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1. Introduction

After an introduction of fuzzy sets by L.A. Zadeh [4] sev-
eral researchers explored on the generalization of the notion
of fuzzy set. Since the concept of fuzzy subgroups was intro-
duced by Rosenfeld [1], it has been studying by several authors
in [2, 5-10]. Recently, Biswas [8] has proposed the concept of
anti fuzzy subgroups. We will generalize this concept to that
of anti fuzzy subsemirings under #-norms and investigate some
of their properties. We will also study the problems of the anti
products of anti fuzzy subsemirings under 7-norms.

Throughout this paper, let R be aring, I = [0, 1]. We will
denote a t-norm by T and refer for its properties to [7, 10].

2. Preliminaries

Definition 2.1. Let T\ and T, be t-norms and f : 1 — I an
order-preserving bijection. We say that T, is the conjugate of
Ty, written as T1, if

Ti(a,b) =Tr(a,b)=1-Ty(1—a,1 —b), Va,bel.

and that T, dominates Ty, written as T, >> Ty or Ty << T», if
Tz(T] (a,b),T1 (C,d)) >>T (Tz(a,C),Tz(b,d)) Va,b,c,d € 1.

Definition 2.2. Let X be an ordinary set. By a fuzzy subsets u
of X, we mean a function u : X — I with u(x) as the grade of
membership for Vx € X.

Definition 2.3. Let R be a semiring. A fuzzy subset A of R
is said to be an anti-fuzzy subsemiring of R if it satisfies the
following conditions.

(i) pa(x+y) < max{pa(x), pa(y)}

(ii) pa(xy) < max{ua(x),us(y)}, for all x and y in R.

Definition 2.4. A fuzzy subsemiring of R under a t-norm T
(called T-fuzzy subsemiring of R, for short) is a fuzzy subset u
of R satisfying

(i) u(x+y) 2 T(u(x),u(y)), Vx,y€R.

(ii) u(xy) > T (u(x),u(y)), Vx,yE€R.

3. Anti Fuzzy Subsemiring under r-norms

Definition 3.1. A fuzzy subset u of R is called anti-fuzzy sub-
semiring of R under a t-norm T (called anti-T -fuzzy subsemir-
ing of R, for short) if

(i) u(x+y) < T (u(x), u(y))

(ii) u(xy) < T (u(x),u(y))

where T is the conjugate of T,Vx,y € R.

Proposition 3.2. A fuzzy subset u of R is an anti-T-fuzzy
subsemiring of R iff its complement u°, defined by u(x) =
1 —u(x),Vx € R, is a T-fuzzy subsemiring of R.

Proof. Let u be an anti-T-fuzzy subsemiring of R.
Then (i) u(x+y) < T (u(x),u(y))

(i) u(xy) < T (u(x),u(y))

Now u¢(x+y) =1—u(x+y)

> 1 =T (u(x),u(y))



=1-[1-T(1—u(x),1 —u(y))]
=T (u(x),u"(y))
u(xy) =1 —u(xy)
> 1=T(u(x),u(y))
=1-[1-T(1—u(x),1—u(y))]
=T (u(x),u(y))
Hence u¢ is a T-fuzzy subsemiring of R. ]

and

Proposition 3.3. Let T be a t-norm satisfying T (a,b) < 1,
Va,b € (0,1). If u is an anti T-fuzzy subsemiring of R, then
L(u) = {x € Ryu(x) < 1} is a subsemiring of R.

Proof. Let u be an anti-T-fuzzy subsemiring of R and

L(u) = {x € Rju(x) < 1}.

Letx,y € L(u). . u(x) < Lu(y) < 1.

Lulx+y) < T(u(x),u(y))
=1-T(1—u(x);1—u®y))
<1C-T(—ulx), 1 —u(y)) <1).

- x+y € L(u),Vx,y € L(u).

u(xy) < T (u(x),u(y))

— =T (1= u(x): 1 u(y))
<1CoT(—u(x),1—u(y)) <1).

c.xy € L(u),Vx,y € L(u).

.. L(u) is a subsemiring of R. O

Definition 3.4. Let X and Y be ordinary sets and h: X —Y
be a mapping. If u is a fuzzy subsets of X , then the fuzzy subset

h(u) of Y defined by
u(x)/h(x) =y

inf
[h(u)](y) =
0 otherwise

ify € h(x)
xeh=1(y)
is called the image of u under h.

Definition 3.5. If u is a fuzzy subset of Y, then the fuzzy subset
~(u) of X defined by

(A1 ()] (x) = u(h(x)),Vx € X is called the pre-image of u

under h.

Proposition 3.6. Let h be a homomorphism of semiring Ry
into semiring Ry. If T is a continuous t-norm and u is an anti
T-fuzzy subsemiring of Ry then h(u), the image of u under h,
is an anti T-fuzzy subsemiring of R;.

B0+ 32) = inf {u(ar-+x2)/at +) =31 +2)
< xl,)icrzlgRl{T(u(XI)7u(x2))/h(xl) = yish(x2) = y2}

= T(( i u(a)/hen) =30),( int uer)/hlx2) =72))
= T((w)) (). )] (2)
h))(ny2) = inf {ulxr) /h(xixe) =3y2)
< ik (T, u(e2)) fhey) = yishCoz) =32}
= T((inf o) /xy) = 1) . a2 /) = 32)

(
([ ( )]( 1); [h(w))(y2))-

Hence h( ) is anti T-fuzzy subsemiring.

