(x*,x1) = 6.

x* =x; € Tx*. Hence, x* € Tx*.
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