Proposition 3.7. Let h be a homomorphism of semiring Ry
into semiring Ry. If u is an anti-T-fuzzy subsemiring of R,
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then h='(u), the pre-image of u under h, is an anti T-fuzzy
subsemiring of R;.

Proof. Let h: Ry — R, be a homomorphism and u be an anti

T-fuzzy subsemiring of R,.

[ ()] (x1 +2x2) = u[h(x1 +x2)]
(

Hence 7! (u) is an

anti T-fuzzy subsemiring of R;. O
4. Anti Products under r-norms of Anti
T-fuzzy Subsemirings

Definition 4.1. Let u and v be fuzzy subsets of R. The anti
product of u and v under a t-norm T (called anti T-product
of u and v for short), written as [u.v|F, is a fuzzy subset of R
defined by

[uv]F(x) = T (u(x),v(x)),Vx € R. Based on the properties of
anti T-fuzzy subsemirings, we have the following properties of
anti T-products.

Lemmad4.2. If [, >> Ty, then T>» <<Tj.
Proof. 1t is obvious. O

Proposition 4.3. Let Ty and T, be t-norms and T, >> Ty. If u
and v are anti Ty -fuzzy subsemirings of R then [u.v}Tz, the anti

T»>-product of u and v is also an anti Ty -fuzzy subsemiring of
R;.

Proof.
[vlz, (x+y) =Ta(u(x+y),v(x+y)
< To(T (ulx),u(y)), T1(v(x), v(y)))
S T1(Ta(ulx),v(x)), T2(u(y), v(y)))
= T1((uv)r,(x), (uv)7, ()
[uvlz, (xy) = Ta(u(xy), v(xy))
S To(T1 (u(x),u()), T1(v(x),v(y)))
S T1(Ta(u(x),v(x)), T2(u(y), v(y)))
= T1((uv)7, (%), (wv)7,(¥)-
Hence 7, product of u and v is also anti Tj-fuzzy subsemiring
of R. O

Proposition 4.4. Let Ty, T be t-norms and T, >> Ti. u and v
are anti T -fuzzy subsemirings of Ry. If h is homomorphism of
R — Ry then h™! ([uv]z,) is also an anti Ty-fuzzy subsemiring

Ole.
Proof.
W= ([wv]z,) (e +y) = [uvlg, [A(x+y)]
= Lu.v 7, [h(x) +h(y)]
= Ta(u(h(x) +h(y)),v(h(x) +h(y)))
< To(T i (uh(x)),u(h(y))), T1(v(h(x)),v(h(y))))



VI, [h(xy)]

= [uvlz, [A(x).h(y)]

= Ta(u(h(x).h(y)),v(h(x).h(y))

S To(T 1 (u(h(x)), u(h(y))), T1(v(h(x)), v(h(y))))

STi(To(u(h(x)),v(h(x))), T2(u(h(y)), v(h(y))))

=T ((u.v)Tzh(x), (u.v Tzh(y))

=Ty (k™ ([uvlz, (). h~ ([wvl7, (7).
Hence A~ ([u.v]7,) is also an anti-Ti-fuzzy subsemiring of
R;. O

Proposition 4.5. Let T\ be a continuous t-norm and the t-norm
T, dominates Ty ,u and v be anti T\-fuzzy subsemiring of Ry. If
h is a homomorphism of Ry into Ry, then the image of [u.v]z,
under h, h( [”'V])Tz> is also an anti-T\-fuzzy subsemiring of R;.

Proof.
h([uvlz) (1 +y2) = it {{uvlz, (x14x2)/h(x1 +x2)
=y1+y2}
= x%}crzlgRl{Tz( u(xy +x2),v(x1 +x2))/h(x1 +x2)
o =y1+y2}
SXl)}(rzlgRl{Tz(Tl(u(X1),u(Xz)),T1(V(X1) v(x2)))/h(x1)
=y1;h(x2) =2}
SXI’}(legRl{Tl(Tz(( 1),v(x1)), T2 (u(x2),v(x2))) /h(x1)
=y1;h(x2) = y2}
=x17}cf21;le{T1([u vz, (x1), [uvlz, (x2)) /h(x1)
_ =y1:h(x2) = y2}
=T1((x]lgf[ vz, (x1)/h(x1) = 1),
(xzilellgz[u vz, (2)/h(x2) = y2))
=T (h([uv])7, (1), A([u-v]7,) (r2))-
h((uvly,)1y2) = nf {fuvlz, (nix)/h(xx) = yiy2}
= }61212 1{T2( u(x1x2),v(x1x2)) /h(x1x2) = y1y2}
< dnf {T2(T 1 (u(x1),u(x2)), T1(v(x1),v(x2)))
_ [h(x1) = y13h(x2) = y2}
SXI}%Rl{Tl(Tz(M(Xl) v(x1)), T2(u(x2),v(x2)))
[h(x1) = y1;h(x2) = y2 }
ZX]’}CI;&]{TI ]z, (x1), [uv]z, (x2))
_ h(x1) = y1:h(x2) = 2}
=T1((X1Helf [wv]F, (x1)/h(x1) = y1),
( [ vz, (x2)/h(x2) = y2))
=Tl(h(['”])rz(yl)ah([u-v]rz)(m))
Hence A([u.v]7,) is also an anti 7j-fuzzy subsemiring of R,.

O
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